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The magnetic anisotropy of natural rubber was measured by Krishnan’s oscillation method. In the first 
place, the anisotropy was measured by varying the time of vulcanization and was found to decrease with 
the time of vulcanization. In the second place, the anisotropy was measured as a function of temperature. 
Similar to the breadth of nuclear magnetic resonance line, an abrupt change in the slope of the anisotropy 
versus temperature curve was observed at the second-order transition temperature. Above and below this 
transition temperature, its change with temperature was not so strong. 





1. INTRODUCTION 


HERE are totally different views on the nature of 

second-order transitions in high polymers. Some 
authors believe that the transitions are true thermo- 
dynamic transitions, whereas the others consider the 
transitions to be apparent. To settle this point, there 
have been carried out many different experimental 
investigations on the second-order transitions. Among 
these, density, heat capacity, index of refraction, di- 
electric constant, stress temperature studies, etc. are the 
principal methods,! and magnetic studies seem to be 
very scarce. Selwood and Toor,? and Cotton-Feytis* 


_ have made studies on the magnetic anisotropy of natural 


and synthetic rubbers. However, since they have meas- 
ured the anisotropy as a function of elongation, it 
seems worthwhile to investigate the temperature de- 
pendence of the anisotropy. Recently Guth,‘ et al. made 


_ avery interesting study of the second-order transitions 
_ by the method of nuclear magnetic resonance absorp- 


i :Minilieninaaetiidisanieee, 


*On leave from the Research Laboratory, Nippon Rubber 
Company Ltd. 
‘See, for example, Advances in Colloid Science (Interscience 


> Publishers, Inc., New York, 1946), Vol. VI, pp. 1-55. 


*E. W. Toor and P. W. Selwood, J. Am. Chem. Soc. 72, 1269 


(1950), ete. 
*E. Cotton-Feytis, Compt. rend 214, 485 (1942); 215, 299 


} (1942), These articles were not available to us in preparing this 
paper. We inferred their results through the papers of Selwood et al. 


¥ od rely Codrington, Mrowca, and Guth, J. App. Phys. 22, 


1909 


tion. The anisotropy versus temperature curve obtained 
in our experiment was very similar to the width-tem- 
perature curves obtained by these authors. Since the 
physical properties of rubber-like substances are de- 
pendent on the degree of vulcanization and since we 
used vulcanized rubber of fixed elongation for the study 
of the temperature dependence of anisotropy, we first 
investigated the dependence of anisotropy on the degree 
of vulcanization. 


2. EXPERIMENTAL 


The composition of the rubber sample used was the 
following: 200 g natural rubber FAQ, 2 g stearic acid, 
10 g zinc oxide, 1 g diphenylguanidine, 2 g dibenzo- 
thiazoldisulfide, and 6 g sulfur. The natural rubber 
was mixed with the other ingredients and rolled into a 
sheet. In the form of thin sheet approximately 1 mm 
thick, the natural rubber was vulcanized by a hot press, 
heated to 140+2°C by an electric heater. 

A strip of rubber about 10 mm long was cut from the 
sheet to form a ring and the both ends of the strip, 
overlapping 1 to 2 mm, were joined together by rubber 
solution of the same composition. 

Polyethylene cores of different size were put into this 
rubber ring to stretch the ring in different magnitudes. 

The magnetic anisotropy was measured by Krishnan’s 
oscillation method. The apparatus is illustrated in Fig. 1. 
The sample fixed to a glass hook, as in Fig. 1(c), was 
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TABLE I. The change in the anisotropy in cgs units on varying the temperature. 











Room Ice and Ice and Dry ice and 
tempera- Ice and sodium caustic alcohol 
Cooling agents ture - water chloride potash (or ether) Liquid air 
Temperature 9.5 5 0 —15 —30 —50 — 60 —72 —90 — 100 — 150 — 180 
Ax in cgs units 13.1 i347 i135 14.1 15.0 15.6 16.7 16.9 21.5 24.3 27.2 28.1 








attached to a glass hanger carrying a mirror, shown in 
Fig. 1(b), and suspended from the torsion head with a 
quartz fiber of 7u in diameter and 20 cm in length. This 
sample was inserted in a homogeneous magnetic field 
and oscillated. The period of oscillation was read by the 
deflection of the mirror. 

The magnetic field was produced by a Weiss electric 
magnet in a 5-cm gap with flat 10-cm diameter pole 
faces. A current of 8 to 10 amperes from a battery, 
charged by a generator during operation, produced a 
stable magnetic field of 3800 to 4800 gauss at the center 
of the field. 

The temperature of the sample, calibrated previously 
by a thermometer inserted into its place, was controlled 
and maintained by the temperature and the quantities 
of the cooling agents in the Dewar vessel. The cooling 
agents used are shown in Table I. 

By this method, the diamagnetic anisotropy Ax, per 
repeating unit of rubber molecule is given by the 
formula, 

T’—T>? CM, 


To . mi 





Ax,;= Ax»; 


where: 7» is the period of oscillation of the sample with 
magnetic field off, in sec; Tp, is the period of oscillation 
of the sample with magnetic field on, in sec; M, is the 
molecular weight of isoprene, in grams; m, is the weight 
of the rubber sample, in grams; H is the strength of the 
magnetic field, in gauss; Ax, is Ax of the polyethylene 
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Fic. 1, (a) Apparatus for the anisotropy measurements. (b) 
Details of the hanger of the sample. (c) Details of the hanger of 
the sample. 








Polyetylene Core 














core, in cgs units; and C is the torsional constant of the 
quartz fiber, in cgs units. 

Therefore, measurements of oscillation were made, 
first on the polyethylene core only and next on the 
sample with the polyethylene core, both in and out 
of the magnetic field. 


3. RESULTS 
1. The Anisotropy versus the Time of Vulcanization 


In this measurement, the anisotropy was measured in 
the unstretched state of the sample, and the direction 
of the orientation of molecules of the sample caused by 
rolling was put parallel to the direction of the magnetic 
field in its initial equilibrium position. The change in 
the anisotropy in cgs units on varying the time of 
vulcanization is given in Table II and Fig. 2. 

The anisotropy at the time of vulcanization zero cor- 
responds to the effect of rolling and does not have any 
significant physical meaning. 


2. The Anisotropy versus Temperature 


The result of experiment on the change of Ax with 
temperature is illustrated in Fig. 3 and listed in Table I. 
In this measurement, a well-vulcanized sample, show- 
ing a saturated value of anisotropy in the first experi- 
ment, was elongated to 50 percent parallel to the direc- 
tion of the magnetic field. Temperatures were con- 
trolled as described before. To establish thermal 
equilibrium, the sample was kept at each measuring 
temperature for about twelve hours before each 
measurement. 

At higher temperatures, the variation of the anisot- 
ropy with the temperature was very slow, but increased 
gradually with lowering temperature. In the neighbor- 
hood of temperature of —73°C, a marked increase it 
the anisotropy was observed. 


4. DISCUSSIONS 


In the temperature range of rubber elasticity, where 
we can neglect the effect of crystallization, the stress 
dependence of the anisotropy of rubber can be treated 
by the same theory as that of birefringence.’ In the 


TABLE II. The change in the anisotropy in cgs units on 
varying the time of vulcanization. 








Time of vulcanization 0 5 10 20 30 40 50 60min 
Ax in cgs units 80.3 42.9 34.0 38.7 31.7 30.7 30.3 308 








5 A. Isihara et al., J. Appl. Phys. 23 308 (1952). 
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Fic. 2. Anisotropy Ax per repeating unit versus the 
time of vulcanization. 


first approximation, it is proportional to the stress /, 
and the relation 


Axmt/kT 


is established. Since the stress ¢ is proportional] to tem- 
perature in this range, Ax is expected to be nearly inde- 
pendent of temperature. In this range of temperature, 
the stress is not proportional to the elongation, and Ax 
seems not to have linear relationship with the elonga- 
tion. 

The theoretical formula for the anisotropy of rubber 
at the transition temperature is not yet given. However, 
the curve obtained here is very similar to the curve 
obtained by Guth ef al. in their experiment on the 
nuclear magnetic resonance absorption line. Thus, 
qualitatively, we can interpret that the abrupt increase 
in the magnetic anisotropy is due to the sudden decrease 
in thermal motions of rubber molecules. From this 
point of view, it seems somewhat curious that in our 
first experiment the anisotropy was decreased with the 
degree of vulcanization. However, in this experiment 
the degree of vulcanization was determined by the time 
of vulcanization; so we can interpret Fig. 1(b) that the 
initial anisotropy produced by rolling was diminished 
by putting the sample at the vulcanization temperature 
for different duration of time. Thus, to see the effect 
of diminishing the thermal motions of rubber molecules 
on the diamagnetic anisotropy, it seems more appro- 
priate if we could control the degree of vulcanization 
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Fic. 3. Anisotropy versus temperature. 


by the other methods, for example by controlling the 
quantities of accelerators or that of sulfur. However, 
such processes will make the degrees of initial magnetic 
anisotropy in each sample different, and will make the 
results not easy to interpret by comparison of the re- 
sults with each other. 

The present method is convenient in this concern, 
but because the result was masked by the effect of an- 
nealing, we cannot obtain knowledge about the rela- 
tions between the anisotropy and the thermal motions 
of rubber molecules. In this connection, we wish to note 
that the curve of Fig. 3 resembled the rate of crystaliza- 
tion curves obtained by Wood and Bekkedahl.® 

Natural rubber is known to crystalize at about 11°C 
and some change in the anisotropy is expected to occur 
at this temperature. Both in the temperature ranges of 
second-order transition and of the crystallization, we 
infer the results to be more or less dependent on the rate 
of decreasing or increasing temperatures. We hope to 
carry out further experiments on this line. 
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6 C, A. Wood and N. Bekkedahl, J. Appl. Phys. 17, 362 (1946). 
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Vapor pressure equations have proven useful in providing quantitative data on heats of vaporization but Et 

the heat capacity term, occurring in equations of the Rankine type, has been usually treated as an empirical Pr 

constant. This term represents Cp’*® —Cp!'9 for a vapor obeying the ideal gas laws and it is shown that even pi 

for a real gas the same result may be expected to hold. This conclusion is tested for twelve compounds for 

which data are available. The values of Cp® calculated from the heat capacities of the liquid and the differ- n-] 

ence in heat capacities from the vapor pressure equation are in good agreement with those directly measured n-] 

and would therefore be of use for thermodynamic calculations. n- 

: Be 

T is well known that equations representing the tem- The vapor contributions to the ACgat term will there- Z 
perature variation of the vapor pressure of a liquid fore be M 







can be used to give reliable data on the heat of vaporiza- oP 
tion. Equations of the Clausius-Clapeyron type, but —) =Cp+ ~~). 9 
assuming a linear dependence of the heat of vaporiza- 


tion on the temperature, can also be of use in providing, and the heat of vaporization will be represented by 
quantitatively, another term of thermodynamic im- 























portance. 0H oP 
The Rankine equation results from the integration AH = AHyt+ ACpT+ f (—) (—) af. 
of the thermodynamic relation dP/dT=AS/AV with . 
the assumptions that the liquid volume is negligible Here the deviation from ideal behavior has been ex- 


compared to the vapor volume, that the vapor behaves _plicitly separated, and it is apparent that on substitu- 
as an ideal gas, and that the heat of vaporization isa __ tion in dP/dT=AS/AV and integration this additional f 
linear function of the temperature, AH=AH»)+ACsatT. term will contribute to the C logT term of the vapor | 
Frost' has recently shown that the ideal gas assumption _ pressure equation only to the extent that 
can be removed by the addition of a term calculable 





from van der Waal’s constants. The resulting equation f ( oH ) ( oP ) aT 
B DP oP aT Li 
logP= A+—+C logT+— is a constant. pres: 
T T? The variation of enthalpy with pressure is not sufi-f If 4 


ciently understood for real gases to enable a reliable form in h 
adequately represents the temperature dependence of  _,. (dH/dP)r to be written for the range of temper-} Vvap¢ 


the vapor pressure and the constants have the sig- ture and pressure of the vapor pressure measurements | the | 
nificance that B= — AH 0o/2.303R, C=ACeat/R, and To rer some idea of al ti and form of this gas fF som 
D=a/2.303R? where a is van der Waal’s constant. imperfection term, however, we may represent th, done 

The term AC;,¢ arises from the assumption that the geviation from ideal behavior by PV=RT+BP with F liqui 
difference in the liquid and vapor heat capacities along p_, +-be°!T, where a, b, and c are empirical constants temy 


the saturation curve can be represented by a constant as discussed by Scott, Waddington, Smith and Huff T: 
throughout the range of the vapor pressure measure- © relia 


ments. Since the heat capacity of a liquid is essentially 
independent of the pressure, for a vapor which obeys 
the ideal gas law the AC zat term will also represent the 
difference in the heat capacities of vapor and liquid at 


man.” 

This virial equation, with numerical values of a, !,f) @vail 
and c for some representative hydrocarbons, leads to a1} Work 
additional term in the integrated vapor pressure equ > last 


tion which has about the same form and magnitude a Hl ties 
















constant pressure. Since this quantity, AC p, would BE wees wae dee Weal cormertion tom. We may expect} of th 
of use in obtaining the thermodynamically important therefore that this term will contribute little to the} “ally 
vapor heat capacity from the more readily obtained ClogT term and that the C can be identified with differ 





liquid heat capacity it is of interest - consider the sig- ac 'p/R. Since different forms of the equation of state for > agre 
nificance of the AC,,¢ term for a non-ideal vapor. the vapor may lead to terms in the vapor pressutt F ’ little 
The enthalpy of a real vapor along the saturation equation which will interfere with this identification, * >) *° 












curve will be a function of both the pressure and the comparison of AC calculated from the vapor pressult the « 
temperature, as indicated by the total differential equation with that observed would be helpful in de- | aver 
dH = (0H/0T) pdT+ (0H/dP) rdP. termining the general validity of this conclusion. ment 
ee —_—_— co 
1A. A. Frost and D. R. Kalkwarf, J. Chem. Phys. 21, 264 2 Scott, Waddington, Smith, and Huffman, J. Chem. Phys. 15) é 7 
(1953). 565 (1947 ). § ‘ 
apo 
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VAPOR HEAT CAPACITIES FROM 


VAPOR PRESSURE EQUATIONS 1913 


TABLE I. Comparison of observed vapor heat capacities (cal/mole deg) with those calculated from vapor pressure equation data. 

















Range of Cplia—Cpvap 
v.p. data (from v.p. 

(°K) rs Cp (liquid) eq'n.) CpvP(calc) Cprvsep—Cp® Cp*(calc) Cp* (obs) ACp® 
Methane 90-190 95.1 (12.8) 5.33 (7.5) 0.2> (7.3) 8.0° —0.7 
Ethane 136-305 180 17,34 7.09 10.2 0.35> 9.8 9.8¢ 0.0 
Propane 180-370 250 24.3! 8.40 15.9 0.6 15.3 15.18 0.2 
n-Butane 195-425 270 31.6 10.00 21.6 0.4: Zia 21.53 —0.3 
n-Pentane 245-470 298.16 40.9 10.60 30.3 0.5" 29.8 28.73 1.1 
39.6! 29.0 28.5 —0.2 
n-Hexane 253-507 298.16 46.8" 11.84 35.0 0.4? 34.6 34.23 0.4 
n-Heptane 273-540 298.16 53.74 12.83 40.9 0.2" 40.7 39.73 1.0 
n-Octane 263-569 298.16 60.74 14,07 46.6 0.15 46.5 45.13 1.4 
Benzene 273-353 300 32.5¢ 12.314 20.2 19.6” 0.6 
320 33.7 21.4 21.2 0.2 
350 35.6 23.3 23.5 —0.2 
Naphthalene 373-493 451.0 62.9” 14.88* 48.0 0.2¥ 47.8 48.19 —0.3 

Water 270-640 373.16 18.12 8.86 9.26 0.807 8.46 8.13 0.33 

Mercury 400-700 400 6.54* 1.32t bee 0.00* $22 4.97¢ 0.25 

550 6.48 5.16 0.01 3.15 4.97 0.18 

700 6.53 5.21 0.07 5.14 4.97 0.17 

« Estimated from the entropy data of A. Frank and K. Clusius, Z. P From the data of G. Waddington and D. R. Douslin, J. Am. Chem. Soc. 


physik. Chem. B36, 291 (1937). 

> Calculated from the Berthelot equation. 

¢ Calculated statistically. 

4R, K. Witt and J. D. Kemp, J. Am. Chem. Soc. 59, 273 (1937). 

e J. D. Kemp and K. S. Pitzer, J. Am. Chem. Soc. 59, 276 (1937). 

{ J. D. Kemp and C. J. Egan, J. Am. Chem. Soc. 60, 1521 (1938). 

& Estimated from the data of G. B. Kistiakowsky and W. W. Rice, 
J. Chem. Phys. 8, 610 (1940). 

hj. G. Aston and G. Messerly, J. Am. Chem. Soc. 62, 1917 (1940); 
Huffman, Parks, and Barmore, J. Am. Chem. Soc. 53, 3876 (1931). 

i Estimated from the data of B. P. Dailey and W. A. Felsing, J. Am. 
Chem. Soc. 65, 44 (1943). 

iW. B. Person and G. C. Pimentel, J. Am. Chem. Soc. 75, 532 (1953). 
eons H. Messerly and R. M. Kennedy, J. Am. Chem. Soc. 62, 2988 

1G. S. Parks and H. M. Huffman, J. Am. Chem. Soc. 52, 4381 (1930). 
— from the data of K. S. Pitzer, J. Am. Chem. Soc. 63, 2413 
»D. R. Douslin and H. M. Huffman, J. Am. Chem. Soc. 68, 1704 (1946). 


Lack of constancy of ACp over the range of the vapor 
pressure measurements may also lead to a discrepancy. 
If ACp is not constant then the calculated difference 


in heat capacities over the temperature range of the 
_ vapor pressure measurements and the comparison with 


the measured heat capacities should then be made at 
some intermediate temperature. Although this has been 


_ done as much as possible, the availability of measured 
P with F 


liquid and vapor heat capacities dictated the possible 
temperatures at which the comparison can be made. 
Table I gives the data for some compounds for which 


‘ reliable heat capacity and vapor pressure data are 
_ available. The vapor pressure equations are from the 
_ work of Frost' except where otherwise indicated. The 
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last three columns show the ideal gas state heat capaci- 


of the vapor pressure equation, the observed or statisti- 
cally calculated ideal gas state heat capacity, and the 
difference in the calculated and observed values. The 
agreement is quite satisfactory, the differences being 
little larger than the uncertainties in the thermal data. 
For n-heptane and n-octane the temperature at which 
the comparison can be made is sufficiently far from the 
average temperature of the vapor pressure measure- 
ments to account for the larger errors for these two 
compounds. 

The gas imperfection corrections for the saturated 


} Vapors are quite large and have been estimated from 


69, 2275 (1947). 

aN. S. Osborne and D. C. Ginnings, J. Research Natl. Bur. Standards 
39, 453 (1947). 

t Extrapolated from the data of Waddington, Todd and Huffman, J. Am. 
Chem. Soc. 69, 22 (1947). 
om from the data of G. M. Barrow, J. Am. Chem. Soc. 73, 1824 

t J. S. Burlew, J. Am. Chem. Soc. 62, 696 (1940). 

u Cplia—Cp, see reference 2. 

v “Selected Values of Properties of Hydrocarbons,” Circular of the 
National Bureau of Standards C461, U. S. Government Printing Office, 
Washington, D. C., 1947.) 

w Spaght, Thomas and Parks, J. Phys. Chem. 36, 882 (1932). 

xQ. A. Nelson and C. E. Senseman, Ind. Eng. Chem. 15, 621 (1923); 
14, 58 (1922). 

y G. M. Barrow and A. L. McClellan, J. Am. Chem. Soc. 73, 573 (1951). 
a Pennington and Waddington, J. Am. Chem. Soc. 74, 4439 
* R. H. Busey and W. F. Giauque, J. Am. Chem. Soc. 75, 806 (1953). 

+ A. W. C. Menzies, Z. physik Chem. 130, 90 (1927). 


experimental values except for methane and ethane 
for which no data are available. For these compounds, 
corrections have been estimated from the Berthelot 
equation. The vapor pressure and heat of vaporization 
of benzene have been discussed by Allen, Everett and 
Penney,’ who used a correction term in the vapor 
pressure equation similar to that introduced by Frost 
but based on the second virial coefficient. Their treat- 
ment leads directly to the ideal gas state heat capacity, 
as given in Table I, rather than to that of the saturated 
vapor. 

Since the agreement Of the calculated and observed 
ideal gas state heat capacities of Table I is very satis- 
factory, it would appear that vapor pressure equations 
of the Rankine or Frost type can provide useful quanti- 
tative information on the vapor heat capacity when the 
more easily measured liquid state heat capacity is 
known. This treatment might be particularly useful in 
providing comparisons for statistical calculations on 
compounds whose vapor state thermodynamic proper- 
ties are not easily directly measured, as a result, for 
example, of low stability or low vapor pressure. In 
any case, the physical significance of this heat capacity 
constant in the vapor pressure equations of this type 
argues for the general use of such equations rather than 
the more empirical equations. 


3 Allen, Everett, and Penney, Proc. Roy. Soc. (London) A212, 
149 (1952). 
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The mean square end-to-end separations of coiling type polymer molecules have been calculated by two 


different approximate methods, taking into account the effect of excluded volumes. One of the methods is 
the equivalent of a first-order perturbation calculation using the unrestricted random walk as a starting ap- 
proximation. The other method involves the use of certain plausible functional forms valid for large values of 
the chain lengths. The calculations have been carried out for three, two, and one dimensions and the results 
are analyzed to provide an insight into factors which might determine convergence or divergence of the 
quotient (r,?)a,/m (the mean-square length divided by the number of links). It appears that the quotient 


converges in three (or more) dimensions, but diverges for a lower number of dimensions. 





INTRODUCTION 


CONSIDERABLE amount of attention has been 
given to the theoretical problem of the dimensions 


of rubber-like polymer molecules. Assuming that sucha - 


molecule is made up of freely rotating links, completely 
unrestricted with respect to their orientations, then the 
problem of end-to-end length distribution reduces to 
the so-called “random walk” problem, which can be 
solved quite exactly by relatively simple means. The 
“random walk” solution is only approximately correct, 
however, since no restriction is made against stepping 
on the same spot twice, which for a polymer molecule 
would be equivalent to permitting two atoms (or 
monomer units) to occupy the same site. The purpose 
of the present treatment is to take into account the 
effect of such volume restrictions; this will be done by 
approximate methods which, it is hoped, are sufficiently 
accurate, at least for the three-dimensional problem, 
to correspond closely to reality. 

The calculations here reported are directed toward 
determining the nature of the dependence of the mean- 
square molecular length (r,,”)4, on the number of links 
with particular reference to the possible existence of a 
limit to the quotient (7,7),/m as n becomes infinite. 
The convergence or divergence of this quotient is a 
matter of some importance about which there is no 
definite agreement. The calculations of Hermans et a/.,! 
Grimley,’ Hadwiger,’ and Montroll®> suggest conver- 
gence, whereas Flory® and Rubin’ maintain that 
(r,?)a//n increases without limit as no. Although the 
conclusions here advanced will not be deduced with 
absolute rigor, a plausible case will be built in favor of 
convergence of the aforementioned ratio for the three- 
dimensional case and divergence for two dimensions. 

Two different approximate methods will be used, 
each of which, however, utilizes the same basic equa- 


1J. J. Hermans, Rec. trav. chim. 69, 220 (1950). 
( 2 Hermans, Klamkin, and Ullman, J. Chem. Phys. 20, 1360 
1952). 

3 T. B. Grimley, Proc. Roy. Soc. (London) 212, 339 (1952). 

4H. Hadwiger, Makromol. Chem. 5, 148 (1951). 

5 FE. W. Montroll, J. Chem. Phys. 18, 734 (1950). 

6 Pp. J. Flory, J. Chem. Phys. 17, 303 (1949). 

7R. J. Rubin, J. Chem. Phys. 20, 1940 (1952). 
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tions. The initial procedure to be employed is substan- 
tially equivalent to a first-order perturbation method 
in which the solution to the unrestricted random walk 
problem is utilized as the zeroth-order approximation. 
Taking into account the existence of excluded sites, 
we shall derive a difference equation relating (7,,”),, ton, 
and will compare the equation so obtained with that 
applicable when no site restrictions are involved. An 
additional term appearing in the more complete equa- 
tion will be considered a perturbation, and an improved 
value for the mean-square end-to-end separation of 
polymer chains will then be calculated by appropriate 
operation of this perturbation on the known solution 
of the unrestricted (i.e., unperturbed) problem. Her- 
mans, Klamkin, and Ullman? have already treated the 
problem by another perturbation method which leads 
to substantially equivalent results. However, our cal- 
culations take cognizance of the density of matter within 
a polymer molecule in a somewhat different manner 
and the approximate density functions are also il 
lustrated by contour maps. Moreover, the calculations 
have also been carried out for the one- and two-dimen- 
sional problems to gain a fuller insight into the general 
factors involved and how they affect the functional 
dependence of chain length upon molecular weight. 
The second method which we shall use will also utilize F 
the difference equation with the perturbation | 
mentioned above, but a different kind of approximation 

will be made to evaluate the result. 


DERIVATION OF DIFFERENCE EQUATION 


For the sake of simplicity we shall assume that @} 




























polymer molecule can be represented by a string 0 
beads that can be placed in a three-dimensional simple e 
cubic lattice with each bead located at a lattice poitt. 
The bonds joining successive beads in the polymel > 
molecule are each assumed to be parallel to one of the 
coordinate axes (x, y, or z), and the lattice spacing wil 
be taken as unity. According to this model, the bon! 
angles will be either 0,.7/2 (with a weight factor of 4), 
or 7. 

Let us suppose that a particular, polymer, molecul F 
consisting of m links has one end at the origin and the : 
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other end at a lattice point (x, y, z), and let n(x, y, 2) 
denote the probability that the molecule possesses the 
indicated end-to-end separation. Now let us consider 
the process of adding one more bead to this particular 
chain so that it will then have ”-++1 links with its end 
located at (w-+1, y, z), at (x, y1, z), or at (x, y, s1). 
If no excluded site restrictions are imposed, each of the 
six possibilities for the new end position will be equally 
probable, and with that premise, the change in mean- 
square end-to-end separation can readily be calculated. 
However, we must recognize that the six possibilities 
are not equally probable, for the last link, on the aver- 
age, will tend to point in the direction of lowest bead 
density and away from those sites which are most likely 
occupied. These unequal probabilities will be related 
to the statistical bead density attributable to the first 





Stan- 
ethod — links, but for the present we shall simply denote them 
walk — as follows: Let 
tion. Fp, (x, y, 2)=probability that (n+-1)th link will be +1 
pi in « direction, 
| thet 0,(x, ¥, )=probability that (7+1)th link will be —1 
1 An in x direction, 
fir R,(x, y, 3)=probability that (7+-1)th link will be +1 
a in y direction, 
al S,(x, y, )=probability that (w+1)th link will be —1 
‘at in y direction, 
we | T,(x, y, 2)=probability that (7+41)th link will be +1 
ti. in z direction, 
ree U,(x, y, 2)=probability that (w+1)th link will be —1 
‘1 Fi in z direction. 
eads 
iJ cal | Each of the quantities defined above refers to the prob- 
within | ability that the (n+1)th link will point in the indicated 
lannet F direction when the mth link has ended at point (x, y, z). 
Iso i Before proceeding further, it is necessary to establish 
ations F the nature of P, Q, R, etc. To do so, let us consider the 
limen- statistical density of beads in the neighborhood of the 
eneral growing end of the polymer chain. This density, which 
tional will be denoted by p, must lie in the range of 0Z p< 1, 
— where the upper limit indicates certainty that the point 
utiliz 


» is occupied and the lower limit, certainty that it is un- 
term F 


nation 





occupied. For reasons which will appear later, p must 
be computed without including the contribution of 
the last link of the chain. 

We shall now make the reasonable assumption that 








' the probability of a new link entering a certain lattice 

that ¢f I point is proportional to the probability that the point 

ing off) 18 unoccupied. In algebraic form this means that 

simple 

point. Pa (a, y,2)=AL1—pn(x+4, y, 2)] (1a) 
bs 

ees : 0n(x, y; z)=AL1—p,.(«—1, ¥; z)], (1b) 

ng = Ry (x, y; 2)=AL1—p,(x, y+1, z) |, etc., (1c) 

bond Fe... R - 
of dt Where A is a normalizing factor which will be determined 
by assuming that P+Q0+R+S+7+U=1. (Actually, 
olecule this assumption introduces an error that is not obvious; 





nd tele this will be discussed in a later publication with evidence 
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concerning it.) For simplicity we shall now write 


pr(x+1, y; z)=p+gz, (2a) 
pr(x—1, y, z)=p—£2, (2b) 
Pn(X, y+1, z)=pt£,, (2c) 


where p denotes the average density of beads in the six 
sites immediately surrounding the end site, the end 
point itself not contributing to this average; gz, g,, and 
g- denote the components of the gradients of the density 
in the neighborhood of the end point, the end point 
likewise not contributing to this gradient. 

We now observe that 


P=§[1—g./(1—p)], (3a) 
Q=¢Li+g./(1—p)], (3b) 
=$L1—g,/(1—p)], etc. (3c) 

From Egs. (3) it follows that 
P+0=3, (4a) 
Q—P=g./3(1—p), (4b) 

and 

R+S+T+U=3. (4c) 


Our computations can most conveniently be carried 
out by considering the mean-square component of 
length along a particular axis, say the x axis. Because of 
symmetry it is obvious that (7,?)4=3(%n?)w, Where 


(X92) = f f f 2°p,dxdydz. 


Let us now return to our chain of » links whose last 
bead is located at x, y, and z. The next bead might now 
be added in six different ways, which, taking probabili- 
ties into account, will contribute the following terms 
toward the new value of x: 


P,(x+ 1)P?+0,(a—- 1)?+ (RatSat Tat U,,) x. 


Making use of Eqs. (4) we rewrite the contribution 
toward %n4:° as 


Multiplying by #, and integrating, we obtain an expres- 
sion for (+417), namely 


(S) 


Cemaston= fff palet+4—2¢./3(1—0)Mrdyds, (6 


PrXSz 
(Xn41?) v= (Xn?) w+3— if f ie ee 


Defining A(%n+41°)w to be equal to (%n+41?)av—(4n?)avy, WE 


can rewrite Eq. (7) as 
Mii. 
(1—p) 


(7) 


dad yds. (8) 


A(%n+1) w= 3 
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The term 4 which appears in Eq. (8) is precisely the 
value to be expected for the unrestricted problem; the 
second term represents the effect of restrictions against 
double occupancy of any site. Since the atom density 
will tend, on the average, to be greater between the 
ends of the chain than beyond those extremities, the 
product xg, will be negative, thus causing A(%n+1°)~ 
to be greater than 3. 


BEAD DENSITY IN A POLYMER 


If p, gz, and p, were known exactly, A(%n+1?) could 
be calculated precisely by use of Eq. (8). Since p, gz, 
and p, appear only in the correction term of Eq. (8), 
a satisfactory approximation to A(%n4:°), might be 
expected by using approximate values for those quan- 
tities. For this purpose we shall assume that p, gz, and 
pn have the values to be expected for the unrestricted 
problem, for which simple solutions can be written 
down. The approximation for p, is well-known, being 
given by 

bn=[3/(2nn) }! exp{— (37’)/(2n)}. (9) 


We shall now set up the corresponding expressions for 
p and gz. 

Consider a chain of links (or +1 beads) with ends 
located at (0, 0, 0) and (x, y, z), and consider further any 
point (x’, y’, 2’) through which the chain might con- 
ceivably pass. The probability of reaching point 
(x’, y’, 2’) with n—j links is py_;(x’, y’,2’) and the 
probability of going from (x’, y’,2’) to (x,y,z) in 7 
more steps is p;(x—x’, y—y’, z—2’), assuming validity 
of the unrestricted probability expressions. The product 
of these probabilities is proportional to the probability 
that a chain of links with the indicated end points has 
its (n— j+1)th atom at the point (x’, y’, 2’). Summing 
the indicated products over all allowable values for 7 
and dividing by the probability of attaining the speci- 
fied end-to-end separation should then give the atom 
density. The appropriate expression for this is 


PrlX’, y’, 2’) 
~ pus(2’, y, 2')p;(x—x’, g~-9 Z—2’) 
j 


r 





- . (10) 
px(2, ¥; z) 
0.1 
0.3 Fic. 1. Contour 
05 map showing den- 


sity (p) of beads in 
0.7 chain of five links 
with ends separated 
by twice the length 
of a single link (Ly). 
Diagram also ap- 
proximately valid 
for polymer with 
r=(2/5)nLo, where 


nm is large. Solid 
circles represent end 
points. 


r=2L, 
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For the purpose of evaluating the integral which 
appears in Eq. (8), we must first obtain an expression 
for gz, which is just the partial derivative dp/d:x’ 
evaluated at «’=x. Since the direction to be preferred 
by the (w+1)th link will depend only upon the density 
of the first ~ beads (which correspond to u—1 links), 
we can omit from the summation indicated in Eq. (10) 
the term for which 7=0. This is permissible because the 
density contribution of the last atom added cannot 
affect the direction of the next link, whereas all previous 
atoms contribute to the significant portion of the atom 
density gradient. Apparently no harm would result 
from including the last added atom in the expression 
for the density were it not that the approximate mathe- 
matical expressions used would appear to give non- 
existent (infinite) gradients of density at the coordinates 
of the last atom. Accordingly we shall omit the term 
corresponding to 7=0. (It might appear that the term 
for 7=n, which represents the contribution of the first 
atom, might also cause difficulty because of the pre- 
cisely defined position of that atom, but it does not 
actually lead to any trouble in the calculations.) 

To arrive at the detailed expression for p, we now 
assume that 


( 3 
oe Nowe) 


3.\! 
(2) 
2a j 


—3[ (x—x’)*+ (y—y’)*+ (s—2')*] 
2j 





} —3(x2Ly2+2” 
) P| — =! (11a) 


2(n— j) 





Xexp| ; (11b) 


If the summation indication in Eq. (10) is now carried 
out over the range 1<¢ 7, it is found upon integra- 


tion that 
ff foc y’, 2’ )dx'dy'dz' = nN. (12) 


The correctness of the last integral becomes clear when 
it is realized that the integrated density of 2 atoms over 
all space must be precisely equal to . 

Upon simplification, the expression to be used for p, 
reduces to the following: 


z| 3n ] | —3n 
n— aa cance at ex —_—_—_—_—_—_ 
ee Naete— Dj) \te—Di 


X (Lv’— (n— j)x/n P+Ly’— (n— j)y/n P 


+[s'— (n—j)s/n¥]}. (18) F 


Contour maps of the approximate atom density as4 ; 
function of position in the x, y plane are shown in Figs. | 
1-3, which correspond to various end-to-end separa 
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tions. Although these maps were computed for a low 
value of m, (namely, »=5) the qualitative character- 
istics presumably should be preserved for higher values 
as well. (Thus Fig. 1 should represent a polymer with 
r= (2/5)nLo where n is large.) Obviously if the end-to- 
end separation were zero, the statistical atom density 
would be spherically symmetrical. As the length is in- 
creased, however, there comes a point after which the 
density assumes a “saddle” shape, involving two 
maxima and a minimum symmetrically arranged along 
the line joining the ends. (It will be observed that an 
average polymer molecule of specified end-to-end 
separation would better be represented by ellipsoids of 
revolution than by spheres.) In plotting the density 
maps, the contributions of the end points (j=0 and 
j=n) cannot be indicated since they contribute infinite 
values at those points (and zero elsewhere). 





r=3L, 


Fic. 2. Contour map showing density (p) of beads in chain of 
five links with ends separated by three times the length of a 
single link (Lo). Diagram also approximately valid for polymer 
with r= (3/5)nLo, where n is large. Solid circles represent end 
points. 


EVALUATION OF MEAN SQUARE DIMENSIONS 

By differentiating Eq. (13) partially with respect to 
x’ and then setting x’=«, we obtain an expression for 
gz to use in Eq. (8). To facilitate approximate evalua- 
tion of the integral in Eq. (8), we will neglect p com- 
pared to unity, as did Hermans, Klamkin, and Ullman? 
In this way, we obtain upon integration 


3\3 n 1 
Aintu= 3+4(—) ) ee (14) 
2r/ i= 7 
Since (7,.2)a-= 34,2), We Can write 
3\?;1 1 1 1 
Arn?) w= 1+2(—) |p al, (15) 
2x 1? 2? 33 ni 


Recognizing from basic considerations that (r;°)y=1, 
it follows by induction that 


3\! 
(722) y= n+2 ( ~) 
2r 


m—1 n—2 
x i+ +: 
1! 23 
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r=4L, 
Fic. 3. Contour map showing density (p) of beads in chain of 
five links with ends separated by four times the length of a single 


link (Lo). Diagram also approximately valid for polymer with 
r= (4/5)nLo where » is large. Solid circles represent end points. 


Also it will be seen that 


ne) iv 3\3 
tim *a142(—) 


no n 2 T 





1 1 1 ' 
x | —+—+ —-+ --- (infinite series) } = 2.724. (17) 
1? 2% 33 


Since the infinite series appearing in Eq. (17) con- 
verges, it appears that the mean square length of mole- 
cules divided by the number of links approaches a 
constant (equal to 2.724) as the number of links be- 
comes very large. In this respect the predicted behavior 
for large molecules resembles the result computed for 
an unrestricted random configuration except for the 
constant factor which gives rise to an expanded molecule. 

By use of a generalized trapezoidal rule, such as can 
be employed for purposes of numerical integration, the 
expression appearing in Eq. (16) can be written in 
functional form as follows: 


(rn?) w= N+ 2(3/2r)3(2.612n—4/n+1.460). (18) 


This equation provides a valid representation of Eq. 
(16) for moderately large values of » and from it one 
can readily predict the asymptotic behavior of the 
mean-square lengths of polymer molecules. 

At this time it would appear of interest to carry out 
the foregoing treatment for two-dimensional and one- 
dimensional restricted walks. Following the identical 
procedure employed for the three dimensional case we 
find the following expression for the two dimensional 
molecule: 

2(n—1 n—-2 n—-3 
(r12)w=n+— eel + ++: 
wi 1 2 3 n—1 





(19) 
or 


2 
(rn?) y= n+—{n Inn—0.4228n+0.5000}. (20) 
7 


It will be observed that unlike the result for three 
dimensions, the mean-square distance divided by the 
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number of steps does not asymptotically approach a 
constant value for large values of . This is a result of 
the fact that the series appearing in Eq. (19), even after 
dividing through by 1, does not converge. 

For the one-dimensional problem it is, of course, 
unnecessary to go through any involved computations 
to arrive at the correct answer. With the restriction 
that no two beads can occupy the same site, the exact 
relationship will obviously be given by (r,”)y=n?. To 
get an idea as to the correctness of our approximate 
treatment, however, we have carried out the one- 
dimensional problem by our method simply to provide 
a basis for comparing results. If this is done, the expres- 
sions obtained are as follows: 


(112) w= n+ (-) 








bi hn ted ett 1 | (21) 
x anetnemnesiiinss pn a a wie @ 
| vi wv WwW (n—1)! 
or 
2rv3 
(712) w= n+ ( -) 
TT 
4 1 
x |! 1.460n-+0.208 . (22) 
3 24 Vii 


It will be noted that here also the mean-square distance 
divided by the number of steps increases indefinitely. 
However, the increase predicted is roughly proportional 
to the square root of the number of steps instead of the 
first power of the number of steps, as it should be. From 
the character of the approximations involved, one 
would expect that the first-order correction would be 
too small for the one-dimensional problem, because too 
low a value of the bead density gradient is utilized in 
calculating the perturbation. With an increase in the 
number of dimensions, however, the treatment should 
become more exact. 


DISCUSSION 


Quite apart from the numerical correctness of the 
results is the question of convergence or divergence of 
the quotient (7,,”)4/n.as n becomes infinite. Since this is 
a matter of some importance, we can profitably examine 
the expressions on the right-hand sides of Eqs. (16), 
(19), and (21), to ascertain the underlying reasons for, 
and significance of, the various terms. A little reflection 
will disclose that terms like (3/277)3, (1/mj), and 
(1/27) are simply the intrinsic probabilities of realiz- 
ing closed loops of 7 steps in three, two, and one 
dimensions, respectively. Moreover, the factor n—j, 
which recurs in the aforementioned equations, is sub- 
stantially equal to the number of ways of taking j 
successive links out of ” links to form a loop. Therefore, 
products like (n— j)(3/2m7)!, (n—j)(1/m7), and (n— j) 
X (1/27)! represent weighted numbers of ways in 
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which disallowed configurations might conceivably arise 
to contribute to an increased mean-square length. (We 
might expect the factor to be n— j+1 instead of n—j, 
but since the loop argument is only implicit in the 
theory and not explicitly involved in the calculations, 
the slight difference can easily be a result of the ap- 
proximate character of the theory.) 

Since the probability of forming a loop of 7 links is 
proportional to 7~*, where a is the number of dimen- 
sions, it follows that an infinite series corresponding to 
such loops will converge only if a>2, and will diverge 
if a<2. Therefore, we can expect that (7,7) will ap- 
proach a limit as ” becomes infinite only for the three 
(or higher)-dimensional problem. 

Montroll® predicted that the quotient (7,,)a/n ap- 
proaches a finite limit in two dimensions, but his calcu- 
lations did not take into account possible ring closures 
or loops of more than four steps. The fact that his result 
was finite does not constitute proof of convergence be- 
cause he considered only the equivalent of a finite 
number of terms in an infinite series. Although our 
treatment gives strong reasons for believing that the 
two-dimensional problem gives rise to divergence, we 
recognize that the argument is only approximate and 
that it does not constitute a rigorous proof. After all, 
the harmonic series, which arises in connection with the 
two-dimensional problem, is on the threshold of con- 
vergence, and a better approximation might alter the 
conclusion. In the absence of such better approxima- 
tions, however, the best statement we can now make 
is that the two-dimensional problem diverges. 

For the three-dimensional problem, the result ex- 
pressed by Eq. (18) can be expected to be reasonably 
reliable as to functional form. As a matter of fact, the 
form has been tested by use of statistical samples 
generated by an electronic digital computer, which 
results will soon be reported in full. 


EFFECT OF ATOMIC DIMENSIONS 


The theory here presented started out assuming 4 
simple cubic lattice of unit spacing. Obviously if the 
bond length is Zo, let us say, instead of unity, then the 
mean-square end-to-end separation computed above 
should be multiplied by Z,?. In adopting the lattice 
model it was further implied that the volume excluded 
by a given atom (or monomer unit) was equivalent to 
a unit cell, or Z,*. If the excluded volume is represented 
by v instead of Z*, then the perturbation term should be 
multiplied by v/Z,°, since the atom density will be 
effectively altered by that factor. With these modifica- 
tions, Eq. (18) can be rewritten: 


3 


2v 2 | 
eid? ~) (2.612n—4y n+1.460) (23) ? 
y 


Tv 





with corresponding modifications for the other equa [7 


tions. 
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MAGNITUDE OF BEAD DENSITY 


In evaluating the integral appearing in Eq. (8), it 
was found convenient to neglect p compared to unity 
for the sake of simplicity. Actually the true value of p 
should not be large, but as far as the expressions used 
are concerned, this assumption may not be valid. An 
answer to this question can be obtained by examination 
of the order of magnitude of p in the neighborhood of the 
end bead for large . If we set x’ =x, y’=y, and 2’=z in 
Eq. (13), and then pass to the limit as n>, we find 
that the limiting value of p, to be denoted by po, is 


given by 
nf3\3 
n=x(—) = 0.862. 
i= \ 20 j 


(24) 


Now, obviously a value 0.862 is not small compared to 
unity, so the question arises as to what this means with 
respect to convergence or divergence of (7,,”)a//n. First 
of all, we can assert with confidence that in the neigh- 
borhood of the chain-end, p can never be greater than 
po, as given by Eq. (24). This follows because an in- 
crease in the number of beads cannot conceivably 
diminish the bead density for a given end-to-end separa- 
tion. Hence, the value of po, representing as it does the 
limiting value for large 7, must be an upper limit to p 
in the neighborhood of an end. (It is not an upper limit 
to p for other regions, such as those in between the two 
ends.) Hence, the integral appearing in Eq. (8) must 
still converge even if the factor 1—p is kept in the 
denominator of the integral. Moreover, the integral, 
with the term 1—p present, cannot exceed the value of 
the approximate integral (without 1—p) by a factor 
greater than 1/(1—po) for any n. Hence the inclusion 
of 1—p cannot increase the dominant power of  ap- 
pearing in the final results. Therefore, (7,7),,/m should 
still converge in three dimensions for large 7, but to a 
different value from that calculated above. 

The approximate value for p used in the calculations 
is, of course, too large for the neighborhood of an end of 
the molecule and for regions in between the ends. As a 
matter of fact, the computed values exceed unity for 
certain intermediate positions, which is not actually 
possible. An analysis of gz, which is more important in 
the computation, shows that its assumed value is also 
too large, which means that as far as gz is concerned, 
an overcorrection is made in the perturbation integral. 
In the treatment immediately following, a different 


type of approximate calculation will be carried out, 


which appears to avoid the overcorrection. 


ALTERNATIVE EVALUATION OF PERTURBATIONS 


In the preceding discussion it was pointed out that 
p and g, as calculated from Eq. (13) for the neighbor- 
hood of a chain end are each larger than they should be. 
However, there are certain qualitative conclusions that 
can be drawn from Eq. (13) that are probably correct, 
and by proper use of these conclusions we can evaluate 


MEAN DIMENSIONS OF RUBBER-LIKE POLYMER MOLECULES 


1919 





the integral of Eqs. (7) and (8) in a different form. First 
of all, it appears from (13) that in the neighborhood of 
the chain end, as ” becomes large, p approaches a con- 
stant denoted by po, which is independent of , x, y, and 
z. Although the value of pp so computed is too large, the 
conclusion that it is constant is not unreasonable, 
particularly in light of statistical evidence to be re- 
ported later. 

Moreover, it can readily be shown that as » becomes 
large, the quantity ng.—— 3xpp. As an asymptotic form 
for use in Eq. (7), we shall therefore assume that 


g2= —3xpo/n (25) 
and P= Po. 
Substituting Eq. (25) into Eq. (7) we obtain 
(rntn=(eeint +2 ff f= aii 
n(1—po) 
or 
2po(Xn 2) ay 
(%n41) w= (x2 w+ 3 +——_— (26) 
n(1 —po) 
Converting from x to 7, it is seen that 
: | 2p0 
(nti?) w= (Pn?) wv 1-+-———— } +1. (27) 
["  n(1—po) 


By carrying the corresponding treatment out for the 
one- or two-dimensional problems, equations identical 
to Eq. (27) are obtained, so the end result is not pe- 
culiar to a particular number of dimensions. Now, it is 
interesting to note that Eq. (27) will give exactly the 
right answer to the one-dimensional problem. In one 
dimension, pp=} (the average for the sites immediately 
before and after the last bead). Putting pp=} into 
Eq. (27), it can readily be established that (r,?)4=? 
is the correct solution of the difference equation. 

In general (for po¥*4), the solution to Eq. (27) as- 
sumes the form 


n a(i—a) 
(192) w=—+Cn*} 1— +--+4, 
—a 2n 





(28) 


where a=2p)/(1—po), and C is a constant. If po<3, 
then a<1, and it is seen that 


1—po 





lim (1?) w/n= (29) 


1—3p0 


On the other hand, if poS4, the limit does not exist. 


It should be remembered that Eq. (27) is intended 
to be valid only for large ”, so the solution given by 
Eq. (28) cannot be expected to hold for short molecules. 
The asymptotic forms, however, can be compared with 
machine data with particular reference to the depend- 
ence on density. This will also be the subject of a later 
publication. 
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Static dielectric constants of solid hydrogen bromide have been measured from 186 to 70°K, and dis- 
persion and loss below 89°K in the frequency range 15 cy to 5 Mc. Special cell designs minimized formation 


of cracks and voids in the polycrystalline sample, as such flaws were shown by several lines of evidence to 
cause serious errors. Static dielectric constants above 117°K are in quite good agreement with Onsager’s 
equation. In phase II, stable below 113°K, the dielectric constant rises to a peak of 200 at 89°K, then falls 
to a value of 32 at 70°K in phase III. The principal dispersion below 89°K follows a circular arc locus with 
a=0.3, and a rate expression with activation energy 2.7 kcal/mole. A second dispersion is observed at much 
higher frequencies with energy 1.59 kcal/mole, and it is suggested that the two dispersions are a consequence 


of crystal anisotropy. 





I. INTRODUCTION 


HE dielectric properties of the solid hydrogen 
halides have been of interest since Pauling’s 
discussion! of the solid phase transitions in these crystals 
in terms of molecular rotations in the solid lattice. Al- 
though his interpretation of the observed specific heat 
anomalies in terms of a cooperative change from hin- 
dered to free rotation‘ has been largely superseded by 
order-disorder models, the information obtainable from 
dielectric dispersion and loss measurements remains of 
value. 
Some of the experimentally determined properties 
of the solid phases and phase transitions in hydrogen 
bromide are summarized in Fig. 1. The specific heat 
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Fic. 1. Specific heat and dielectric constant of hydrogen bromide 
in the various solid phases. 


* This paper is based on a thesis submitted by Norman L. 
Brown in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy from Brown University. 

¢t Now with General Electric Company, Electronics Park, 
Syracuse, New York. 

1L, Pauling, Phys. Rev. 36, 430 (1930). 
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data of Giauque and Wiebe? show three sharp maxima 


in the heat capacity at 89°K, 113°K, and 117°K. f 


Polarizing microscope studies by Kruis and Kaischew’ 
showed that the phase stable between 117°K and the 
melting point at 187°K is the only optically isotropic 
one. X-ray studies’ indicate a face centered cubic ar- 
rangement of bromide ions in the high-temperature 


phase, and an orthorhombic, nearly tetragonal, struc- f 


ture below 117°K. 

The variation of the equilibrium dielectric constant 
with temperature is indicated in Fig. 1 (bottom). The 
conspicuous features are a gradual rise in the high- 
temperature phase and a slight drop in the four-degree 
interval between 113° and 117°K, followed by an in- 
creasingly rapid rise to a peak at 89°K, below which the 
dielectric constant falls off and is frequency dependent 
at audio frequencies. 

Unfortunately, the available dielectric measurements 
have until recently been made over too narrow ranges 
of frequency to define the low-temperature dispersion 
properly and have also been in poor numerical agree- 
ment, particularly in the vicinity of the lowest tempera- 
ture phase transition. Smyth and Hitchcock,’ Dan- 
k6hler,® and Powles’ have reported peak values of the 
dielectric constant at low audio-frequencies of more 
than 35, 4 to 10, and about 20, respectively. The meas- 


in indicating the presence of dielectric dispersion at 
increasingly low frequencies, and only in Powles’ work 


was the frequency range of measurement adequate t0 | bI 
oC 


describe the dispersion. 
In order better to define the dielectric behavior, we 


some time ago began an experimental study of solid 


hydrogen bromide over the temperature range 7(°k 


2W. F. Giauque and R. Wiebe, J. Am. Chem. Soc. 50, 219% 
(1928). 

3 A. Kruis and R. Kaischew, Z. Physik. Chem. B43, 384 (1939). 

4G. Natta, Mem. Accad. Italia Chem. 2, No. 3, 5 (1931); 
Gazz. chim. ital. 63, 425 (1933). 

5C, P. Smyth and C. S. Hitchcock, J. Am. Chem. Soc. 55, 1830 
(1933). 

6 G. DamkGhler, Ann. Physik. 31, 76 (1938). 

7J. G. Powles, Nature 165, 686 (1950); Compt. rend. 23), 
836 (1950); J. phys. radium 13, 121 (1952). 
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to the melting point at 187°K in the frequency range 
20 cps to 5 Mc/sec. Measurements were first made 
' with conventional test condensers in which the dielec- 
' tric sample was frozen in the annular space between two 
coaxial cylindrical metal electrodes. The results were 
unsatisfactory, however, as the apparent dielectric con- 
stant values were greatly dependent on the method of 
freezing the sample and on its subsequent thermal 
history. 

An obvious explanation of this erratic behavior 
follows from the fact that the linear contraction of 
solid HBr from 186°K to 78°K, as estimated from den- 

sity data, is of the order of 5 percent, a figure far larger 
_ than the corresponding change of rigid metal or glass 
' cell structures. Formation of cracks and voids in the 
sample on cooling can cause serious error if these result 
in separation of the dielectric from one or both elec- 
trodes, as the measured capacitance of a loss-free dielec- 
tric must then be smaller than that of either dielectric 
_ or the gap. For example, a gap one-fiftieth the thickness 
of a sample of dielectric constant 100 would result in an 
apparent dielectric constant of 34. On the other hand, 
cracks parallel to the lines of force in the sample cause 
a much smaller error of the order of the fraction of the 


ae 











volume occupied by voids. 

On the basis of these considerations, it seemed to us 
" imperative to prevent cracks in the sample at elec- 
trode-dielectric interfaces or elsewhere across the lines 
_ of force, and to do this with a cell of design suitable for 
' handling the material without contamination and at 
low temperatures. Two cells to be described accom- 
_ plished these objectives quite successfully, and the 
' results obtained show that such precautions are essen- 
tial for trustworthy measurements of either equilibrium 
' dielectric constants or dispersion and loss. 


Il. EXPERIMENTAL METHODS 
A. Electrical 


The bridge circuit used has been described elsewhere.® 
_ Important features of the design for the present work 
_ were the convenience and accuracy of direct capacitance 
_ and loss measurements with three terminal cells of 
_ small dimensions. 


. 


|. Temperatures of the cell and Zsurrounding*cooling 


& 


_ block were measured by copper-constantan couples 


~ made from specially annealed wire kindly supplied by 


_ Professor C. S. Stephenson of the Massachusetts Insti- 
~ tute of Technology. The calibration tables prepared by 
: him were employed after calibrations at the CO» and 
a nitrogen fixed points. 


(1931); [ee B. Cell Designs 


5, 1890 > sults wasa parallel plate condenser as shown in Fig. 2(a). 


1. 230, L 


The first arrangement to give any reproducible re- 


The high-potential electrode was supported from the 


ase Cole and P. M. Gross, Jr., Rev. Sci. Inst. 20, 252 
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Fic. 2. Schematic dia- 
gram of cells, Each 
cell, shown in plan view, 
is of cylindrical form. 
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top only by a right-angled strip of brass and insulating 
strip of Teflon, with the intent of permitting this elec- 
trode to follow lateral contraction of the frozen sample 
as it was cooled. A number of attempts to obtain con- 
sistent results with this arrangement failed, as indicated 
by failure of capacitance to change regularly on cooling 
and by dependence of the values on previous thermal 
history. For one sample, however, the measured values 
were reproducible and essentially in agreement with 
those obtained using the second design. 

The electrode arrangement finally employed was de- 
signed to provide positive compression of the sample 
between the electrodes on cooling. As shown in Fig. 2(b), 
the parallel electrodes are attached at top and bottom 
to Teflon disks by screws at a distance several times the 
electrode separation (11.5 mm vs 2 mm). With no di- 
electric present, the decrease of this separation on 
cooling corresponds to a thermal expansion coefficient 
nearly that of Teflon multiplied by the ratio 11.5/2, 
the contraction of the brass electrodes being small in 
comparison. With a sample of smaller coefficient of 
expansion present, equilibration of opposing forces 
evidently results in a small lateral compression of the 
sample. 

The use of parallel plate electrodes had the further 
advantage, which proved important, that the manner 
in which samples froze could be observed, as discussed 
in Sec. C. Nominal electrode spacings of 2 mm and 
effective area 5.5 cm? gave air capacitances of the order 
2.0 uuf, exact values being determined by direct cali- 
bration. 

Both were contained in a glass jacket consisting of 
two parts: a cap on a female standard taper joint through 
the top of which electrode and thermocouple leads were 
brought from the electrode assembly some 30 cm below, 
and a closed off lower tube with a male standard taper 
joint at the top and a connecting side tube for evacuation 
and filling. The electrode assembly was made entirely of 
brass after tests showed no contamination of liquid HBr 
if the system was thoroughly cleaned and evacuated be- 
fore the dry gas was condensed in the cell. Since the gas 
entered the container substantially at room tempera- 
ture and the upper portions of the cell were not cooled, 
electrode leads of gold wire were used, one of which 
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was shielded for its entire length by a surrounding gold- 
plated glass tube electrically connected to the guard 
electrode. The thermocouple leads passed through the 
cap inside a glass tube whose lower end was sealed to 
a small brass tube which was soldered into a well in the 
guard electrode.{Adequate thermal ‘contact was as- 
sured by fastening the thermocouple junction in the 
bottom of this tube with Wood’s metal. 


C. Freezing and Cooling of Samples 


A careful and painstaking procedure for freezing 
and cooling the dielectric was found essential for re- 
producible results with either cell. The liquid-filled 
cell was suspended inside a thick-walled brass tube with 
vertical slots to permit observation of the freezing. This 
tube, which surrounded the lower part of the cell, 
helped minimize thermal gradients inside the cell by 
acting as the heat sink. The cell was then slowly cooled 
over liquid nitrogen in a Dewar flask. By suitable ad- 
justment the cooling rate was controlled to give com- 
plete freezing of the liquid sample in about three hours, 
and the solid formed at the bottom of the cell grew 
upward and outward from the electrodes as a perfectly 
colorless transparent mass, free of cracks or flaws except 
for a vertical interface midway between the electrodes. 
It was then possible to make the interface disappear 
from a carefully grown sample by keeping it about 
0.5°K below the melting point for several hours. 

That these precautions were necessary was shown by 
subsequent behavior of samples on cooling. Comparison 
of data for good samples and ones in which cracks were 
present or developed after freezing showed that the 
dielectric constants measured for the latter either did 
not rise as rapidly on cooling or actually decreased 
before again rising, the change usually occurring quite 
abruptly. 


D. Temperature Control 


After a suitable sample had been frozen and its cool- 
ing curve followed, the cell was transferred to a thermo- 
stat consisting of a massive brass cylinder inside which 
the cell envelope fitted, the whole being contained in a 
large Dewar. Cooling was effected by adding liquid 
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Fic. 3. Static dielectric constant above 100°K. 
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nitrogen at suitable intervals to a metal tray suspended 
above the block, and thermocouples.in the cylindrica] 
block were used to compare block and cell tempera- 
tures. By suitable addition of coolant, isothermal 
equilibrium conditions were possible over periods of 
half an hour or more except in the immediate vicinity 


of second-order phase transitions, and the system P 


had a natural warming rate of one degree per hour or 
less. Measurements to 70°K were made by pumping on 
liquid nitrogen added to the large Dewar. 


E. Purity and Handling of Materials 


Tank hydrogen bromide gas from the Matheson 
Company, of 99.5 percent stated purity, was distilled 
twice before finally being condensed in the cell{ 
Further precautions, such as prolonged drying over 
P,O;, gave no change in dielectric properties. The 
melting point and phase transition temperatures agreed 
with Giauque and Wiebe’s values® to within possible 
calibration errors. 

The electrical properties also gave no evidence of 
significant impurity: dielectric constants of the liquid 
agreed with those of Smyth and Hitchcock,* the liquid 
conductivity of 3X 10~® mho/cm was as low as or lower 
than other reported values, and no anomalies of dis- 


persion or loss near the melting point of the sort found F 


for impure solids were observed. 


F. Sources of Error 


The absolute dielectric constant and loss values re- 
ported are subject to slight uncertainty because of the 
cell design employed. This is because contractions of the 
dielectric between the electrodes on cooling lead to 
decreased electrode separation by design, and to 3 
corresponding increase in geometrical capacitance 0 
the cells which was not measured. On the basis of density 
data this would lead to dielectric constant values which 
might be as much as five percent too high at the lowes! 
temperatures, as the cell capacitances used in calcula- 
tions were measured at the temperature of the melting 


point of HBr. A compensating error is that from con- 


traction of the sample in directions parallel to the elec: 
trodes forming voids parallel to the lines of force. 
This in effect results in less dielectric being measured 
and hence gives values too small by as much or mort 


than the increase resulting from the changing separ 4 
tion. The combined effect of these sources of error may F 


thus amount to some five percent at the lowest tem 
peratures, the probable result being values which ar 
too small. 
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A second source of error about which nothing 4 
definite can be said is the effect of anisotropy of the 
solid in the low-temperature phases. It is reasonable 10 
suppose that the solid sample at the melting point wasé 


{ It is of interest to note that rapid freezing with liquid nitroge! 
produced a pink solid, much as described for HCl by Giauque and 


Wiebe (see reference 2) and by Johnson and Martin (J. Chem. f 


Phys. 20, 534 (1952)). 
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mosaic of crystallites of the cubic symmetry reported 
by Kruis and Kaischew*® and that these became ran- 
domly oriented anisotropic regions in the low-tempera- 
ture phases. Visual observations to test this last con- 
jecture were not possible because the material between 
the measuring condenser and the glass cell envelope 
shattered enough on cooling§ to render the sample 
invisible at these temperatures. 


Ill. EXPERIMENTAL RESULTS 
A. Equilibrium Dielectric Constants 


The dependence of the static dielectric constant on 
temperature is shown graphically in Figs. 3 and 4. 
In Fig. 3 we have plotted the values above 100°K, 
together with the results of Smyth and Hitchcock® and 
of Powles.’ In phase I, stable from the melting point 
(186.7°K) to 117.1°K, our values show a monotonic 
increase with decreasing temperature, whereas Smyth 
and Hitchcock found an initial rise and then a slight 


TABLE I. Equilibrium dielectric constants of HBr. 











r= €0 ‘ie €0 
Liquid Phase IT 
191.8 7.11 109.5 ; 
187.1 7.33 101.0 23.5 
94.2 35.9 
Solid Phase I 90.8 55.1 
186.8 8.23 89.3 97.8 
164.0 9.66 89.2 144 
144.0 10.8 89.1 200 
117.1 12.0 
Phase III 
Intermediate Phase 87.5 100 
116.6 11.4 86.4 79.2 
114.2 11.4 84.1 49.6 
15.5> 81.5 46.4 
112.5 11.58 77.7 41.6 
16,2 73.1 36.4 
70.0 32.6 








* Decreasing temperature. b Increasing temperature. 


decrease followed by a gradual rise to the transition 
point, and Powles found values which are a little smaller 
at the melting point and remain essentially constant at 
lower temperatures. 

If the crystalline form is face centered cubic in this 
phase as reported by the polarization studies, there can 
be no question of anisotropy effects in this temperature 
region, and the only explanation we can find for the 
differences is that the lower values previously reported 
resulted from formation and development of flaws in 
the sample on cooling, as discussed in Sec. IT C. 

The variation of the equilibrium dielectric constant 
in phases II and III is, as shown in Fig. 4, character- 
ied by a very large peak- at the 89°K second-order 
transition. Most of the rise to the peak value of 200 
occurs in very small but finite temperature intervals on 

§ It is of interest that audible cracking noises when this hap- 
pened were not accompanied by any measurable change of 


Capacitance of good samples, but with poor samples either sudden 
drops or levelling off of capacitance resulted on further cooling. 
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either side of the transition, the value one degree above 
it being 65, for example. 

As one would expect, the values obtained for faulty 
samples are extremely variable in the transition region, 
and figures lying anywhere between 10 and 200 were ob- 
served. It should be emphasized that the lower figures 
were in every case foretold by small but definite levelling 
off or decrease of measured values in phase I as the 
samples were first cooled below the melting point. 

For the two samples which were free of these effects, 
the peak values could be reproduced on a second passage 
through the transition, as could values on either side 
of the transition. Also, the curves measured on slow 
warming or cooling were the same except for a displace- 
ment of the temperatures of the maximum and points 
near it, the value being higher on warming by about 
0.8° for Cell b. It was also noted that the indicated 
peak temperature on cooling was 0.3° higher for Cell b 
than for Cell a. Both effects are reasonably explained 
as a consequence of the very large heat capacity of the 
dielectric in this region and its poor thermal conduc- 
tivity, which together make the temperature of the 
sample lag behind the surroundings despite the very 
slow warming and cooling rates used. This possible 
lack of thermal homogenei.y may have made the ap- 
parent peak values small, but the fact that the same 
figure was obtained for Cell a as for Cell b would then 
not be expected because of the better heat transfer in 
the latter. 

In phase III below 89°K, the equilibrium dielectric 
constant €p falls off at a decreasing rate to a value of 
32.6 at 70°K, as shown in Fig. 4. Representative values 
at various temperatures in the four phases are listed in 
Table I. The values at temperatures below 80°K were 
obtained by progressively longer extrapolations of the 
frequency dependent values obtained even at 20 cycles 
persec, the manner of extrapolation being apparent from 
the discussion of this dispersion which follows. 


B. Dielectric Relaxation 


The results of dispersion and loss measurements in 
phase III are conveniently presented by the loci of the 
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Fic. 5. Complex plane loci of e’”’ zs ¢’. 


real and imaginary parts, ¢’ and é’, of the complex 
dielectric constant «*. These were computed from meas- 
ured parallel capacitance C and conductance G by the 
relations e’=C/C,, e’’=G/wC,, where C, is the geomet- 
rical capacitance of the cell and w=2m frequency. 
Typical loci at 70.0, 77.7, and 87.5°K are plotted in 
Fig. 5. 

Except at the highest frequencies, the data are ac- 
curately described by circular arc loci® satisfying the 
equation 


e*= e' — ie!’ = e+ (€9— €1)/(1+ (iwr1)*), (1) 


where € and ¢; are the intercepts of the arc on the é 
axis at low and high frequencies and 7; is a relaxation 
time related to the frequency /: of the midpoint of the 
arc by 71=1/(27rf1). The values of these parameters 
which fit the data are listed in Table II. 

As shown by the locus at 70°K, and less completely 
by the others, a second dispersion is found at higher fre- 
quencies which can to the extent that it is defined be 
fitted by a second circular arc. Estimated values of the 
high-frequency intercepts ¢, and central relaxation 
frequencies f2 for these high-frequency values are also 
given in Table II. 

The existence of two dispersions in phase III is in 
agreement with Powles’ observations, but we find much 
larger values of dielectric constant and relaxation times, 
especially for the low-frequency dispersion and at 
higher temperatures. The differences are again primarily 
the result of sample voids, as we have found too small 
values for otherwise suspect samples in our work. One 
can, in fact, achieve a semi-quantitative correlation of 
these errors by assuming a homogeneous sample and 
air-gap in series as a model of the faulty samples. If 
the fractional width of the gap is 6 and the dielectric 
is described by Eq. (1), it is readily shown that the 
apparent dielectric constant is still described by an 
equation of the same form as (1), but the apparent 
values of €, €1, and 7; are all too small, and are given by 


€o(app) = €0/ (1+), 
€:(app) = €,/(1+€,6), 
71(app) = 71(1-++ 15) / (1+ €95)/"-@. 
~ 9K. S, Cole and R. H. Cole, J. Chem. Phys. 9, 341 (1941). 
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In the case €,6<1, one may combine the first and third 
equations to give 


€9(app) = (€0/71'~*)71(app)**. 


Hence a logarithmic plot of €9(approx) versus 7;(approx) 
should give a straight line of slope 1—a. A set of such 
values obtained for faulty samples at 78°K is plotted 
in Fig. 6, and the line drawn has the slope 0.7 corre- 
sponding to the observed value a=0.30. This, together 
with the fact that all the complex loci were similar 
circular arcs, differing only in scale and frequency range 
of dispersion, indicates that the admittedly oversimpli- 
fied model nevertheless gives a semi-quantitative de- 
scription of the observed differences. 

Only limited evidence could be obtained about the 
nature and frequency range of dispersion in phase II 
stable above 89°K. This evidence is based on measured 
values of conductance, which should increase with 
frequency as an absorption region is approached. For 
frequencies much less than the critical frequency this 
dependence should be as {?~* if the empirical Eq. (1) is 
valid. By interpolation of measurements at frequencies 
of 1 kc to 1 Mc/sec with slowly decreasing temperature, 


TABLE II. Parameters of dispersions below 89°K. 








fi fe 
(kilocycles (megacycles 





es €1 €2 per sec) per sec) 
70.0 4.0 2.4 0.113 2.1 
73.1 4.4 2.4 0.290 J2 
77.7 5.4 2.4 0.995 6.5 
81.5 yf 2.4 1.85 10 
84.1 7.9 bis 4.20 

86.4 10.9 4.70 

87.5 13.6 5.65 








it was found that the increase in conductance varied as 
frequency squared, corresponding to a=0 in Eq. (1). 
If this functional dependence on frequency is taken as 
evidence for validity of Eq. (1), one can set both upper 
and lower limits on the relaxation time: a lower limit 
by the maximum total dispersion, which must be less 
than the value of ¢€, and an upper one by the absence 
of any appreciable departure from the limiting low- 
frequency dependence, which will be the case if the 
highest frequency f is less than say, 10 fi. Applying 
these criteria to data at 89.92°K (0.85° above the transi- 
tion temperature) gave 1 Mc/sec< f1<7 Mc/sec. The 
data at higher temperatures did not extend to sufl- 
ciently high frequencies to make the upper limit sig- 
nificantly restrictive. The conclusions from these 
measurements as to character and frequency range of 
the dispersion in phase II are thus quite tentative, but 
within their limitations suggest the nature of the dis 
persion to be further explored. 


IV. DISCUSSION 


We consider first the dependence of static dielectric 
constant on temperature. The behavior in phase I 
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at and below the melting point is consistent with a 
simple theoretical picture, as the data are in semi- 
quantitative agreement with Onsager’s equation.” This 
may be written 





(2) 


@—”= 


3¢€0 (—)=* 
Jeotn\ 3 3kTV 


where ” is the refractive index for induced polariza- 
tions, NV is Avogadro’s number, V the molar volume, 
and uo the gas dipole moment. The appropriate value of 
nis not accurately known. However, using an electronic 
polarizability of 4.24 10-* cm’ and a solid density of 
2.45 in the Clausius-Mossotti expression gives n?= 2.43, 
a value not far from the extrapolated high-frequency 
intercept €.= 2.35 found below 90°K. 

Using n?=2.40 in Eq. (2) together with uo=0.85 
debye gives values of 8.13 at 187°K and 12.64 at 117°K, 
as compared to the observed figures of 8.23 and 12.0. 
A more extensive and precise study of this phase by 
J. A. Barclay in this laboratory has given slightly higher 
results for €¢9 which are in even better agreement with 
the theory. These will be reported in detail later, as 





50 
40+ 


Fic. 6. Correlation of 30+ 
apparent dielectric con- €, wit 
stant and relaxation 45 ‘ 
time of faulty samples 
at 78°K. 








10 





will similar results for solid HCl obtained by R. W. 
Swenson. 

Onsager’s equation (2) was originally developed for 
polar liquids by applying electrostatic boundary condi- 
tions to a cavity of molecular volume containing a 
single molecule and surrounded by uniform dielectric. 
One would hardly expect the result of this model to 
apply very generally to solids, but the agreement is 
reasonable in the present case of a disordered cubic 
close packed structure. 

In view of this normal increase of ¢9—n? with 1/T, 
there is no need to postulate special models of alterna- 
tive lattice positions with energy differences the order 
of kr, as was done by Powles" to account for the failure 
of his observed values to increase at lower tempera- 
tures in phase I. 

The sharp maximum observed at the low-temperature 
transition is similar to that found experimentally for 
the specific heat, and is a much more pronounced effect 
than predicted by the only detailed theory so far ad- 
vanced. This theory due to Kirkwood” is based on an 


ED 
= L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936). 
oa - G. Powles, Trans. Faraday Soc. 48, 430 (1952). 
J. G. Kirkwood, J. Chem. Phys. 8, 205 (1940). 





Fic. 7. Rate plots of 
relaxation times against 
temperature. Upper 
curve for low-frequency 
dispersion (71), lower 
for high-frequency (r2). 
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assumed potential energy of interaction between near- 
est neighbors and predicts values of €) given by On- 
sager’s equation for temperatures above the transition. 
At lower temperatures, the cooperative ordering of 
neighbors results in a decrease to a value characteristic 
of induced polarization in the limit 7-0. The model 
thus gives results qualitatively similar to those observed, 
but fails to account for the sharp increase to a very large 
peak which begins several degrees above the transition. 

These differences resemble the failure of simple order- 
disorder models to account for the sharpness of specific 
heat anomalies in second-order transitions, and point 
to the need for more refined models. The algebraic 
difficulties of Onsager’s exact solution” of the two- 
dimensional Ising model suggests that adequate treat- 
ment of the molecular interactions in the present 
problem may be very complicated. This may be par- 
ticularly true for the dielectric constant if anisotropy 
of the lattice is a significant factor, as both the local 
and long-range dipole interactions will be more diff- 
cult to treat in developing an adequate theory such as 
those of Kirkwood" and Froéhlich.!® That anisotropy 
exists in solid HBr is clear from x-ray‘ and infrared'® 
studies, and that it may be important is suggested both 
by the multiplicity of solid phases and by the multiple 
dielectric dispersions below 89°K. 

The two dispersions at audio- and radio-frequencies 
found in phase III have relaxation times described by 
rate laws of the form r=A exp(B/RT), as shown by 
the plots of logr versus 1/T in Fig. 7. For the larger 
lower-frequency dispersion logA4=—11.35, B=2.70 
kcal/mole; for the other, logA4=—12.05, B=1.59 
kcal/mole. 

The values of + are not in agreement with those of 
Powles,’ nor do we find any evidence of the departures 
from the simple rate laws which led Powles to consider 
proton transitions by tunneling through energy bar- 


131, Onsager, Phys. Rev. 65, 117 (1944). 

4 J. G. Kirkwood, J. Chem. Phys. 7, 911 (1939). 

16H. Frohlich, Theory of Dielectrics (Oxford University Press, 
London, 1949). 

16W. E. Osberg, Jr., Ph.D. thesis, Brown University, June, 
py diosa G. L. Hiebert and D. F. Hornig, J. Chem. Phys. 20, 
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riers. If, as we believe, these departures result from 
sample flaws, this mechanism need not be involved. 
It also seems probable that such difficulties may ac- 
count for Powles having found shorter relaxation times 
in solid DBr, a result which is otherwise hard to 
understand. 

It is evident from the dispersion loci and the great 
difference in relaxation times that the two dispersion 
processes are quite distinct. The marked anisotropy of 
phase III suggests that the dielectric polarization should 
be described by two or three principal dielectric con- 
stants, rather than a single one characteristic of an 
isotropic medium. If the relaxation processes giving 
rise to the equilibrium values differ considerably in their 
rates, measurements on a mosaic crystal would resolve 
the dispersions in time, even though the equilibrium 
value is an average from which individual principal 
values cannot be deduced. 

The interesting possibility thus exists of determining 
principal dielectric constant and dispersion values from 
measurements on a polycrystalline sample, with the 
limitation, however, that the corresponding crystal- 
lographic directions are not identified. If the proper 
identification can be surmised from other evidence about 
the structure and molecular arrangement, the analysis 
would be a valuable substitute for direct determinations 
on single crystals. The latter are not attractive in the 
present case of a phase stable only below 89°K, and 
with three intervening solid phases below the melting 
point. 

If the interpretation is correct, there still remain the 
possible difficulties that the samples as measured were 
not random aggregations of crystallites or that de- 
polarization effects occurred at boundaries. Variability 
attributed to imperfect randomness was observed in 
measurements with Cell b, which consisted in a slow 
drift noticeable over a period of hours when the sample 
was left at 78°K. This was of such a nature that the 
extent of the high-frequency dispersion increased and 
the low-frequency one decreased by as much as 20 
percent after 24 hours, without any measurable change 
in the relaxation times. This behavior was thus quite 
distinct from that of generally low values found for 


N. L. BROWN AND R. H. COLE 


flawed samples, and, moreover, could be reproduced 
after the sample was warmed through the transition 
at 89°K and again cooled. 

Because the initial values on reaching a steady tem- 
perature were reproducible and in agreement with 
those using Cell a, these values are the ones quoted in 
Table II. The subsequent drift can be explained as the 
result of change in relative arrangements of crystallites, 
quite possibly occasioned by slow stress relaxation of 
the Teflon confining disks employed in Cell b. That the 
initial values correspond to random arrangements can- 
not be concluded with certainty from the evidence, 
and our belief that they do is only a reasonable inter- 
pretation. ; 

Osberg and Hornig'® have concluded that ordered 
molecular arrangements in phase III of hydrogen 
bromide which are consistent with their infrared ab- 
sorption spectra of thin films consist of parallel bonded 
zig-zag chains with the angle between neighboring 
molecules about 97° and the chains lying in parallel 
planes. If, as Tisza!’ has suggested, the disorder leading 
to the transition at 89°K is by reversal of dipole direc- 
tions, one would expect marked anisotropy of the 
polarization with the large, low-frequency dispersion 
corresponding to dipole reversal in the planes of the 
chains and the smaller dispersion to dipole displace- 
ments at right angles to these planes. 

We believe that anisotropy of the crystal is a more 
probable explanation of the dispersions than the hy- 
potheses advanced by Powles, but attempts at a quan- 
titative development are perhaps premature until a 
more definite decision among possible alternative struc- 
tures can be made. The dielectric evidence is also in- 
complete in some respects. Further measurements at 
temperatures below 70°K would better define the dis- 
persion in phase III, and data at sufficiently high fre- 
quencies to define the dispersion in phase II would be 
valuable, especially in view of the indications that the 
dispersion is of quite different character than in phase 
III. Further studies with similar techniques on the 
other hydrogen and deuterium halides are also desir- 
able, and are planned or in progress. 
















17L, Tisza, M.I.T. R.L.E. Tech. Rept. 127 (1949). 
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A simple method of the calculation of the mean amplitudes of both directly bonded atom pairs and non- 


bonded ones is proposed by approximating the function cothx by 1/x-+-*/4. The enumeration of the L matrix, 
the most time-consuming procedure, is replaced by the calculation of the inverse matrix F~ from the poten- 
tial energy matrix. The formulae obtained are applicable with reasonable accuracy (4 percent) to almost all 
the cases except the atom pairs having higher frequencies than 1200 cm™. For the latter cases modified 
formulas are presented by using hyperbolic cotangent function. 

It is also revealed that, if some allowance be made for the errors of the mean amplitudes, a definite value 
can be assigned to the mean amplitude of a given pair of atoms, without referring to the structure of the other 
part of the molecule. Reliable values of the mean amplitudes are computed for some typical atom pairs, by 


the use of the force constants of Urey-Bradley type obtained by the analysis of the vibrational spectra. 





I. APPROXIMATE FORMULAS FOR CALCULATION 


OR the discussion of the molecular structure by 

electron diffraction, it is necessary to obtain the 
mean amplitude for each atom pair in the molecule to 
be discussed. Rigorous calculation is so laborious, as 
shown in the preceding article,! that it would be de- 
sirable to introduce some approximate method. 


A. Mean Amplitudes of Directly Bonded 
Atom Pairs 


Let us consider first a pair of atoms which are linked 
by a chemical bond. In the treatment of normal vibra- 
tion a small displacement of a bond distance is usually 
taken as an internal coordinate. Internal coordinates R 
are related to the normal coordinates by the trans- 
formation matrix L 


where R and Q are expressed in a column matrix. The. 


transformation matrix L is obtained by solving the 
equation? 


GFL=LA, (2) 
and the normalizing condition 
L’FL=<, (3) 
or 
LL’=G. (4) 


The G and F are the kinetic and the potential energy 
matrix respectively. A is the diagonal matrix, the 
elements of which, ,’s, are related to the frequencies 
v, Of the kth normal vibrations by the equation 


nN k= Ary, (5) 
and are given by solving the secular equation 


det | GF—AE| =0. (6) 





i9s20 Kuchitsu, and Shimanouchi, J. Chem. Phys. 20, 726 


*E. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939) ; 9, 76 (1941). 
1927 





If a small displacement of a bond distance, Ar, is 
taken as the ith internal coordinate R;, its mean ampli- 
tude is given by the ith diagonal element of the matrix 
of (R,?) :* 


(Ar’)=(R?)=(RR’) c= LQQ)L) is, (7) 


where R’ denotes the transposed matrix of R. Since the 
Q’s are the normal coordinates, the nondiagonal terms, 
(QQ’).:, (Kl) vanish: in other words, the matrix 
(QQ’) is a diagonal one, and may be written as (Q’). 


Thus 
(Ar*) = (L(Q*)L) is. (8) 
The kk element of (Q”) is the mean amplitude of the &th 


normal coordinate Q;, and is given by® 


hy, 
coth——. (9) 
81 v;, 2kT 





Q2)= 


In the rigorous treatment the mean amplitude (Ar?) 
is obtained by Eqs. (8) and (9) only after the frequen- 
cies of the normal vibrations and then the elements 
of the L matrix are calculated by Eqs. (2), (3), and (6). 
As already stated, this procedure needs troublesome 
calculation, so that some approximate method would be 
desirable to be deduced. For this purpose it is profitable 
to consider the expansion of cothx: 


1s # 
cothy=-+-——+-:--. (10) 
x 3 45 


This may be approximated by 


Te 
cothe=-+-, (11) 
a $3 


in the region of «<1. Since x=hv/2kT according to 
Eq. (9), x<1 corresponds to v<415 cm at ordinary 
* The symbol { ) denotes the time average. 


3.F. Bloch, Z. Physik, 74, 295 (1932); R. W. James, Physik. Z. 
33, 737 (1932). 




















TABLE I. The comparison of the function cothx 
with the approximate formulas. 











x cothx 1/x+x/3 A® 1/x+x/4 A’b 
0.1 10.034 10.033 —0.001 10.025 —0.009 
0.5 2.168 2.167: —0.001 2.125 —0.043 
1.0 1.314 1.333 +0.019 1.250 — 0.064 
1.5 1.105 1.167 +0.062 1.042 — 0.063 
2.0 1.038 1.167 +0.129 1.000 —0.038 
2.5 1.013 1.233 +0.220 1.025 +0.012 
3.0 1.004 1.333 +0.329 1.083 +0.079 
4.0 1.001 1.583 +0.582 1.250 +0.249 








® A=(1/x+x/3) —cothx. b A’ =(1/x+x/4) —cothx. 

temperature (7 =298°K), which is too narrow and in- 
sufficient for our application. Considering the accuracy 
of the mean amplitude necessary for electron diffrac- 
tion, an alternative formula, 


1 «x 
cothe=-+-, (12) 
x 4 


is more suitable, where the coefficient of the second term 
is replaced with } instead of 3. In Table I the values 
computed by Eq. (12) are compared with the true 
values of cothx. It will be seen that this approximation 
has rather larger error (at most 8 percent) but larger 
applicable region of x<3; i.e., v< 1200 cm™ at 298°K. 
The condition »<1200 cm™ covers the most important 
region of molecular vibration, and the error of 8 percent 
in cothx, corresponding to the error of 4 percent in 
mean amplitude, may be sufficient for the present 
purpose. 
Now inserting Eq. (12) into Eq. (9), we obtain 


h f2kT 1 hy, 1 h 
( a —) =kT—+ . (13) 
Sr’y,.\ hy, 42kT Ax 64rRT 








(Q?)= 


With this equation, Eq. (8) becomes 


h 





(Ar*) = kT (LA“L’) wt (LL’) ron (14) 


642°kT 


From Eq. (3) it can be easily obtained that 


LA“"L’=F-. (15) 
This, together with Eq. (4), leads to the equation 
h? 
(Ar’) = kTF— ;,, +——_G i. (16) 
64r°kT 


As shown by Wilson,’ if R; is the change of the bond 
distance from its equilibrium value, then G;;=y+y’, 
where yw and yp’ are the reciprocals of the masses of the 
two atoms situated at the both ends of the distance. 
Consequently the final equation becomes 


h? 


(Ar?) =kTF>;-+ 





(utv’). (17) 


640°kT 
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Thus, without solving the secular equation and com- 
puting the elements of the matrix L, the mean ampli- 
tude of a bond distance can be straightforwardly calcu- 
lated from the inverse matrix of F. 

The elements of the inverse matrix F~ are obtained 
by the equation 


Fo ,,= F;//detF, (18) 


where F;;’ denotes a cofactor corresponding to the ii 
element of the original matrix F. The calculation of the 
inverse matrix is much less laborious than the compu- 
tation of the elements of the matrix L. 


B. Mean Amplitudes of Nonbonded Atom Pairs 


Similar argument can be applied to the calculation 
of the mean amplitude of any atom pair, whether the 
two atoms in the pair are separated by two chemical 
bonds or more. A displacement from the equilibrium 
distance between the nonbonded atoms Ag is ex- 
pressed as a linear combination of internal coordinates 
such as the displacements of bond lengths and bond 


angles: 
Aq=>> a.Rx. (19) 
k 


Let A be a column matrix composed of the coefficients 
a,’s, then Eq. (19) may be written in a matrix form of 


Ag=A’R. (20) 
Thus the mean amplitude is given by 
(Ag?)=A’(RR’)A=A’L(Q)L'A, 
=kTA’F"A+ 





A’GA. (21) 
642°kT 


The second term of this equation can be further sim- 
plified if a new set of internal coordinates are selected 
in which the displacement of the distance of the said 
nonbonded atom pair is included in place of a bond 
angle. It is easily shown that by this transformation the 
second term of Eq. (21) is reduced to the sum of the 
reciprocals of the masses of the two atoms concerned, 
just as the cases of directly bonded atom pairs: 


9 


he 
(Aq’)=kTA'FA4+-——(u-+v’). (22) 
6402°kT 


Therefore, the mean amplitude (Aq?) can be computed 
easily by using the matrix elements of F~. The main 
difference between (22) and (17) is that in this case 
nondiagonal elements of the matrix F-' have to be 
used, while for the directly bonded atom pairs only the 
diagonal ones are required. 


C. Treatments for Symmetrical Molecules 


If the molecule has any symmetry whatever, it is 
convenient to introduce symmetry coordinates §. 
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AMPLITUDES OF VIBRATIONS IN POLYATOMIC MOLECULES 


Internal coordinates are related to the symmetry co- 
ordinates by the transformation matrix U: 


R=U'R, (23) 


where R and § are expressed in a column matrix. The 
matrix U is easily written down from the character of 
the symmetry of the molecule. The symmetry coordi- 
nates, on the other hand, can be transformed into the 
normal coordinates by the equation: 


R=LQ. 


The transformation matrix 2 is obtained by the same 
procedure as described in section A. 
Now, from Eqs. (7) and (23) 


(Ar?) =(RR’) = (UCRR)U) c= (URQ)L'V) is, 


where the matrices expressed in the symmetry coordi- 
nates are distinguished by German type. Using (13) 


(24) 
(25) 


h? 
(ar?) = kT (U'RA“L’U) «c+}——(U'22'U) z. (26) 
649°kT 


From the relations corresponding to (4) and (15): 

















Le’ =G, (27) 
and 
GA“ = 3, (28) 
TABLE IT. The comparison of the calculated values of 
the mean amplitudes (in A units). 
Molecule Pair {Al)tapprox® (Al2)brigh —-(Al?2)hons® 
CCl C-—Cl 0.052. 0.0533 0.041 
‘ Cl--- Cl 0.0664 0.067 0.054 
C=C 0.0453 0.0394 ee 
C-F 0.044 0.0439 0.056 
F---F 0.0535 0.0554 0.087 
‘~S 
Cc 
CF.=CF,. C----F 
QZ ; ; 
Cc 0.0565 0.055o 0.095 
cis F---F 0.094. 0.0939 0.090 
trans F---F 0.0567 0.056y 0.114 
C=C 0.0457 0.040, tee 
C-—F 0.044, 0.043. 0.042 
F---F 0.0545 0.0545 0.060 
ea 
C 
C----F 
ue ; 
C 0.0563 0.0575 0.060 
CF.=CH, C-H 0.1089 0.0767 tee 
H---H 0.1523 0.123 
Th a 
C 
~— --H 
ff 
\ C 0.1157 0.091 
cis H---F 0.1383 0.135 
trans H ---F 0.114, 0.094 








* Calculated by the approximate formulas. 


ence juculated by the rigorous method given in the preceding article (refer- 


* Observed by Karle and Karle (reference 5). 
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TABLE III. Force constants (in 10° dyne/cm), bond lengths 
(in A units), and bond angles (in degrees) used in the calculation.* 








Keci =1.75 Ker =5.5 Keun =4.8 
Hcicci =0.1 Hrcr =0.25 Hucu =0.3 
Feic1 =0.65 Hecr =0.25 Heocu =0.25 
F’cic1 = —0.1 Fry =1.15 Fun =0.1 
rccl =1.77A For =0.8 Fou =0.4 


Keo =8.4(CH2 =CF2) 
Rer =1.321A(CH2=CF2) 
rch ==1.07A 

aFcr =110° 

aHcH =117° 


acicc: =109°28’ Koc =9.2(CF2=CF2) 
rer =1.313A(CF2=CF2) 
rejwc =1.313A 


arcr =114° 








a The constants F’ for CF2=CF2 and CH2=CF» are assumed to be one- 
tenth of the corresponding constants F with negative sign. 


Eq. (26) is rewritten as 
(Ar) = kT (U'§71U) i+ 


rg 





(utp’). (29) 


649°kT 


It was already shown that the reduction of the second 
term can be carried out whether the molecule has sym- 
metry or not. The mean amplitude of a nonbonded pair 
of atoms, which is expressed as Eq. (19) in terms of the 
internal coordinates R;’s, has a little more complicated 
form: 
h 
(Ag?) = RTA’ U’S "1 UA+— 


(u+v’). 
640°kT 





(30) 


At first sight these formulas seem to be more trouble- 
some for the calculation than those developed in the 
preceding sections, but in actual computation they are 
more convenient by the following reasons: (1) the 
matrix F is factorized into sub-groups in the symmetry 
coordinates, so that the inverse matrix F— can be ob- 
tained by solving simultaneous equations of lower de- 
grees for each sub group, and (2) the multiplication 
calculation of the matrix A’U’$—“UA is much simplified, 
when taking into account the fact that elements §}yn’s 
are zero if the /th and mth coordinates do not belong to 
the same symmetry, in addition to the fact that the 
matrix U has many vanishing elements according to the 
symmetry of the molecule. 


D. Application 


By the approximate method introduced above, the 
mean amplitudes for CCly, CF2=CFs, and CH,=CF~2 
molecules are calculated and compared with the values 
obtained by the rigorous calculation and the experi- 
mental data.*:> These are listed in Table II, the force 
constants, bond lengths and bond angles used in the 
calculation being given in Table III. The matrices 
U, G, and § and the relations between the displace- 
ments of atom pairs and the symmetry coordinates for 
the latter two molecules were described in the preceding 
article.! The results are in good agreement with those 
obtained by the rigorous calculation, except the values 
for C=C and for the pairs in which a hydrogen atom 
participates. This will be understood if we consider the 


4J. Karle and I. L. Karle, J. Chem. Phys. 18, 957 (1950). 
57. L. Karle and J. Karle, J. Chem. Phys. 18, 963 (1950). 
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TABLE IV. The comparison of the mean amplitudes calculated by 
various methods (in A units). 














Molecule Pair {Al2)bmod (Al?)tapprox  (Al®)Prig 
CF,=CF, C=C 0.039, 0.045; 0.039, 
C=C 0.0415 0.045, 0.040, 
C-H 0.0772 0.108) 0.076; 
H---H 0.126, 0.152; 0.123 
i al 
C 
C----H 
al 
CF,.=CH; Cc 0.102; 0.115, 0.091 
cis H---F 0.140, 0.138; 0.135 
trans H ---F 0.102; 0.114, 0.094 








fact that the frequencies of the latters are out of the 
region of this approximation. Strictly speaking, this 
method is not to be applied to the pairs including 
C=C bond in its part, e.g., C=C—F, cis F—---F, 
and trans F —---—F. Yet Table II shows that it provides 
the values sufficient for our purpose also in these cases. 
This is due to the fact that the contribution of the C=C 
vibration to the mean amplitude of the said pairs is 
small, as shown in Tables V and VI in the preceding 
paper.! Thus it may be said that this approximation is 
applicable to almost all atomic pairs except the double 
and triple bonds themselves and the ones including a 
hydrogen atom which have extremely large character- 
istic frequencies. 


II. MODIFIED FORMULAS FOR THE ATOM PAIRS 
HAVING HIGH CHARACTERISTIC FREQUENCIES 
In Part I some approximate methods for calculating 

the mean amplitudes of polyatomic molecules were 
introduced, but it was found that they are unavailable 
for the atom pairs having higher frequencies, y> 1200 
cm-: e.g., C=C double bond and the pairs in which a 
hydrogen atom participates. However, electron diffrac- 
tion investigation often requires to estimate the mean 
amplitudes for such atom pairs. So it may be desirable 
to modify the formulas so as to be applicable in wider 
region of characteristic frequencies. 

In the derivation of the formulas in Part I the func- 
tion cothx in the mean amplitudes of normal vibrations 
was approximated by 1/x+./4. As shown in Table I 
this approximation deviates appreciably in the positive 
direction when «>3. This tendency still remains in the 
final formulas: that is, they afford larger values than 
those obtained by the rigorous calculation as shown in 
Table II, when applied to the cases having larger 
characteristic frequencies («> 3). 

Now, if we write Eq. (17) for a bonded atom pair 


$ i 
(Ar*) = P (uty’) |! 











1 1 h fete’ | 
+- 
xh a 44nkTLFO,,) $, (31) 
4nkTL Fi, 
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then we may at once think of a procedure which brings 
back the expression in the bracket of this equation into 
the original hyperbolic cotangent function: 





h h futy'}} 
(Ar?) =—[Fi(ut+v’) }} coth( | ). (32) 
An 4arkT Fo; 


Of course in this procedure there is no reason to insist 
upon its mathematical necessity, but, for a diatomic 
molecule this equation coincides exactly with the rigor- 
ous one, and, for other cases, it may cancel to some ex- 
tent the error produced by the expansion of the hyper- 
bolic cotangent function. 

Similarly, corresponding to Eq. (22), we may obtain 
for a nonbonded atom pairs, 


h 
(Aq?) =—[A’ FA (u+y’) }? 
4r 





h [ uty’ 7} 
Xcoth( |). (33) 
4rkTI AFA 


and in a symmetrical molecule, for a bond distance, in 
place of Eq. (29) 


j 
(a9?) = LU Uluru) 
u+u 


h 3 
xeoth( | ), (34) 
4rkT (U'F"U) “i 


and for a nonbonded atom pair 





h 
a Lae al UF UA (uty) }? 


hp ute 7 : 
oth ). (35) 
4nkTLA'U'GOUA 





In Table IV the values calculated by this approxims- 


tion, (A/*)!,,oa, are compared with those obtained by the 
rigorous calculation, (A/)!,i,. For comparison, the 
values computed by the formulae described in Part I, 
(AP) approx, are also included. It is clearly seen that 
these modified formulas provide the values quite nearer 
to the true ones even for the cases containing a hydrogel 
atom. 


Ill. FURTHER APPROXIMATION 
For simplicity, let us consider first a pair of directly 


bonded atom pairs. In the formula (17) for the mean 
amplitude the second term depends on the masses 0 


the atoms at the ends of the distance and is independent | 
of the other part of the molecule. The first term, how |~ 
ever, depends on all the elements of the matrix F, and Fy 


Soin pec 




















hatchet. 





consequently on all the force constants in the molecule. | 


But it often occurs that the nondiagonal elements @ 


the matrix F are small compared with the diagon#! } 
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ones, so that Eq. (18) can be approximated by 
1 F;? 

Fo,,= —( i+>> ). 

Pi; i Pik 3; 


The second terms in this expression are small quanti- 
ties of the second order. Therefore, if we dare to neglect 
them, we have a simple expression: 


F4;,;=1/F i. 





(36) 


(37) 


On the other hand it was the conclusion from the 
study of molecular vibration® that the forces acting 
between nonbonded atoms cannot be omitted. Conse- 
quently, in order to compute the F;;, the components of 
the forces between nonbonded atoms along the bond 
direction should be taken into account. For instance, 
in a case of a C—X bond, where the four valencies of 
the carbon atom are saturated with four atoms, the F;; 
is affected by the force constants due to the three atoms 
attached to the carbon atom so that 


Fy=Kit-D 3P x. (38) 
i 


The K; and F;; are the force constants which give the 
contributions 3K ;(AR;)? and $F .(Aqix)? respectively to 
the potential energy of the molecule, where AR; is 
the displacement of the bond distance and Ag;;, that of 
the distance between one of the pair atoms and any 
one of the other nonbonded atoms. The coefficient 2 
is brought about by assuming the angles between the 
bonds to be tetrahedral. It is well known that the force 
constant K; has a definite value for a definite atom pair, 
whatever molecule it belongs to. Simultaneously, it 
was shown that the force constants Ff, have almost 
similar values for the atom pairs, one atom of which 
is a definite X: for example, in the case of X=Cl, 
F(Cl--- Cl)=0.65, F(Cl --- F)=0.6, F(Cl--- H) 
=0.8, and F(Cl--- Br)=0.55. Therefore, one may 
assume an average value Fy for all of the three atom 
pairs. This simplifies Eq. (38) as 


Pyi=Ki+2F ay. (39) 


Thus we can tentatively assign a definite value to F,;, 
and accordingly, by Eq. (7), a definite value of mean 
amplitude to the C—X bond, irrespective of the struc- 
ture of the other part of the molecule. 

For the bond Si—X, the same formula may be ap- 
plied. But in the case of the C—C bond, which has six 
neighboring atoms, the forces between the nonbonded 
atoms afford more contribution to the F;;, so that 


Fy,=Ki+4F ay. (40) 


The mean amplitudes of the directly bonded atom 
pairs calculated by the use of the force constants of 





* T. Shimanouchi, J. Chem. Phys. 17, 245, 734, 848 (1949). 


fIt should be noted that Fi is not the ik element of the F 
Matrix. 
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Urey-Bradley type obtained by Shimanouchi® are shown 
in Table V, the values of the force constants used for 
the calculation being listed in the same table. Needless 
to say, in the cases listed in the lowest two columns of 
the table, where a hydrogen atom takes part in the pair, 
Eq. (32) is used for the calculation. 

In order to estimate the mean amplitude for the non- 
bonded atom pair which are separated by one atom, 
we take out the three atoms from the whole molecule, 
assuming the forces of Urey-Bradley type to act be- 
tween them, while other atoms and forces are all dis- 
regarded. This treatment does not produce much error 
in the computed values; for, if we take the said non- 
bonded distance as one of the internal coordinates, it 
can be easily shown that the influence of the forces 
originated from the atoms attached to the central atom 
are of the second order, as evident from Eq. (36). The 
predicted values for some pairs of atoms are shown in 
Table VI, together with the force constants and the 
bond lengths used in the calculation. The angles be- 
tween the bonds are assumed to be tetrahedral. 

The same argument may be applied to the mean 
amplitudes of the nonbonded atom pairs farther apart. 
Asan example the mean amplitudes of the trans X ---X 
distances in X— Y—Y—X molecules are calculated by 
the assumption that the rotation about the central 
C—C axis is fixed. The results are listed in Table VII. 

It is very interesting to see that the values observed 
by Karle and Karle*:*-® and those assumed by Hastings 
and Bauer" are in reasonably good agreement with those 
computed by this method. Therefore, if some allowance 
be made for the errors of the mean amplitudes, it may 
be advisable to use the values computed above, without 


TABLE V. The approximate values of the mean amplitudes of some 
of the directly bonded atom pairs. 














Pair Ki Fay* (Ar2)teate? (Ar?)obs 
C-—C 2.8 0.5 0.050 0.055 (CsHyCl)* 
C-F 3.75 1.3 0.045 0.043 (C.F,)4 
C—Me 3.7 0.5 0.049 see 

0.055 (CsHy,Cl)¢ 
C-Cl 1.75 0.6 0.050 0.064 (C2H,Cl.)* 
0.048 (C2Cl,)f 
C-—Br 1.45 0.5 0.052 te 
Si-—Si 1.25 0.05 0.061 
Si-—F 5.8 0.3 0.039 
Si— Me 3.05 0.03 0.049 
Si-—Cl 2.6 0.3 0.044 
Si-—Br 2.0 0.3 0.046 
C-H 4.8 0 0.078 0.072 (CsHs and CgHe)# 
Si-—H 2.7 0 0.089 see 








8 In 105 dyne/cm units. 

bIn A units. 

e Hastings and Bauer (reference 10). 
4 Karle and Karle (reference 5). 

e Ainsworth and Karle (reference 9). 
f Karle and Karle (reference 7). 

& Karle (reference 8). 


7T. L. Karle and J. Karle, J. Chem. Phys. 20, 63 (1952). 

81. L. Karle, J. Chem. Phys. 20, 65 (1952). 

9 J. Ainsworth and J. Karle, J. Chem. Phys. 20, 425 (1952). 

10 J. M. Hastings and S. H. Bauer, J. Chem. Phys. 18, 13 (1950). 
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TABLE VI. The approximate values of the mean amplitudes of some of the nonbonded atom pairs separated by one atom. 














Pair Ka Ha F's Fa yb (Aq?)teate? (Ag?)tops® 
Me --- Me oa 0.2 —0.05 0.3 1.54 0.079 0.066 (Cs;H1:Cl)¢ 












Ci--- Cl 1.75 0.1 —0.1 0.65 1.77 0.070 0.070 (C2Cl,)4 






0.119 





Me --- Me 
\7 






Si 
































y---F 
bs a as 
Si 
Cl---Cl 2.6 0.04 —0.06 0.3 2.02 0.094 
Si 
Br --- Br 2.0 0.04 — 0.04 0.23 2.16 0.103 
Si 
Cl--- Br C—Cl 1.75 C—Cl 1.77 ™ 
C 
Me ---F C-—C 3.7 C—C 1.54 = 
yf C—Br 3.75 0.15 —0.1 1.3 C.F 1.32 0.059 ; 
C t 
sss one a SY ~0.1 0.6 C6, 134 0.073. =—0.070 (CHC) by 
C ac 
mi 
Me --- Br C-—C 3.7 C-—C 1.54 © | 
C-Bri4s —0.1 0.5 C-Br 193 _—~075 a pl 
C 
ame oad = of 
es a ey 0.15  -005 04 Coe teh (0.120 (0.086 (CsHACl.)* C:. 
C . m 
H---H 4.8 0.4 0 0.1 1.09 0.135 tee th 
ba wi 
lal 
H---H 2.8 0.15 —0.03 0.04 1.47 0.166 tee by 
LZ 
Si 
H ---Cl C-H 4.2 a C-—H 1.09 0.093 (CsHuCl)° 
C-Cl 1.75 0.05 0.05 0.8 C—Cl 1.77 0.114 {0-108 (CsH,Cls)° 
C 
8 In 105 dyne/cm units. 
bIn A units. 
e Hastings and Bauer (reference 10). 
4 Karle and Karle (reference 7). 
e Ainsworth and Karle (reference 9). 
taking the trouble to calculate them for each molecule. while mentioning. He used some selected values of the < 
In this sense Schomaker’s work" along this line is worth mean amplitudes in drawing the theoretical intensity | ~ 
Iw. Ww. | 
iW. W. Wood and V. Schomaker, J. Chem. Phys, 20, 555 CUrVeS, but, in order to make amends for the “e & 
(1952). tainty in the values, he had to corroborate the result 4 
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TABLE VII. The approximate values of the mean amplitudes of the trans X --- X atom pairs in X- Y—Y—X molecules. 
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Molecule Kyy®? Kxy* Hxyy* Fxy?* F’xy* ryy? rxy>” exyyY (Aq?)beate? 
F 
4 
C-—C 2.4 3.75 0.15 1.3 —0.1 1.54 1.36 109°28’ 0.061 
/ 
F 
Cl 
Fr 
C-C 2.4 1.75 0.1 0.6 —0.1 1.54 1.77 109°28’ 0.074 
Cl 
Br 
4 . 
C-—C 2.4 1.45 0.1 0.5 —0.1 1.54 1.92 109°28’ 0.077 
/ 
Br 
Cl 
Si-—Si 1.25 2.6 0.1 0.05 0.0 2.34 2.02 109°28’ 0.119 
Cl 
F 
/ 
C=C 8.4 55 0.25 0.8 —0.08 1.313 1.313 123° 0.059 
LS 
F 
H 
/ 
C-C 2.4 4.5 0.15 0.4 —0.05 1.54 1.10 109°28’ 0.143 
H 
H 
/ 
C=C 8.4 4.8 0.25 0.4 —0.04 1.313 1.07 122° 0.130 
H 








®In 105 dyne/cm units. 
bIn A units. 


by the use of some sets of the values. Considering the 
accuracy of the calculation stated in this section, we 
may be able to assign reliable values to the mean am- 
plitudes with more confidence. 

Karle® indicated that for the radial distribution curve 
of cyclooctatetraene the best fit was obtained with two 
C—C equilibrium distances 1.35A and 1.50A with the 
mean amplitudes 0.055A and 0.065A respectively. At 
the same time there was still reasonable agreement 
with only one C—C bond distance of 1.42A with the 
larger mean amplitude 0.10A. Thus it cannot be decided 
by the experiment alone whether the C—C distances 


are equal or not. According to the conclusion obtained 
above (see Table V), it is safely. emphasized that 
0.10A is too large for the mean amplitude of the C—C 
bond distance, so that the model with equal distances 
is assuredly excluded from the consideration. In this 
way the accurate knowledge of the mean amplitudes 
enables us to determine the equilibrium distances with 
more accuracy. 

In conclusion the authors are grateful for aid from 
the Scientific Research Encouragement Grant given by 
the Department of Education of Japan in support of 
this research. 
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This investigation deals with the normal long-chain acetates with 18, 20, 24, and 28 carbon atoms. When 


crystallized from the melt, these compounds first give the transparent a-phase which gradually changes to 
the white, opaque §-phase on standing or on cooling below a certain temperature. It is found that the acetates 
in the a-phase all give large dielectric absorption, whereas, in the 8-phase the absorption is small, or, in some 


cases, negligible. 


Of the long-chain compounds so far investigated, the acetates in the a-phase are unique in giving two 
absorption regions which appear to be the result of the rotational transitions of complete molecules. The 
maxima for the two regions are separated by about 7 decades in frequency. Measurements of the lower fre- 
quency absorption at various temperatures show that the associated energy barrier is very large compared 
with previous values for compounds of similar chain-length. To explain these results it is suggested that a 
molecule rotating in the crystal lattice of a long-chain compound possesses four positions of equilibrium in- 


stead of two, as previously proposed. 


In addition to the two absorption regions mentioned above, the long-chain acetates in the a-phase give 
further absorption at still higher frequencies, which is probably caused by independent orientation of the 


polar groups near the ends of the molecular chains. 





I, INTRODUCTION 


T has been previously reported'* that many long- 
chain esters in the solid state give dielectric absorp- 
tion maxima at radio frequencies. The variation of the 
frequency of the maximum loss factor with molecular 
weight indicates that the absorption is associated with 
the orientation of complete molecules. 

The previous investigations in these Laboratories in- 
cluded the compound n-hexacosyl acetate, which was 
found to be somewhat different from the other esters in 
its dielectric and thermal properties.‘ It therefore 
seemed likely that a combined investigation of the cool- 
ing curves and dielectric properties of this compound 
and other long-chain acetates might prove interesting. 

Another feature of the long-chain acetates to be con- 
sidered is the possibility of independent orientation of 
the polar group due to its position near the end of the 
molecular chain. A similar structure is present in long- 
chain methyl esters, and in these has been found to 
result in dielectric absorption in the microwave region.” 


II. MATERIALS 


The acetates of the Cis, Cis, and C22 -primary alco- 
hols were prepared by heating the appropriate alcohol 
under reflux with acetic anhydride for 6 hours and then 
distilling off the excess reagent and the acetic acid 
formed in the reaction. The last traces of these impuri- 
ties were eliminated by the addition of light petroleum 
and further distillation. The product was then vacuum 
fractionated, using a 90 cm column packed with Monel 
metal gauze saddles for the two lower homologs, and 
a spinning band column for the Cy, compound. 

1R. J. Meakins, Australian J. Sci. Research A2, 405 (1949). 

2 J. S. Dryden and H. K. Welsh, Australian J. Sci. Research A4, 
616 (1951). 

3R. W. Crowe and C. P. Smyth, J. Am. Chem. Soc. 73, 5401 


(1950). 
4R. J. Meakins, Unpublished results. 


1934 


The sample of 7-hexacosy] acetate was obtained from 
the acetates of ceryl alcohol by vacuum fractionation 
through a spinning band column. 

After distillation the acetates were further purified by 
recrystallization from methanol or ethanol. This re- 
duced the conductivity, presumably due to the elimina- 
tion of oxidative degradation products formed during 
the distillation.® 


III. APPARATUS AND PROCEDURE 


The method of preparation of samples and methods 
of electrical measurement have been previously de- 
scribed.*” 

The apparatus used for determining the melting and 
cooling curves was similar to that designed by Skau.’ 

The relative densities, where given, were determined 
from the mass and dimensions of one inch diameter 
disks pressed at about 12 tons per sq in. With waxy 
long-chain compounds this method gives results almost 
identical with those from x-ray crystal measurements. 


IV. RESULTS AND DISCUSSION 
(a) Cooling Curves 


Previous workers*? have found that long-chain ace- 
tates exist in at least two forms. The material first 
obtained on crystallization from the melt is the trans- 
parent a phase which, on further cooling, changes to 
the opaque 6 phase. 

These changes can be conveniently observed with 4 
sample of n-hexadecyl acetate in a glass vessel. In this 


5B, V. Hamon and R. J. Meakins, Nature 166, 29 (1950). 
6B. V. Hamon and R. J. Meakins, Australian J. Sci. Research 
AS, 671 (1952), 
7E. L. Skau, Proc. Am. Acad. Arts. Sci. 67, 551 (1932). 
8 J. W. C. Phillips and S; A. Mumford, J. Chem. Soc. 1934, 
1657 (1934). 
(1s i Meyer and E. E. Reid, J. Am. Chem. Soc. 55, 1574 
933). 
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LONG-CHAIN ACETATES: 


compound the transition occurs much more quickly 
than in the higher homologues. On cooling the liquid, 
the transparent crystals of the a phase begin to form 
at 18.5°C. This crystallization then proceeds until the 
commencement of the transition to the 6 phase which 
sometimes occurs before the mass has completely 
solidified. It is indicated by the formation of a white 
opaque spot in the crystalline mass. In the transition 
region sufficient heat is liberated to cause a local lique- 
faction of the low-melting a phase. This liquid then re- 
solidifies into the more stable 8 phase, being seeded by 
the crystals already present. 

These changes are shown in the cooling curve given 
in Fig. 1. In this particular experiment the transition 
commenced at 7.6°C, but different experiments gave 
different transition temperatures, even with the same 
sample. A comparison of the areas under the different 
portions of the cooling curve shows that the heat of 
transition is about half the heat of crystallization of the 
a phase. It is thus evident that the a phase of n-hexa- 


20 


Fic. 1. Solidifica- 
tion and transition 
n-Hexadecy] acetate. 
(Readings at one 
minute intervals.) 





Temperature (°c) 
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Time (Minutes) 


decyl acetate possesses considerably higher energy than 
the 6 phase. Similar differences have been found in 
other work on @ and @ phases of long-chain com- 
pounds.° 

The transition from a to 8 phase in n-hexadecyl 
acetate is not reversible. The heating curve shows that 
the 8 phase persists up to 24.0°C and then melts. 

The cooling curve for n-octadecy] acetate is shown in 
Fig. 2. A superficial inspection suggests that the transi- 
tion from @ to 6 phase for this compound occurs at 
about 1°C. However, it is observed that the sample and 
shield curves are more widely separated than usual for a 
considerable period after solidification and it therefore 
seemed possible that the transition had commenced at 
a much higher temperature. This was confirmed by 
cooling a sample of m-octadecyl acetate from the liquid 
to 20°C and holding it at this temperature overnight. 
The cooling curve was then continued and it was found 


wenn van Bibber, and King, J. Chem. Soc. 1931, 1533 


THERMAL DIELECTRIC PROPERTIES 
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Sample |: Normal somple 
Sample 2: Cooled to 20°C, 
held 24 hrs at 20°C, then 
cooling continued. 
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Fic. 2. Solidification and transition of n-Octadecy] acetate. 
(Readings at one minute intervals.) 


that the inflexion at 1°C was absent (see Fig. 2 sample 
2). In further experiments, it was observed that samples 
of the transparent a-phase kept in a glass vessel at 20°C 
always changed to the white opaque 8 phase within 24 
hours. 

The cooling curves for n-docosyl and n-hexacosy] 
acetates are similar to that for n-octadecyl acetate. 
The heating curves are different, however, and show 
the reverse transition from the 8 to the a phase. 

The melting and setting points of the abuve-men- 
tioned long-chain acetates, determined from the cooling 
curves, are given in Table I. 


(b) Dielectric Properties 


With samples of the acetates cooled from the liquid 
state to room temperature in glass tubes it was found 
that the a phase usually persisted for at least a few hours 
after solidification. Attempts were therefore made to 
prepare disks for dielectric measurement but it was 
found that with the two lower homologues, the working 


TABLE I. Melting and setting points of 
long-chain acetates. 











a Phase 8 Phase 
M. pt. S. pt. M. pt. S. pt. 
Acetate Formula CS Cy (°C) 
n-Hexadecyl Ci6H330-COCH; 18.5 18.5 24.0 23.7 (seeded) 
n-Octadecyl C.isH370-COCH; 30.3 30.3 32.4 see 
n-Docosyl Co2oHys0-COCH; 47.6 47.5 
n-Hexacosyl C2sH;;0-COCH; 59.5 59.6 Material changes 


to a phase before 
melting, and crys- 
tallizes in a phase 
from melt. 











R. Jj. 


0.14 43-4 
~10----0- ~~ 6°C 
-}-! a a ee a 
0.12 he i : 43. 
. -o.4-Phase 179°C 1 
% 9 " 43.0 wv 
2 OOF D\ lee . . 
wv o\\a\e é"— : 
. e\\-\ c 
2 ee | 2 €'---- - 8 
v 0.08 ole. 42. a 
° O\Va\"e rs 
uw ° 
> ar? tS) 
F-4 uv 
S$ 006+ 426 = 
u 
= A-Phase 2O°C | = 
SS FA ee ie oe ---A\- - -6--- -<- = 
3 0.04- Disk sample))2-4 ° 
a -Phase ,20°C 
wae aK Oe + penta 
0.02+ em sanpilins 
i 1 a= a 2:0 
9; 2 3 4 5 











Log Frequency —(c/s) 


Fic. 3. Low frequency dielectric properties of 
n-Hexadecy] acetate (CisH3,02). 


of the material caused a rapid transition to the 6 phase. 
Samples of the a phases of these two compounds could 
be measured at frequencies up to about 10 Mc/sec, how- 
ever, by allowing them to crystallize in a dielectric test 
cell. Actually, this part of the program was limited 
mainly to bridge measurements up to 1.6X10* cps, 
since this frequency range was sufficient to include the 
whole of the low frequency absorption regions at the 
temperatures involved. 2-Docosyl acetate was also in- 
cluded in the dielectric test cell measurements, for pur- 
poses of comparison, but there was insufficient m-hexa- 
cosyl acetate available to fill the cell. 

In addition to the cell measurements, disks and co- 
axial samples were prepared from the two higher 
homologs in the a phase, and measured over the com- 
plete frequency range from 10~ to 2.4 10" cps. Similar 
measurements were made with all four of the acetates 
in the 8 phase. 

In discussing the results it is convenient to deal first 
with the properties of the Cis, Coo and Co, compounds in 
the frequency range up to 160 kc/sec. This includes one 
important region of dielectric absorption in the a phase 
acetates. Further absorption regions at higher fre- 
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Fic. 4. Low frequency dielectric properties of 
n-Octadecy] acetate (C2oH 4002). 
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quencies are then discussed, with reference chiefly to 
the Co, and Css compounds. It is not possible to show 
all of the absorption regions on one diagram since some 
of the high frequency apparatus used in this programme 
was suitable for measurements only at room tempera- 
ture (20°C). At 20°C, the low frequency absorption of 
the two higher acetates is masked by the loss due to 
dc conductivity. 


1. Dielectric Properties at Frequencies below 1.6X 10° cps 


The results of electrical measurements of the Cy, 
Coo and Co, compounds in the dielectric test cell are 
shown in Figs. 3—5. With each compound there is a 
striking difference between the loss factor curves for the 
a and @ phases. Apart from the dc conductivity effects 
at the lowest frequencies, the 6 phases show no dielec- 
tric loss. The a phases, on the other hand, give well- 
defined absorption maxima at frequencies which vary 
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Fic. 5. Low frequency dielectric properties of 
n-Docosyl acetate (C24H 402). 


between about 150 and 1000 cps according to the molec- 
ular chain-length and the temperature of measurement. 

The dielectric absorption in the a-phase acetates is 
accompanied by an increase in the dielectric constant 
with decreasing frequency. In each case, the difference 
between the high and low frequency values of the di 
electric constant ¢’ is found to be twice the value of the 
maximum loss factor e”’ max, indicating that the absorp- 
tion is due to a relaxation mechanism possessing 4 
single relaxation time." This is unusual in crystalline 
long-chain compounds, which generally give wide 
absorption curves indicating the presence of a range of 
relaxation times. It should be pointed out, however, that 
most previous measurements of this type have prob- 
ably been made with 6-phase material.’ 

As indicated in the diagrams, the Cop and Coq com- 
pounds were sufficiently stable in the a phase to enable 


1 P, Debye, Polar Molecules (The Chemical Catalog Co. Inc, 
New York, 1929). 
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LONG-CHAIN ACETATES: 


measurements to be made at several different tempera- 
tures. From these results it is possible to determine the 
energy barrier H for the process causing the absorption, 
by applying the relationship 


fna=C o( =) 
max — ex entta ’ 
- kT 


where fmax is the frequency of the maximum loss factor, 
C isa constant, k is Boltzmann’s constant, and T is the 
absolute temperature. 

This gives the values shown in Table II. 

The values of H are very much larger than those ob- 
served for methyl esters of similar molecular weight.” 
This is not unexpected, since the absorption regions 
indicated above in the acetates are at least 5 decades 
lower in frequency than those for the corresponding 
methyl esters. 

In n-hexadecyl and n-octadecyl acetate, dielectric 
measurements of the a phase were made at tempera- 
tures close to 18°C. A comparison of the loss factor 
curves for the two compounds indicates that the maxi- 
mum is considerably displaced to lower frequencies with 
increasing molecular weight. No direct comparison can 
be made with u-docosyl acetate, due to the higher tem- 


(1)” 











TABLE II. 
Compound H (kcal/mole) Cc 
n-Octadecy] acetate 32 5X 106 
n-Docosy] acetate So 5X 1076 








perature of the measurements, but an indication of the 
probable frequency of the maximum at 18.8°C can be 
obtained by extrapolation. The resulting value is in- 
cluded in Fig. 6, which shows the variation of logfmax 
with molecular chain-length for the three acetates. The 
approximately linear relationship is similar to that 
previously obtained for other long-chain compounds. 
It suggests that the absorption is due to the rotational 
transitions of complete molecular chains.!"¥ This co-- 
clusion is supported by the observation that the energy 
barrier for n-docosyl acetate (see Table II) is slightly 
larger than that for n-octadecy] acetate. 

At the beginning of this Section, reference was made 
to the presence of dc conductivity in the acetates. This 
ls indicated by the shape of the dielectric loss factor 
curves at the lowest frequencies, and by the results of 
further measurements which showed that, in each case, 
€ continued to increase with decreasing frequency 
down to 10-* cps. The actual values of the de conduc- 
tivity, measured with disk samples between mercury 
electrodes* were all in the region of 10~* mho cm—. 
Freshly melted material gave larger values, up to 
4X10-“ mho cm, but these decreased to about the 


leak Theory of Dielectrics (Oxford University Press, 


*R. W. Sillars, Proc. Roy. Soc. (London) A169, 66 (1939). 
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initial value on standing. Similar results were obtained 
with all samples, irrespective of the method of prepara- 
tion or purification, and also with n-hexacosy] acetate, 
which was supplied from a different laboratory (see 
Sec. 6). It appears that the observed dc conductivity 
is either an inherent property of the long-chain acetates, 
or is due to the presence of impurities which are very 
difficult to remove. 

It should be mentioned that, in the loss factor curves 
for n-octadecyl acetate given in Fig. 4, max shows a 
progressive decrease with decreasing temperature. This 
is due to a partial transition to the 6-phase during the 
measurements, which were commenced on the liquid 
at 32°C and continued in order of decreasing tempera- 
ture. To check this point, the sample was held at 22.6°C 
for 134 hours, during which period e’max was found to 
decrease from 0.077 to 0.058. With n-docosyl acetate 
the a-phase is more stable and e”’ max Shows no significant 
decrease during the measurements. 

In previous work by Crowe and Smyth’ on the 
a phases of a number of long-chain esters, including 
n-octadecyl acetate, it was found that the dielectric 
constant varied from one experiment to another, 
possibly due to different rates of solidification from the 
melt. In the present investigation also, variations in 
the dielectric constant and maximum loss factor were 
observed in different experiments with a particular com- 
pound, Thus, with m-octadecyl acetate max at 29°C 
varied from 0.08 to 0.17 in different experiments. 

Measurements of disk samples of m-docosyl and 
n-hexacosy] acetates in the a phase were made only at 
room temperature (20°C). No absorption maxima of 
the type shown above were observed, apparently be- 
cause, at this temperature, such absorption would be 
completely masked by dc effects. 

In the results for the dielectric constants given in 
Figs. 3-5, the values for the a-phase samples are ap- 
preciably larger than those for the corresponding 
6 phases, even at frequencies above the dispersion 
region. This indicates that acetates in the a phase give 
further dielectric absorption at higher frequencies. 

The dielectric constants of the 8 phases (disk samples) 
are between 2.44 and 2.50 throughout the frequency 
range of measurement. This is only about 10 percent 
larger than the value (2.25) for paraffin wax under the 
same conditions. Taking into account the larger specific 
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Fic. 7. Comparison of dielectric absorption in m-Docosyl and 
n-Hexacosyl acetates (CogHggO2 and C2sHssO2) in the a phase 
at 20°C. 


gravity of the acetates (0.96) compared with paraffin 
wax (0.87) it is evident that there can be very little 
dielectric absorption at higher frequencies. 

The results for n-hexacosyl acetate are somewhat 
different to those for the three lower homologues. The 
dielectric constants of both the a and 8 phases (2.88 
and 2.63 respectively) are larger than expected for a 
loss free substance, which suggests that both forms 
should give high frequency dielectric absorption. 


2. Dielectric Properties at Frequencies between 
1.6X 10° and 2.4X 10" cps 


The apparatus used for much of this frequency range 
was suitable only for measurements at room tempera- 
ture (20°C) with disk-shaped or coaxial samples. This 
restricted the investigation of a-phase acetates at high 
frequencies mainly to the Co, and C23 compounds. The 
results are given in Fig. 7. Also included in the diagram 
is the estimated position of the low frequency absorp- 
tion maximum for n-docosyl acetate, determined by 
extrapolation from the results of cell sample measure- 
ments at higher temperatures. In the actual samples 
measured at 20°C, the low frequency absorption maxi- 
mum was masked by the loss due to de conductivity. 

The main feature of interest in the results given in 
Fig. 7 is the relationship between the absorption 
maxima for the two compounds in the frequency region 
between 10° and 108 cps. From previous work with 
long-chain compounds it seems likely that these absorp- 
tion regions are due to the rotational transitions of 
complete molecules, the higher frequency of absorption 
for the lower molecular weight compound being due to 
the smaller energy barrier associated with the shorter 
molecules. Further results in support of this suggestion 
were obtained from some measurements, at frequencies 
up to 10 Mc/sec, with an a-phase sample of 2-octadecyl 
acetate in the dielectric test cell. Although only a small 
part of the absorption region was detected, the results 
were sufficient to indicate that the maximum is at a 
. higher frequency than that for m-docosy] acetate. 

A feature of the dielectric absorption regions dis- 
cussed above is the greater width of the n-hexacosy] 
acetate curve compared with that for 7-docosy] acetate. 
The results for the latter are approximately in accord- 
ance with the requirements for a Debye type absorption 
associated with a single relaxation time, as was found 
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also for the low frequency absorption in this compound. 
The wider curve for n-hexacosyl acetate, suggesting a 
range of relaxation times is more closely related to the 
type of absorption normally observed in #-phase long- 
chain compounds. 

The energy barrier for the process resulting in the 
above absorption for the C2; and Cs acetates was not 
determined, owing to the instability of the a phase and 
the difficulty, with the present apparatus, of making 
measurements at a range of different temperatures in 
this frequency region. Some indication of the values of 
the energy barrier for the Coo and Cy, acetates may 
possibly be obtained, however, from a comparison of 
the frequencies of the maximum loss factor of these 
compounds with the values previously determined for 
methyl esters of similar chain-length.? This suggests 
that the energy barriers for the acetates are a little less 
than the values of 11 and 17 kcal/mole for the corre- 
sponding methy] esters. In making the comparison it is 
assumed that the absorption is due to the same type of 
process and that the value of the constant C in Eq. (1) 
is approximately the same for the two series of 
compounds. 

At frequencies above 10® cps, both u-docosy] and 
n-hexacosyl acetates give further dielectric loss. Un- 
fortunately, with the latter compound, there was in- 
sufficient material available to prepare a sample suitable 
for measurement at 10° cps but the shape of the curve 
suggests that there would be a maximum in this region. 
n-Docosy] acetate is similar, and both compounds also 
appear to have at least one more maximum above 
2.4 10" cps. The similarity in the shape of the curves 
for the two compounds at frequencies above 10* cps 
suggests that the dielectric loss in this region is due to 
dipole orientation involving movement of the polar 
end-groups independently of the main molecular chains. 
The presence of more than one absorption maximum in 
these two acetates above 10° cps may be the result of 
different modes of orientation of the -O-CO-CH; 
end-group. 

High frequency measurements of 8-phase samples 
were made with all four of the acetates, the results being 
in agreement with predictions from the low frequency 
dielectric constant values discussed in the previous part 
of this Section. The Cis, Coo and C24 compounds gave 
very little dielectric loss. The highest homologue, 
n-hexacosyl acetate, gave some loss, with a maximum 
near 1 Mc/sec, which is about the same frequency as the 
maximum for the a-phase material discussed above. 
The amount of the absorption was considerably less, 
however, €” max being only 0.026, compared with a value 
of about 0.13 for the a phase. 


3. Mechanisms of Dielectric Loss in Long-Chain Com- 
pounds in Relation to Results for the Acetates 


The results given in the previous Section suggest that 
long-chain acetates in the a phase possess two regions of 
dielectric absorption depending on the rotational trans 
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LONG-CHAIN ACETATES: 


tions of complete molecules. This has not been pre- 
viously observed in long-chain compounds and it 
therefore seemed of interest to consider the results in 
relation to the proposed mechanisms of dielectric loss 
in crystalline solids. 

A simple model explaining the presence of dielectric 
absorption in polar solids is that of Debye," in which 
the dipoles are assumed to possess two positions of 
equilibrium, equal in energy and opposite in direction. 
The transitions of the dipoles from one potential mini- 
mum to another, interacting with an alternating electric 
field, give rise to dielectric loss and anomalous disper- 
sion of the dielectric constant which can be described 
by the usual Debye equations. With this model the 
loss factor-frequency relationship possesses a single 
maximum. 

If, in the above model, the potential minima differ in 
energy by an amount V, the dielectric absorption de- 
creases as V increases.” For the systems in which V is 
very much larger than the thermal energy kT there is 
no measurable dielectric loss. This has been found to 
be the case in many long-chain ketones,! in some 
esters and ethers,‘ and also in the 6-phase acetates 
described above. 

Although the above model explains the electrical 
properties of some long-chain compounds it is not ade- 
quate to account for the two absorption peaks in the 
a-phase acetates which appear to be associated with the 
rotations of complete molecules. These can be more 
satisfactorily explained on the basis of a model 
(O’Dwyer, to be published) in which the molecules are 
assumed to possess four positions of equilibrium in- 
stead of two, as suggested above. This is illustrated in 
Fig. 8 which is a diagrammatic representation of the 
potential energy curve of a long-chain molecule rotating 
in the crystal lattice. The positions of the minima at 
about 0, 60, 280 and 240°, respectively, and the rela- 
tively smaller energy barriers for the rotational transi- 
tions through 60° are suggested from a study of molecu- 
lar models and the available data on similar crystal 
structures.4 Another point in the illustration is that 
the first and third positions are of equal energy differing 
by an amount V from the second and fourth positions 
which are also equal. In the results for the a-phase 





* A. Miiller, Proc. Roy. Soc. (London) A127, 417 (1930). 
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Fic. 8. Diagram illustrating potential minima and energy barriers 
of a long chain molecule rotating in the crystal lattice. 


acetates the most important feature to be explained is 
the presence of two absorption regions associated with 
molecular rotation. On the basis of the above model, 
the higher frequency absorption would be due to rota- 
tional transitions between the first and second, or the 
third and fourth positions of equilibrium respectively, 
i.e., transitions involving the smaller energy barrier H. 
The lower frequency absorption would be associated 
with transitions across the larger energy barrier H’ 
which occurs between the second and third and the 
fourth and first positions of equilibrium, respectively. 

In the particular model described above the amounts 
of absorption in the two different regions would be 
equal, and would both depend on the value of V, the 
energy difference between the equilibrium positions.” 
The energy levels in the model have been arranged in 
this manner to account for the results for n-docosyl 
acetate, in which the values of €” max for the two absorp- 
tion regions were found to be approximately equal. 
In the most general model, however, the energy levels 
of the equilibrium positions could be all unequal. 
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The K structure in the P and R branches of the 2y; band of CHD; has been resolved permitting the 
determination of the following molecular constants : v»»= 5865.02, B’’ = 3.2777, B’ =3.2396, A’—A” = —0.0181, 
D;=3.9X 10-5, and Dsx = —4X 10-5 cm“. The Q branch is synthesized from these data and compared with 
the spectrometer trace of that branch. 













INTRODUCTION in CH;D by Boyd and Thompson.® However, this fine 
structure has not been observed before in the overtone 
region and none of the above authors have reported a 
value for Dyx for the molecules investigated. 

A complete description of the apparatus used for this 
work has been given elsewhere! and need not be repeated 
here. It is sufficient to state that the Bausch and Lomb 
15 000 lines/in. plane transfer grating provides a resolv- 
tion of 140000 at 6000 cm™ when used double-pass 





HE high resolution and techniques of precision 
measurement that have been developed in this 
laboratory! have been used to verify additional details 
of the theory of symmetric top molecules. It is shown 
that a value for D;x can be found for CHD; from the K 
structure in the P and R branches of the parallel band at 
5865 cm—!. The band is assigned as 27; on the basis 


of the fundamental frequencies reported by Benedict, : : y : 

: with 10-meter optics. The interferometric measure- 
Morikawa, Barnes, and Taylor.? K structure of rota- ents provide an absolute accuracy of £0.03 cm~ 
tional-vibrational lines has been reported in N3H by  Rgolative frequencies can be measured to ++0.005 cm” 
Eyster,’ in NH; by Sheng, Barker, and Dennison,‘ and using the wedge prism for scanning. 

The deuteroform was contained in a one-meter ab- 
sorption tube at a pressure of 8 cm. It was prepared by 
hydrolyzing a solution of CD;MgBr in pure, dry di-r- 
butyl ether with a solution of ordinary water in pure p 
dioxane. The gas evolved was collected in a liquid 
nitrogen cooled trap and vacuum distilled twice. The 
CD;Br used to prepare the Grignard reagent was ob- 
tained by the method of Shull, Oakwood, and Rank: 


































Q 
P,(9)- CD3H 





EXPERIMENTAL RESULTS 


The theory of symmetric top molecules indicates that 
the frequencies of the lines in the P and R branches ofa 
parallel band can be expressed in wave numbers as 


y= vot (B'+B")m-+ (B’—B")m?—4D ym" 
—(A'—A"—B'+B"—2mDyx)K?, (I) 


where m=—J for the P branch and J+1 for the R 
branch, if it is assumed that Dy’=D,’’, Dx’= Dx" ant 
Dsx'=Dzsx". With the same assumptions, frequencies 
in the Q branch can be expressed as 


Acne 
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tH | | | ] v= vot (B’—B")J (J+1)+ (A’—A”"— B+ B")R*. (2) 
In the P branch, K may assume integral values from 
’ 1 cm" zero to J—1, in the R branch from zero to J, while 2 

: a the Q branch K takes on integral values from one to J: f 5 

Fic. 1. Fine structure of the @Px(9) line. Inspection of Eq. (1) shows that by using a constant | 






value of K, the usual methods of band analysis may be 


ol ene ew paont aoe ae, N6oOnr- applied to determine the molecular constants B’, B’, | 
1 Rank, Shull, Bennett, and Wiggins, J. Opt. Soc. Am. 43,952 and Dy. In this work the frequencies used for the | 













(1953). ; determination of these constants were for the K=! 
2 Benedict, Morikawa, Barnes, and Taylor, J. Chem. Phys. 5,1 §©=£————— 
(1937). 5D. R. J. Boyd and H. W. Thompson, Proc. Roy. Soc. (London) 
3 E. H. Eyster, J. Chem. Phys. 8, 135 (1940). A216, 143 (1953). ‘ ; 
4 Sheng, Barker, and Dennison, Phys. Rev. 60, 786 (1941). 6 Shull, Oakwood, and Rank, submitted to J. Chem. Phys. 4 
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K FINE STRUCTURE IN 2»; 
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_ Fic, 2. Frequencies of fine structure components. The dashed line 


is drawn parallel to the line labeled °Px(9). 


components in each line since this is the only component 
that occurs in all lines of the P and R branches. These 
frequencies could not be measured directly since they 
were not resolved from the K=1 components. Where 
several K components could be measured (i.e., J>3) the 


_ frequency for K=O was determined by plotting the 


frequencies of the components versus K? and noting the 
value of the intercept. For low J values, the frequency 


: for K=0 could be estimated to within +0.005 cm 
_ considering the separation and statistical weights of the 


component lines. Figure 1 shows the fine structure of the 
®P(9) line. All of the allowed components were found 
with intensities in agreement with the theoretical 
statistical weights. 

Due to the large value of B for deuteroform, only a 
relatively small number of lines was observed in the P 


4 and R branches. For this reason it seemed that better 
7 Constants could be found by fitting the observed fre- 
> quencies for the K=0 components to an equation of the 


form 


v=votbm+cm?+dm'. (3) 


> This procedure requires that the P and R branches have 
+ the same constants and origin and also provides at least 


twice as many data points for least squares fitting as 
would be available in the A.¥ method of analysis. Com- 
parison of Eqs. (1) and (3) indicates that B’ = (b+c)/2, 
BY= (b—c)/ 2, and D;=—d/4. The frequencies for 
°R(8) and °R(9) were not used in fitting of the data 


BAND OF CHD; 1941 
since these “lines” were displaced by some perturbation 
by about 0.3 cm™ from their expected position. The 
average deviation between the computed and measured 
frequencies was +0.007 cm“. 

A further inspection*¥of Eq. (1) shows that the 
quantities (A’— A”) and D;x may be determined from 
the frequencies of the fine structure components. This is 
pointed out by Herzberg’ but is in contradiction to the 
interpretation given by Boyd and Thompson® in a 
somewhat similar situation. If the frequencies of the 
components in one of the P or R branch lines are plotted 
versus K?, a measurement of the quantity (A’— A” — B’ 
+B’—2mD,;x) can be made. This indicates that the 
slope of the fine structure plots should change continu- 
ously from one end of the band to the other. Equation 
(2) indicates that, in theory, the quantity (A’— A” — B’ 
+B”) can be obtained from the Q branch if the com- 
ponents for a constant value of J can be resolved and 
identified. By plotting the slopes of the fine structure 
components of several lines in the P and R branches 
versus m, a straight line is obtained, the slope and 


TABLE I. Vacuum wave numbers in the 2»; band of CHD;. 











P Branch R Branch 
J K v J K ” 
2 0 5851.832 1 0 5877.899 
3 0 45.118 2 0 84.206 
4 0 38.349 3 0 90.476 
5 0 31.504 4 0 96.646 
6 0 24.578 5 0 5902.704 
3 24.764 
4 24.871 6 0 8.737 
5 25.076 3 8.920 
4 9.062 
7 0 17.580 5 9,248 
4 17.892 6 9.469 
5 18.069 
6 18.280 7 0 14.631 
3 14.809 
8 0 10.532 4 14,972 
3 10.704 5 15.158 
4 10.842 6 15.392 
5 11.017 7 15.626 
6 11.231 
7 11.480 8 0 20.192 
4 20.517 
9 0 3.394 5 20.683 
3 3.556 6 20.963 
4 3.701 7 21.205 
a 3.888 8 21.485 
6 4.106 
7 4.321 9 0 25.921 
8 4.645 5 26.459 
6 26.636 
10 Go ° 5796.190 7 26.931 
8 27.226 
9 27.590 








7G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1945), 
p. 434. 
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intercept of which are —2D;x and (A’— A” —B’+B”), 
respectively. 

Figure 2 shows plots of the components of lines in the 
P and R branches. They are constructed to the same 
scale but with arbitrary intercepts. It can be seen that 
with the exception of @P(7), 2P(8), and @R(6) the 
plotted points exhibit deviations approaching the half- 
width of the line. These cannot be explained as errors in 
measurement and may be attributed to higher order 
(probably Coriolis) perturbations. The measured fre- 
quencies are tabulated in Table I. Frequencies are given 
to thousandths of a wave number so that frequencies in 
a single P or R branch line can be compared. 

The perturbations noted above prevented a determi- 
nation of the slopes to a sufficient precision to illustrate 
that there is a change in slope from one line to the next. 
However, a value for Dyx can be found since a line in 
each of the two branches could be measured with suffi- 
cient precision. The lines drawn in Fig. 2 through the 
points for ?P(8) and °R(6) are those indicated by least 
squares methods applied to the average frequencies 
from eight sets of data. These slopes are 0.01943 and 
0.02036 cm™ respectively. From these data, values for 
(A’—A”— B’+B”) and D;x could be found as noted in 
the theory above. From these constants the slopes of the 
other P and R branch lines were computed and used to 
construct the lines drawn in Fig. 2. It is observed that 
the lines provide a respectable fit to the measured 
frequencies. The dashed line near @R(9) is drawn 
parallel to the line °P(9) to illustrate the amount of 
change in the slope from one end of the band to the 
other. 

This analysis of the band yields the following con- 
stants expressed in vacuum wave numbers: 


y= 5865.02, A’—A”=—0.0181, 
B’ =3.2396, B" =3.2777, 
D,;=3.9X10-°,  Dse=—4X10-. 


It was noted above that a value for (A’—A"—B’ 
+B”) could be obtained from the Q branch. This was 
not possible in this case since the K components as- 
sociated with a given value of J could not be uniquely 
assigned due to the overlapping of the different J lines. 

To illustrate this overlapping, the molecular constants 
determined from the P and R branches were used to 
predict the positions of the components that would 
appear in the Q branch. From Eq. (2) the frequencies 
are given by 


v=vo—0.0381J (J+1)+0.0199K?, 0<K<J. 


The intensities of the components can be determined 
from the statistical weights as summarized by Herzberg® 


I~A JKV8sIK expL—F(J, K)hc/kT }. 


8 See reference 7, p. 421. 
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Fic. 3. The Q branch. (A) Positions and intensities of predicted 
components. (B) Synthetic branch assuming triangular line shape 
and half-width of 0.06 cm. (C) Reproduction of spectrometer 
trace of the Q branch. 


Using the above data, 
. K?(2J+1)(8+X) 


J(I+1) 
Xexp[—0.01575J (J+1) ] exp[0.00302K"] 


where X =3 for K=3, 6, 9, etc. and X =0 for K=1, 2,4, 
etc. The value for A=2.65 cm™ is not critical and was 
taken from the value given for CD, by Herzberg.’ 

Using these frequencies and intensities, Fig. 3(A) was 
constructed. Several series of lines are identified. As 
suming triangular line shapes with a half-width of 0.06 
cm7, Fig. 3(B) was constructed as a synthetic Q branch. 
This can be compared with a reproduction of the actual 
Q branch shown in Fig. 3(C) as recorded by the spec: 
trometer. The similarity of the figures indicates that 
correct quantum numbers could be assigned to the lines 
in the Q branch on the basis of Fig. 3(A). There would be 
no advantage in this, however, since the components are 
not completely.resolved and since no new informatiol 
could be obtained except for confirmation of the values 
of A’—A” and B’—B”. 

Note added in proof.—Since this paper was submitted, # 
article on CHD; by L. F. H. Bovey, working in the photographic 


infrared with higher harmonics, has appeared in the Journal 0 
Chemical Physics 21, 830 (1953). 





9 See reference 7, p. 456. 
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The static dielectric constants of n-butyl alcohol, t-butyl alcohol, n-butyl chloride, n-butyl bromide, 
t-butyl chloride, and water were experimentally determined over a temperature range of 14° to 50° C and 
over a pressure range of 1 to 200 atmos. In addition, for glycerol, both the static dielectric constant from 
— 18° to 14° C and the dielectric relaxation data at 0°C and up to 1.5 mc were obtained over the same pres- 
sure interval. The theory of dielectric polarization was then applied to these measurements to determine the 
molecular interaction. On the basis of the molecular interaction, structures and structure changes with 
temperature and pressure have been proposed for the various liquids studied. 





INTRODUCTION 


ITH the theory of dielectric polarization which 
involves very few restrictive conditions, it is 
possible to gain a large amount of information regarding 
the structure of polar liquids. The approximations in- 
volved in the derivation of the theory are, first, the 
neglect of dielectric saturation and, secondly, that the 
thermal energies are small compared to energies 
required for charge motion. These are well justified for 
the application to the structure of almost all pure liquids. 
Moreover, the experimental values of the dielectric 
constant ¢ of the index of refraction m of the molar 
volume V and of the vacuum dipole moment yo are 
relatively easily obtained. These measurements can then 
be interpreted in terms of the structure of the sub- 
stance and the changes of structure with temperature. 
Measurements of the dielectric constant under presure 
and a knowledge of the molar volume under these 
conditions allows observations to be made on how the 
structure of a liquid changes as it is compressed. 

In the theory of dielectric polarization of a polar 
substance, the structure is determined from a quantity 
g, which indicates the extent of correlation of orienta- 
tion between molecules. The dielectric constant and g 
are related by! 


4nN pg (—")(=) 

v 3kT \wt2/\ ¢ J’ 

where V is Avogadro’s number, & is the Boltzmann 
constant, TJ is the absolute temperature, and y is the 
dipole moment of a molecule in that substance. yu differs 
from yo by the polarization induced through neighboring 
molecules. 4 may be evaluated with reference to a 


particular model or, when conditions warrant it, by the 
use of the Onsager reaction field,? 


n?-+2 2e+1 
ro -)(): 
beet 3 2e+n? 
* Predoctoral Fellow, National Science Foundation. 


et E. Harris and B. J. Alder, J. Chem. Phys. 21, 1031 (1953). 
L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936). 





(1) 





(2) 


1943 


In the theory gu is defined as the average total 
moment of a macroscopic sample of the polar substance 
when an arbitrary molecule is fixed in position. Thus, 
g equal to unity in a liquid indicates no correlation be- 
tween molecular orientations, while values of g greater 
than unity correspond to interactions which tend to 
orient the neighbors of a molecule so as to reinforce the 
total moment. On the other hand, values of g less than 
unity imply orientations such that the resultant moment 
is reduced. These two cases have been called co-associa- 
tion and anti- or contra-association, respectively.’ 
More detailed knowledge of the structure can be ob- 
tained from the numerical values of g. Previous investi- 
gations along these lines have been discussed in refer- 
ence 1. 


EXPERIMENTAL 
Materials 


Baker C. P. carbon tetrachloride was shaken with 
redistilled mercury and fractionally distilled. The 
sample used had a boiling point of 76.8°C. 

Union Carbide and Carbon n-butyl alcohol and 
Eastman Kodak ¢-butyl alcohol were treated with 
sodium metal and fractionally distilled. The samples of 
n-butyl alcohol and #-butyl alcohol used had_ boiling 
points of 116.5°C and 82.9°C, respectively. 

Eastman Kodak n-butyl chloride and n-butyl bro- 
mide, and Mathieson Company /f-butyl chloride were 
dried over sodium and fractionally distilled. The 
n-butyl chloride used had a boiling point of 77.9°C to 
78.1°C, the n-butyl bromide had a boiling point “of 
101.0°C, and the ¢-butyl chloride had a boiling point of 
51.3°C. ' 

The water used was purified by distillation from 
potassium permanganate solution. Baker C. P. glycerol 
was used after distilling in a partial vacuum. 


Apparatus 


The low-frequency dielectric constants were measured 
at pressures between 1 and 200 atmos and over a temp- 
erature range of 14°C to 50°C, using the apparatus 
shown schematically in Fig. 1, in conjunction with a 


3 J. Norton Wilson, Chem. Rev. 25, 377 (1939). 
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Fic, 1. Diagram of the apparatus. 


wide range capacitance-conductance bridge* to be 
described elsewhere. A capacitance cell was supported 
in an iron pressure bomb of standard design which could 
be thermostated to +0.01°C. The cells employed were 
constructed of concentric cylinders of Monel metal, 
held rigidly in position by radial glass spacers. The 
outer cylinder extended beyond the ends of the inner 
cylinder so as to minimize fringing errors. A cell, 4.5 
cm long and 2.2 cm in diameter, with a vacuum capac- 
ity of about 21 wf was used for all the substances 
studied except water and glycerol. For these latter 
substances a smaller cell with a vacuum capacity of 
about 9 ywuf was employed. Connections to the cells 
were made by sealing tungsten leads through a Pyrex 
container. This container was designed such that the 
experimental materials could be isolated from the 
compressing fluid in the bomb by means of the mercury 
plug (D). The pressure seal was made by compressing 
the Teflon gasket (A) between the coverplate (B) and 
the rim of the bomb by means of eight symmetrically 
placed steel bolts (C). Connections through the Teflon 
gasket to the tungsten leads were made with insulated 
No. 22 gauge copper wire, and a shielded cable (E) was 
used for connections between these copper leads and 
the bridge. Care was taken to keep the leads inside of 
the bomb as short as possible. Carbon tetrachloride was 


4C, T. O’Konski and F. E. Harris, to be published. The authors 
_ indebted to Professor C. T. O’Konski for the loan of this 
ridge. 
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used as the compressing fluid. Experimental techniques } fata 
of filling and pressurizing the bomb have been de- pbta 
scribed elsewhere. Pressures were applied from a ] y; 
cylinder of compressed air and measured on an air isin 
thermostated Heise Bourdon Laboratory Test Gauge alc 
calibrated so that it could be read to +1 psi. freq 
All measurements of the low-frequency dielectric 94t | 
constants were taken at 20 ke and in each case it was J ete 
verified that these were the static dielectric constants. [equa 
The capacitance cell was calibrated, at a given tempera- 
ture using a literature value® of the dielectric constant 
for each liquid studied. Dielectric relaxation measure- 
ments on glycerol were extended to 1.5 mc, the highest 
frequency for which sufficient accuracy could be ob- when 
tained. It is estimated that the absolute accuracy of the ot 
capacitance measurements is 0.5 percent, but that rela- = 
tive accuracy of better than 0.05 percent was obtained culat 
over the experimental regions studied. Possible errors mg 
due to the change in dimensions of the cell with pressure “a 
have been calculated and found to be negligible. ne 
Results 
ting 
The experimental values of the low-frequency dielec- | Tab/ 
tric constants of carbon tetrachloride, n-butyl] alcohol, 
t-butyl alcohol, -butyl chloride, x-butyl bromide, 
t-butyl chloride, and water, measured at temperatures 
between 14°C and 50°C and at pressures between 1 and 
200 atmos, are given in Tables I to VII. The low-§ Th 
frequency dielectric constant of glycerol, measured be- § purp 
tween —17.5°C and 14°C and between 1 and 200 ftion 











meas 
Tabl 
const 
sotti 

Brow 


atmos, and the relaxation time at 0°C as determined 
from measurements of both capacitance and conduct- 
ance up to 1.5 mc and over the same pressure range, are 
given in Tables VIII and IX. 

The molar volumes corresponding to the various 
temperatures and pressures studied are also given in 
the tables. These molar volumes have been calculated 
using data obtained in the following manner. Isothermal 
























compressibilities at one atmosphere were calculated A 
from velocity of sound measurements obtained by Oster 
Schaaffs’ and by Willard,® and heat capacity data from both 
the International Critical Tables (ICT) and Timmer- mole 
mans.’ Isothermal compressibilities at elevated pressures f P!0v1 
were computed using data in ICT and in some cases by neigh 
reference to the original work of P. W. Bridgman. For rotat 
cases where the compressibility data at elevated pres form 
sures were not available, values have been obtained by there 
assuming a parallelism of compressibility in the ethyl chain 
alcohol-ethyl chloride-ethyl bromide and the buty! the ¢ 
alcohol-butyl chloride-butyl bromide series. Density a 
ee emp 
' = Alder, and Hildebrand, J. Chem. Phys. 21, 10! “in 
1953). } 
6A. A. Maryatt and E. R. Smith, Table of Dielectric Constants ¢ FF hold } 
Pure Liquids [National Bureau of Standards (U. S.), 1951]. . UL 
7W. Schaaffs, Z. physik. Chem. 194, 28 (1944). p setts ] 
8G. W. Willard, J. Acoust. Soc. Am. 19, 235 (1947). . 
9 J. Timmermans, Physico-Chemical Constants of Pure Organ’) ¥W 
Compounds (Elsevier Publishing Company, Inc., Houston, Tex, | sf 
1950). 
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data for all the substances studied, except water, were 
obtained from Timmermans.?® 

Values of ug, given in Tables I to VIII, were calculated 
using Eq. (1). Optical refractive indices used for these 
calculations were obtained by extrapolating to low- 
frequencies data from Timmermans? and from Dorsey.” 
At higher pressures the indices of refraction were 
determined by the application of the Lorentz-Lorenz 


equation 
n?—1\ M 
( ) —=const, 
n+2/ p 


where M is the molecular weight and p the density. The 
above treatment omits atomic polarization, which is 
not directly determinable. This omission causes cal- 
culated values of ug to be somewhat too high, but 
should not affect the conclusions dependent upon the 
trends of u°g with temperature or volume. The deriva- 
tion and interpretation of other quantities given in 
Tables I to IX will be discussed in the next section. The 
values of the vacuum dipole moments used in calcula- 
ting these derived quantities were obtained from the 
Tables of Electric Dipole Moments compiled by Wesson." 





DISCUSSION OF STATIC POLARIZATION 
1. Carbon Tetrachloride 


This nonpolar substance was used for calibration 
purposes. Application of the Clausius-Mossotti equa- 
tion to the dielectric constants of carbon tetrachloride, 
measured at various temperatures and pressures (see 
Table I), leads to a molar polarization which is nearly 
constant. Possible deviations from the Clausius-Mos- 
sotti equation have been discussed by Kirkwood,” 
Brown," and others.'4 


2. n-Butyl Alcohol 


A chain model for the alcohols, first introduced by 
Oster and Kirkwood,!® may be used for calculating 
both the average moment of the m-butyl alcohol 
molecule and the correlation parameter g. This model 
provides that each alcohol molecule is bonded to two 
neighbors through rigid hydrogen bonds, and that free 
totation is permitted about these bonds. The chains 
formed will be of infinite length, and it is assumed that 
there are no interactions between molecules of different 
chains. If the dipole moment is calculated considering 
the effect of the nearest neighbors only, it is evident 
that the same value will be obtained regardless of the 


temperature and pressure. This moment differs from 
a 
h YN. E. Dorsey, Properties of Ordinary Water Substance (Rein- 
old Publishing Corporation, New York 1940). 
. G. Wesson, Tables of Electric Dipole Moments (Massachu- 


_ Setts Institute of Technology, Cambridge, Massachusetts, 1947). 


as G. Kirkwood, J. Chem. Phys. 4, 592 (1936). 


"W. F. Brown, J. Chem. Phys. 18, 1193 (1950). 
me Yvon, Compt. rend. 202, 35 (1936). 
G. Oster and J. G. Kirkwood, J. Chem. Phys. 11, 175 (1943). 
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TABLE I. Carbon tetrachloride. 











Temp. Pressure Volume Ps 
= atmos cc/mole € cc/mole 
25.0 1.0 97.08 2.230 . 28.23 
84.3 96.23 2.239 28.13 
156.1 95.58 2.248 28.08 
40.0 1.0 98.92 2.207 28.38 
104.4 97.70 2.225 28.32 
203.7 96.74 2.239 28.28 








a P=V(e—1)/(e€+2). 


the one calculated by the Onsager equation. Further- 
more, the latter moment increases with increasing 
density. In addition, the chain model predicts that g 
would be equal to 2.57 and would be independent of 
temperature since all configurations considered are 
weighted equally. A change of volume could be inter- 
preted solely as a change in the separation between 
neighboring chains, and this would necessitate values of 
g being independent of pressure. 

The experimental values of g are essentially in accord 
with the above discussion. At constant temperature, g 
remains very nearly constant as a function of volume. 
The slight decrease in g at lower volumes may be 
attributed either to breaking down of the relatively 
ordered structure at elevated pressures, or to an inci- 
dence of a restricted rotation which causes the moments 
of the molecules to slightly oriented in opposite direc- 
tions. The same effect is observed in the case of water, 
where a similarly ordered structure exists. The failure 
to predict the decrease in g as the temperature in- 
creases is due to an inadequacy of the Oster-Kirkwood 
model. An improvement on the model might be the 
assumption of bendable hydrogen bonds, as in Pople’s!® 
model for water. Allowance for bending alters the 
Oster-Kirkwood formula to 





(uout+Hor) (Hout+Hor Coss) 
g= 1421 


Hon’+Hor’+2uonHOor Coss 


- B q kT Vy 
xd cost cothr ——] , (3) 


n=1 q 


where g is the hydrogen bond bending force constant, 8 
is the R-O-H angle, and wor and wow the components 
of the dipole moment along the R-O and O-H directions. 
However, application of Eq. (3) does not permit an ade- 
quate fit to the experimental data. The inadequacy of 
Eq. (3) may be due to the fact that interference with 
neighboring chains and steric interference within the 
same chain causes restriction of the free motions 
assumed. This hindrance of motion leads to a smaller 
temperature coefficient of g and makes the assumption 
of unbendable hydrogen bonds more valid in this case 
than in that of water. Thus the simple model of Oster 
and Kirkwood is a reasonably accurate representation of 


16 J. A. Pople, Proc. Roy. Soc. (London) A205, 163 (1951). 











TABLE II. n-butyl] alcohol. 











Temp. Pressure Volume 
a atmos cc/mole n? € peg g 

14.2 1.0 91.06. 1.9569 18.50 12.297 2.69 
Died 90.47 1.9655 18.64 12.285 2.68 

140.1 90.00 1.9724 18.76 12.281 2.68 

201.7 89.59 1.9786 18.88 12.287 2.68 

27.0 1.0 92.17 1.9418 16.84 11.786 257 
67.0 91.60 1.9499 16.96 11.775 2.57 

128.2 91.09 1.9571 17.04 11.773 2.57 

179.2 90.70 1.9628 17.14 11.746 2.56 

40.0 1.0 93.33 1.9263 15.36 11.300 2.47 
76.9 2.60 1.9362 15.49 11.282 2.46 

141.8 2.01 1.9445 15.64 11.299 2.47 

206.4 91.45 1.9511 15.73 11.279 2.46 








the system, and we have therefore used the moment of 
2.14 D, calculated from this model, to obtain values of 
g given in Table II. 


3. t-Butyl Alcohol 


The Oster-Kirkwood chain model does not adequately 
describe the dielectric polarization of /-butyl alcohol, 
the values of gu” being considerably smaller than those 
for the straight chain alcohol. Smaller values of g can 
be accounted for by assuming the chains to be of finite 
length. It is assumed that the chain lengths are suff- 
ciently long to permit the use of the infinite chain model 
to calculate u. However, it will be seen below that the 
actual chain lengths are quite short, and that therefore 
calculations of u on the infinite chain model are not en- 
tirely justified, although it is a satisfactory approxi- 
mation for chains of at least three molecules. 

A calculation of the variation of g with chain length 
may be made from a rigid hydrogen bond model by 
extending the summation in g=1+) > wcosy); over 
the molecules in the finite chain. It is assumed on the 
basis of large steric hindrance that the effects of O-H-O 


TABLE ITI. t-butyl alcohol. 








Temp. Pressure Volume 





~ atmos cc/mole n? € pgs g Ib 

27.8 10 95.06 1.9112 12.02 8.43 1.88 3.55 
109.3 93.82 1.9276 12.57 8.71 1.94 3.94 

149.7 93.40 1.9333 12.78 8.82 1.96 4.06 

30.0 1.0 95.34 1.9076 11.54 8.14 1.82 3.22 
59.5 94.63 1.9166 11.85 8.30 185 3.38 

66.0 94.55 1.9176 11.90 8.33 186 3.44 

68.9 94.51 1.9181 11.91 8.34 1.86 3.44 

94.6 94.23 1.9216 12.03 8.39 1.87 3.49 

137.8 93.76 1.9277 12.27 8.53 1.90 3.68 

185.4 93.27 1.9340 12.50 8.65 1.93 3.87 

42.1 1.0 96.91 1.8880 9.552 6.93 1.55 2.18 
64.1 96.03 1.8991 9.879 7.13 1.59 2.30 

64.8 96.02 1.8992 9.879 713 1.59 2.30 

128.6 95.20 1.9096 10.184 7.30 1.63 2.44 

184.5 9453 1.9184 10425 742 1.66 2.52 

50.5 1.0 97.98 1.8755 8.490 6.27 1.40 1.77 
69.1 96.94 1.8881 8.795 645 143 1.85 

140.7 95.94 1.9006 9.097 662 147 1.95 

200.7. 95.17 1.9104 9.328 6.74 1.50 2.04 





. of g obtained for f-butyl alcohol and the corresponding 





® woH =1.73 D, nor =.88 D, wo =1.75 D, uw =2.14 D. 
b] =Average number of molecules per chain. 
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bending are small. To carry out the summation, the 
average number of neighbors of various orders js 
calculated for a given chain length, and for each kind of 
neighbor (cosy); is summed with the appropriate 
weight w;. Although the resultant function g is thus 
defined only over integral chain lengths, interpolation 
can be made to fractional values. Using the same value 
of uw as for the normal butyl alcohol, 2.14 D, the values 


chain lengths are listed in Table ITI. 

The chain length is seen to increase markedly with 
pressure, especially at the lower temperatures as the 
melting point of 25.5°C is approached. The short 
chain lengths in this alcohol must be due to the steric 
effects of the bulky /-butyl groups preventing the build- 
ing up of long chains. At smaller volumes, the steric 
effect is seen to be somewhat overcome by an increased 
tendency toward association, leading to longer chains 
and increased values of g. This is opposite to the be- 














havior observed for the straight chain alcohol, which 
TABLE IV. n-butyl] chloride. 
Temp Pressure Volume 
a. atmos cc/mole n? € peg g 

13.6 1.0 103.62 1.9677 7.572 4.896 0.707 | 

152 1.0 103.82 1.9652 7.532 4.905 0.709 © 
78.4 102.95 1.9764 7.557 4.861 0,699 © 
142.7 102.27 1.9855 7.665 4.900 0.702 
202.7 101.67 1.9935 7.731 4.908 0.700 

28.55 1.0 105.54 | 1.9442 7.147 4.919 0.720 
75.6 104.59 1.9561 7.221 4.915 0.716 
139.1 103.83 ° 1.9657 7.270 4.902 0.711 
222.1 102.89 1.9779 7.334 4.888 0.706 

42.45 1.0 107.36 1.9231 6.770 4.920 0.73! 
76.5 106.25 1.9363 6.849 4.915 0.726 
144.9 105.31 4.9478 6.909 4.904 . 0.72) 
227.5 104.24 }-9612 6.988 4.898 0.715 








already consists of large chains and suffers reduced 
correlation under pressure. At the higher temperatures, 
the chain lengthening due to decreased volume becomes 
less extensive. The actual values of the chain length are | 
only approximately determined, since such effects as : 
bending of the hydrogen bonds have been neglected. | 
Inclusion of these effects will tend to alter all af 















lengths in the same manner, and therefore qualitative 
conclusions dependent on changes in length should be 
unaffected. 


4. n-Butyl Halides 
The Onsager field was used to calculate dipole m- 
ments of both n-butyl chloride and n-butyl bromide. | 
Values of g for these substances were then calculated and 
are tabulated in Tables IV and V. The values of [7 
considerably below unity indicate anti-association, the 
effects being more marked in the case of the bromide. | 
However, the small change in g with pressure and tel | 
perature implies no large specific interactions which are 
strongly dependent upon the separation of the mole- 
cules. 
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An explanation of the observed phenomenon is 
possible in terms of the van der Waals interactions be- 
tween the highly polarizable halide groups in conjunc- 
tion with steric considerations. Because of the relatively 
large van der Waals interaction, there is a higher than 
random probability that the halide groups of neighbor- 
ing molecules will be close together. Otherwise, all 
relative orientations of pairs of neighboring molecules 
are permissible except that there is no chance of finding 
configurations where both molecules occupy the same 
space. This model would result in a net anti-association, 
the magnitude of which would depend upon the size of 
the excluded region. If a halide molecule had four 
neighbors orientated such that the halides groups 
point toward each other, values of g can be accounted 
for if the excluded region between a pair of molecules 
considered as line dipoles were about 30°. Since the 
repulsive potential defining the forbidden configurations 
rises steeply when the molecules start to overlap, the 
change in available space with energy will not be large, 
and hence, the change in g with temperature will be 
small. The observed temperature dependence of g can 


TABLE V. n-butyl bromide. 
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Temp. Pressure Volume 
< atmos cc/mole n? € ug g 
14.1 1.0 106.72 2.0713 7.227 4.545 0.609 
69.7 105.99 2.0820 7.272 4.532 0.604 
135.7 105.34 2.0915 7.317 4.522 0.601 
203.7 104.71 2.1009 7.357 4.511 0.597 
27.4 1.0 108.30 2.0491 6.875 4.552 0.618 
27.1 72.4 107.44 2.0611 6.940 4.549 0.614 
27.1 138.4 106.71 2.0715 6.985 4.537 0.610 
27.2 204.4 106.02 2.0815 7.030 4.527 0.606 








be qualitatively accounted for by the change in van der 


_ Waals interaction which alters the probability of the 
_ halide-halide groups coming together. Also, a small 
compression would only cause a slight decrease in g, 


as there are no orienting forces which would be greatly 


intensified by shorter intermolecular distances; how- 


Maes wire 


_ ever, pressure has the effect of somewhat increasing the 


halide-halide attraction. 

The van der Waals attraction between bromide 
groups is larger than that between the chlorides, and 
therefore the decrease of g below unity should be more 
marked for the bromide, in accord with experiment. 
Such orientations due to halide-halide interactions has 


: been previously postulated by Hildebrand.!” It might 
| 4lso be remarked that such a picture as the one des- 





tion, the 


bromide. | 


ind tem | 
vyhich are 
he mole: 









F cribed above is consistent with the use of the Onsager 
» eaction field for calculating the dipole moment. 


5. t-Butyl Chloride 


The Onsager reaction field was used to calculate the 
dipole moment of t-butyl chloride, since the values of g 


wf 5 | Hildebrand, Trans. Faraday Soc. 33, 145 (1937). 


POLARIZATION AND STRUCTURE OF LIQUIDS UNDER PRESSURE 


TABLE VI. ¢-buty] chloride. 








Temp. Pressure Volume 
Cc 





atmos cc/mole n? € wg g 
14.1 1.0 109.12 1.9203 10.147 7.55 1.039 
75.8 108.01 1.9332 10.308 7.59 1.040 
145.6 107.10 1.9441 10.443 7.61 1.038 
204.1 106.41 1.9512 10.531 7.61 1.034 
25.0 1.0 110.84 1.9017 9.574 7.48 1.046 
78.2 109.54 1.9163 9.710 7.48 1.039 
142.5 108.59 1.9272 9.832 7.50 1.035 
202.6 107.77 1.9369 10.007 7.58 1.040 
37.55 1.0 112.87 1.8808 8.943 7.38 1.048 
69.4 111.52 1.8956 9.097 7.40 1.043 
144.6 110.16 1.9106 9.219 7.38 1.032 
216.3 109.01 1.9215 9.380 7.43 1.032 
50.1 73.3 113.30 1.8774 8.524 7.27 1.038 
140.1 111.82 1.8920 8.700 7.32 1.036 
199.3 110.60 1.9054 8.782 7.28 1.025 








near unity preclude any model with a large degree of 
orientational structure. Values of g thus calculated and 
shown in Table VI are, in fact, sufficiently close to 
unity that the difference may be attributed to the 
neglect of atomic polarization in » or a small error in 
uo. Values of g slightly above unity are to be expected 
from the dipole forces and can be calculated by methods 
previously developed.'® The results indicate that 
t-butyl chloride may be regarded as a point dipolar, 
spherical molecule with very weak directional inter- 
action. The very small decrease in g with increasing 
pressure suggests that any such directional interaction 
would be of an anti-associative nature. It should be 
noted that some anti-association does occur, but to a 
far less extent than in the straight chain halides. 
Further evidence of weak interaction as compared to the 
normal halides is indicated by the lower boiling point of 
the tertiary compound and is to be expected because of 
the greater shielding of the chloride by the methyl 
groups in the tertiary halide. 


6. Water 


The dipole moment calculated using the bendable 
hydrogen bonded model'® for liquid water was em- 
ployed in the evaluation of g. The effect of pressure on 
the water would be expected to be a breaking down of 
the relatively highly coordinated tetrahedral structure, 
resulting in a less rigidly bonded configuration. The 
effect of the structure change with pressure on the 
dipole moment of water was not calculated, but is 
expected to be small. 


TABLE VII. Water. 








Temp. Pressure Volume 





atmos cc/mole n? € wg g 
25.6 1.0 18.072 1.7686 78.34 12.084 2.634 
77.2 18.008 1.7721 78.66 12.077 2.632 
127.2 17.968 1.7744 78.78 12.068 2.630 














18 F, E. Harris and B. J. Alder, J. Chem. Phys. 21, 1351 (1953) 














TABLE VIII. Static polarization of glycerol. 








Temp. Pressure Volume 





sa. atmos cc/mole n? € wg 
—17.5 108.8 71.519 2.1989 52.99 24.486 
181.3 71.413 2.2013 53.10 24.490 
0.0 1.0 72.299 2.1808 48.20 24.047 
66.3 72.196 - 2.1832 48.44 24.121 
198.3 71.992 2.1878 48.67 24.131 
14.1 1.0 72.802 2.1695 45.11 23.834 
100.3 72.640 2.1731 45.28 23.855 
‘172.4 72.525 2.1757 45.42 23.874 








Values of g calculated from the moment correspond- 
ing to the above model are listed in Table VII. These 
values are consistent with a small degree of transforma- 
tion toward a less rigid structure as the water is com- 
pressed. 


7. Glycerol 


Values of u’g for glycerol are shown in Table VIII. 
The dipole moment to be used in order to obtain values 
of g depends on the model to be adopted for glycerol. 
The use of the Onsager field is not justified for such a 
highly associated substance. Any approximate value 
of the dipole moment results in values of g of the order of 
1.8. This indicates a degree of co-association somewhat 
less than that of water and the straight chain alcohols, 
but in view of the low compressibility and high vis- 
cosity of glycerol the total amount of association must 
‘be large. The above considerations imply a small 
pressure coefficient of u?g. The trend in u’g with pressure 
is such as to indicate small increased co-association as 
the substance is compressed and slightly decreased 
co-association as the temperature is raised. 


Dielectric Relaxation of Glycerol 


The Debye theory of dielectric relaxation states that 


€ =€.+ 4 
1+ (wr)? @) 
(€9— Ex wT 
¢/’ =—___—__, 5 
1+ (wr)? ©) 


where ¢€ and ¢,. are the static and high-frequency limit- 
ing values of the dielectric constant, respectively. w 
is the angular frequency, and 7 is the relaxation time. 
e’ and é”, the so-called real and imaginary parts of the 
dielectric constant, are related to the experimental 
quantities by 

6) 


e’=C/Co, ef! = G/wCo, 








HARRJS, HAYCOCK, AND ALDER 


where C and C> are the capacitance with and without 
the sample, respectively, and G is the conductance, 
Values of G must be corrected for the dc conductance, 

Previous studies by Davidson and Cole” at atmos- 
pheric pressure show that the simple behavior implied 
by the Debye theory is not followed by glycerol, but 
that the data may be explained by assuming a distri- 
bution of Debye relaxation times. Measurements in this 
research have only been extended to 1.5 mc, which at 
the temperatures studied is too low a frequency to 
accurately determine the character of the relaxation. 
However, fair agreement with Cole’s and Litovitz and 
Sette’s” data was obtained, and the trend in relaxation 
times with pressure was observed as shown in Table IX. 
Individual values of ¢’ and ¢” were substituted into 
Eqs. (4) and (5) to determine a “Debye relaxation time” 
for each experimental point. This procedure is necessary 
because the data do not extend over a sufficient range 


TABLE IX. Dielectric relaxation of glycerol. 











Temp. Pressure Freq. 
be atmos mc é ad T 
0 1.0 0.5 48.20 0.99 7.07 X10% 
66.3 0.5 48.15 1.02 7.50 
198.3 0.5 48.15 1.07 7.74 
0 1.0 1.0 48.10 2.14 7.76 
66.3 1.0 48.06 2.27 8.18 
198.3 1.0 48.06 2.42 8.82 
0 1.0 1.5 47.86 3.59 8.73 
66.3 1.5 47.82 3.84 9.34 
198.3 1.5 47.77 4.03 9.79 








of frequency. The apparent dependence of relaxation 
time on frequency is due to the non-ideal nature of the 
relaxation and will cause the times listed to differ from 
those obtained over a wider frequency range. 

The behavior of the relaxation time as the pressure is 
increased can, however, be gauged from the results. 
They show that an increase of pressure causes an it- 
crease in the relaxation time which may be attributed 
to stronger association at the lower volumes. Similar 
behavior was observed by Danforth.” These observa- 


tions are consistent with the remarks made in the dis | 


cussion of the static polarization. 
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The Vibrational Spectrum of Chlorotrifluoroethylene* 


D. E. Mann, N. Acguista, AND EARLE K. PLYLER 
’ National Bureau of Standards, Washington 25, D. C. 


(Received March 23, 1953) 


The infrared spectrum of gaseous F2C:CFCI has been reinvestigated in greater detail and-over a more 
extensive region than in earlier work. Three hitherto unobserved bands have been found at 369, 338, and 
194 cm. These data, together with the previously available Raman spectrum, have made possible the 
achievement of a new and more satisfactory fundamental assignment: 1792 (v CC), 1336 (v CF), 1215 
(v CF), 1058 (v CF), 689 (» CCl), 517 (6 CF2), 463 (p CF2), 338 (6 CFCI), 194 (o CFCI) for the planar 
vibrations; and 538 (8 CF2), 369 (8 CFCI), 158 (r) for the out-of-plane modes. The ideal-gas entropy value 
based on the present assignment agrees with that obtained calorimetrically. 





INTRODUCTION 


HE infrared and Raman spectra of chlorotrifluoro- 
ethylene,! F,C:CFCI, have been observed and 
interpreted by Smith ef al.? More recently the ideal-gas 
entropy of CTFE at its boiling point, 244.80°K, has 
been determined** and is 73.28+0.1 eu. The corre- 
sponding entropy value calculated on the basis of the 
assignment made by Smith ef al. is about 1.1 eu smaller 
than that obtained calorimetrically. This discrepancy 
suggests that their assignment is in part incorrect. The 
present work was undertaken with the hope that a 
more nearly correct interpretation of the spectra could 
be achieved. 

This paper is the first of a series on the vibrational 
spectra of the halogenated ethylenes. In subsequent 
papers our investigations of the spectra of FeC: CFs, 
F.C: CFH, FeC: CFBr, FCIC: CCle, and CleC: CCl. will 
be reported and discussed in the light of the new results 
presented here for CTFE. 


EXPERIMENTAL 


Two samples of CTFE were made available to us by 
Dr. R. C. Downing of the “Kinetic”? Chemicals Divi- 
sion of E. I. du Pont de Nemours and Company. One 
of these had been specially purified and was used in the 
spectroscopic work. The purity of the gas was probably 
99.9 mole percent.* 

The infrared absorption spectrum of gaseous CTFE 
was measured from 2.5 to about 54u. To ensure good 
resolution over the entire range prisms of LiF, CaF», 
NaCl, KBr, CsBr, and CsI were employed. A Perkin- 
Elmer 12C spectrometer was used with all but the 
NaCl and KBr prisms. The former was used with a 
Perkin-Elmer 21, the latter with a Baird Associates 
instrument. The general method of measurement has 





* This work has been supported in part by the U. S. Office of 
Naval Research under contract NAonr 112-51. 
Tee lorotrifluoroethylene will be abbreviated hereafter to 


? Smith, Nielsen, Berryman, Claassen, and Hudson, NRL Re- 
port 3567, “Spectroscopic Properties of Fluorocarbons and 
gen Hydrocarbons,” Washington, D. C., September 15, 

»P. Of, 
aos Grisard, and Cunningham, J. Am. Chem. Soc. 73, 5719 

‘Furukawa, McCoskey, and Reill . Am. Chem. Soc. 75, 

4339 (1953), i“ sed 
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been described previously. In addition the regions 
1925-2000 cm~ and around 2160 cm™ were examined 
with a grating instrument similar to one already de- 
scribed. The results of these measurements are given 
in Figs. 1-3 and in Table I. The Raman spectrum of 
CTFE was not redetermined. The lines found by 
Smith ef al.” are given in Table II. 


RESULTS 


The infrared spectrum of CTFE reported here agrees 
well with that obtained by Smith ef al.? Toward higher 
frequencies the measured wave numbers differ some- 
what from those given in the earlier work, but the dis- 
crepancies are not serious. 

A survey of the region between 400 and 185 cm™ 
revealed three hitherto unobserved bands at 369, 338, 
and 194 cm. The band at 338 cm™ corresponds to the 
Raman line found at 340 cm~. No Raman lines related 
to the 369 and 194 cm™ bands were reported by Smith 
et al.2> Apart from these three new bands, the prism 
spectra revealed very little not already apparent in the 
earlier traces. 

The exploration of the regions 1925-2000 and around 
2160 cm with a grating instrument has disclosed 
type C combination bands at 2164, ca 1977, 1962, 1952, 
and probably several in the vicinity of 1936 cm~. A 
type A—B band at 1982 cm is clearly revealed. On 
subtraction of the absorption by the background and the 
R wing of the 1982 cm™ band from the observed trace 
a band at about 1989 cm is disclosed. Its contour sug- 
gests that it is of type C. The significance of these ob- 
servations is discussed in the following sections. 


INTERPRETATION 
Assignment of Fundamentals 


No electron diffraction, x-ray, or microwave data are 
available for CTFE. The structural parameters required 
for the calculation of its moments of inertia were guessed 


5 Plyler, Stair, and Humphreys, J. Research Natl. Bur. Stand- 
ards 38, 211 (1947). 

6 E. K. Plyler and N. Gailar, J. Research Natl. Bur. Standards 
47, 248 (1951). The present instrument has a 7500 lines/inch 
grating, ruled at Johns Hopkins, and a cooled lead telluride cell as 
the detecting element. In the 3-4 region the resolution achieved 
is equivalent to about 0.2 cm™. 
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Fic. 1. Infrared absorption spectrum of chlorotrifluoroethylene. 


with the aid of the recently evaluated constants for 
F2C:CF2,’ F2C:CH2,? and Cl2C:CCle,® and the older 
results for other chloroethylenes.® The CC, CF, and 
CCl distances are assumed to be 1.31, 1.32, and 1.68A, 
respectively. The molecule is of course supposed to be 
planar with symmetry C,, while the FCC and CICC 
angles are taken to be 124° and 122°, respectively. 
The three moments of inertia are then 186.6, 363.7, and 
550.3 10-” g cm. 

The 12 fundamental vibrations of CTFE fall into 
two distinct groups: nine planar modes in species a’ of 
C,, and three out-of-plane motions in a”. The latter 
give rise to type C infrared bands and depolarized 
Raman lines, while the former result in hybrid A—B 
bands and polarized Raman lines. For most of the a’ 
fundamentals it may be supposed that the type A 
character will predominate. From Badger and Zum- 
walt’s curves” the contours for the type C and mixed 
A—B bands can be roughly estimated. The former are 
characterized by prominent Q branches and rather 
washed out P and R wings. The hybrid bands may par- 
take of the usual A and B contours. It is to be expected, 
therefore, that the stronger type C bands can be easily 
distinguished from those of type A—B. Indeed, in- 
spection of the spectrum displayed in Fig. 1 indicates 


7]. L. Karle and J. Karle, J. Chem. Phys. 18, 963 (1950). 

81. L. Karle and J. Karle, J. Chem. Phys. 20, 63 (1952). 

9P. W. Allen and L. E. Sutton, Acta Cryst. 3, 46 (1950). 
( 1 R, M. Badger and L. R. Zumwalt, J. Chem. Phys. 6, 711 
1938). 





that of the more intense bands only those at 538 and 
369 cm have the appearance anticipated for type C 
while that at 194 cm™ has too indistinct a contour to 
permit definite classification. 

The assignment of the very strong bands at 1792, 
1336, 1215, and 1058 cm to the CC and the three CF 
stretching fundamentals respectively is quite straight- 
forward. The band at 1080 cm~ is readily explained as 
the overtone of the fundamental at 538 cm. Simi- 
larly, the CCl stretching is associated with the strong 
infrared band at 689 cm~ and the very strong Raman 
at 690 cm~, while the much weaker Raman line at 
748 cm™ and the somewhat less intense infrared band 
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Fic. 2. Grating spectrum of the 2164 cm™ band of chlorotrifluot 
ethylene. The dotted line indicates background level. 
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VIBRATION SPECTRUM OF F:;C:CFCl 
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Fic. 3. Grating spectrum of chlorotrifluoroethylene in 1925—2000 cm™ region. 
Peaks in background curve are due to water absorption. 


TaBLE I. Infrared spectrum of F2C: CFCl(gas). 











Wave number Wave number : 
(cm=) Intensity Interpretation (cm) Intensity Interpretation 
194 m vy(a’; p CFCI)® ca 1374 m 158 (a”’) +1215 (a’) = 1373(A”). 
333 m 1383 m 2 X689(a’) =1378(A’). 
338 m Q vs(a’; 6 CFC) 1399 m 194(a’) +1215 (a’) =1409(A’); 
342 m R 338 (a’) +1058 (a’) =1396(A’). 
369 m viu(a’”’; B CFCl) ca 1466 vw 2 X463 (a’) +538 (a’”’) =1464(A”). 
457 8 1517 m 463 (a’) +1058 (a’) met 
463 s QO v7(a’; p CF2) 1550 vw 338 (a’) +1215 (a’) =1553(A’). 
469 s R ca 1570 vw 517 (a’) +1058 (a’) =1575(A’). 
512 s P ca 1585 vw 369 (a’’) +1215 (a’) = idoota'9: 
517 . QO ve(a’; 6 CF2) 1605 vw 538 (a’’) +1058 (a’) = 1596(A”). 
524 s 1669 w 338 (a’) +1336 (a’) =1674(A’). 
538 s O vi0(a”; 8 CF2) 1677 w 463 (a’) +1215 (a’) =1678(A’). 
543 5 R 1792 vs vila’; vy 
593 vvw P 1845 vvw 517 (a’) +1336(a’) =1853(A’). 
598 vvw Q 1058 (a’) —463(a’) =595(A’). 1898 w 689 (a’) +1215 (a’) =1904(A’). 
602 vvw R ca 1936¢-4,¢ vw 
682 s P ca 19524 vw 158 (a’’) +1792 (a’) =1950(A”’). 
689 s QO vs(a’; » CCl) 19624 vw 
695 s R 19774 vw 
709 vw 338 (a’) +369 (a”’) =707(A”); 19824 vw 194(a’) +1792 (a’) =1986(A’). 
194(a’) +517 (a’) =711(A’). 19894 vw 
734 w P 012 w 689 (a’) +1336 (a’) =2025(A’). 
739 m O 2 X369(a") =738(A’). (2025)! w 
745 m R 2077 vvw . X369 (a”’) bk y= se), =2074(A’). 
805-825> vvw 369 (a’’) +463 (a’) =832(A"’); 2119 w 1058 (a’) =2116(A 
338 (a’) +463 (a’) =801(A’). (2131) w 3380) +1792 ta’) =2130(A’). 
847-881> vvw 194(a’) +689 (a’) =883(A’); (2137) w 
338 (a’) +517 (a’) =855(A’). 21644 w 369 (a’’) +1792 (a’) =2161(A”). 
338 (a’) +538 (a’’) =876(A”); 2257 vvw 463 (a’) +1792 (a’) =2255(A’). 
369 (a’’) +517 (a’) =886(A""); 2304 vw 517 (a’) +1792 (a’) =2309(A’). 
158 (a’’) +689 (a’) =847(A”). (2334) vVVw 538 (a’’) +1792 (a ) =2330(A”’). 
899 m 2394 m oot (a’) +1336 (a’) =2394(A’). 
905 m g 369 (a’’) +538 (a’’) =907(A’). 2415 m X1215(a’) =2430(A’ 
912 m 2481 w 685 (a’) +1792 (a’) =2481( (A’). 
ca 929 vVVw a X463 (a’) =926(A’). 2543 vw 1215 (a’) +1336(a’) =2551(A’). 
ca 994b vvw 194 (a’) +338 (a’) ee 2: =995(A’); 2650 m 2 X1336(a’) =2672(A’). 
1336(a’) —338(a’) = (2713) vvw 2 X689 (a’) +1336(a’) =2714(A’). 
ca 1008» vvw 463 (a’) +538(a”) = 100! a, 2857 m 1058 (a’) +1792 (a’) =2850(A’). 
1052 vs P (2946) vvw 463 (a’) +689 (a’) +1792 3) =2944(A’). 
1058 vs Q-va(a’; v CF) 2999 w 1215 (a’) +1792 (a’) =300 Ap} yO 
1065 vs 3115 w 1336 (a’) +1792 (a’) =3128(A’). 
1080 vs QO 2X538(a’) =1076(A’). (3172) vvw 2 X689(2') +1792(a’) a a170(A). 
1086 vs R 3311 vvw 463 (a’) +1058 (a’) +1792 (a’) =3313(A ). 
1116 vw 3 X369(a’’) =1107(A”). (3340) vvVw 338 (a’) +1215 (a’) +1792 (a’) =3345(A’). 
1147 s P ca 3425 vvw 2 X1058 (a’) +1336 (a’) =3452(A’). 
1153 8 Q 463(a’) +689(a’) =1152(A’). ca 3559 vvw 2 X1792(a’) =3584(A’). 
1157 s R (ca 3620) vvw 3 X1215(a’) =3645(A’); 
1209 vs Pv: 517 (a’) +1336(a’) +1792 (a’) =3645(A’). 
1220 vs R (a’; v CF) ca 3676 vvw 538 (a’’) +1336 (a’) +1792 (a’) =3666(A”). 
1280 vvw 2 X538(a"’) +194(a’) =1270(A’). ca 3922 vvw 2 X1058 (a’) +1792 (a’) =3908(A’), 
1290 vvw 2 X369 (a’’) +538 (a) =1276(A”). ca 4115 vvw 2 X1058 (a’) +689 (a’) +1336 (a’ 7% =4141(A’); 
1330 vs Pv 2 X1792(a’) +538 (a) =412 
1339 vs R (a’; v CF) ca 4329 vvw 1215 (a’) +1336(a’) +1792 rea A 0usiA. 











* The notation used to designate the most characteristic aspects of the 
farious normal modes is the following: for the in-plane motions » refers to 
— stretching, 6 to the CF2 or CFCl group deformation, p to rocking; for 
the out-of-plane vibrations 8 means wagging or bending, while 7 implies a 
twisting or torsional motion. Of course, these conventional terms have only 
pPProximate meanings for CTFE. See, however, Y. Morino and 

uchitsu, J. Chem. Phys. 20, 1809 (1952). 
hon number of impurity bands found in earlier spectra of CTFE? are 

Sent or much diminished in intensity in the present work. The chief 
impurity bands have been found at the following (approximate) frequen- 
clés: 639, 751, 803, 816, 840, 845, 856, 965, 972, 978, 997, 1742, 1755, and 








possibly 2311 cm~!. The extremely weak and indistinct absorption around 
805-825, 847-881, 994, and 1008 cm~! may be due in whole or in part to 
impurities. 

¢ The frequency 1936 cm~ refers to the approximate center of the weak 
and complex absorption bands observed in this region in the grating traces. 

4 These frequencies are taken from the grating curves. 

¢ See the text for a discussion of the possible assignments for the 1936, 
1952, 1962, 1977, and 1989 cm=! type C bands. 


f Frequencies in parentheses refer to bands reported by Smith e¢ al. 
(reference 2) but not found or resolved in our work. 












1952 


TABLE II. Raman spectrum of F,C:CFCl(liquid).* 








Wave number 





(cm~) Intensity Interpretation 

340 m vs(a’; 6 CFC) 

462.3 s v7(a’; p CF) 

537 vs, d vio(a’; B CF 2) 

690.4 vs, sh vs(a’; »v CCl) 

748 w 2X vu (a; 8B CFCl) =738(A’) 
1054 vw va(a’; v CF) 
1078 w 2X v10(a"’; B CF2) = 1076(A’) 
1225 vvw v3(a’; v CF 
1323 vvw v2(a’; »v CF) 
1380 vvw 2X v3(a’; v CCl) =1378(A’) 
1794 s v(a’; vy CC) 
2099 vw 2X 4(a’; v CF) =2116(A’) 








* s The experimental data in this table are those reported by Smith e¢ al. 
(reference 2). 


at 739 cm™ are interpreted as 2369 cm™. All the 
stretching modes have now been accounted for, and the 
remaining fundamentals may be expected at lower 
frequencies. 

The assignment of the angular vibrations is facili- 
tated once it is admitted that the intensities and shapes 
of the 538 and 369 cm™ bands require their interpreta- 
tion as the two wagging fundamentals, 8 CF, and 
8 CFCI,t respectively. Indeed, the presence of the over- 
tones of the wagging frequencies with appreciable in- 
tensity in both the infrared and Raman spectra seems 
to be characteristic of a number of halogenated ethyl- 
enes, as has been remarked by Smith et al.,? and lends 
further support to the present assignment. Moreover, 
it is noteworthy that the binary sum band 369(a’) 
+538 (a’’)=907(A’) occurs with considerable intensity 
in the infrared spectrum. High infrared intensity of the 
combination frequency 8;+ 8; also seems to be charac- 
teristic of a fair number of halogenated ethylenes.t 

The angular modes which remain unassigned are, 
with the exception of the torsion, the planar vibrations 
5 CF2, 6 CFCI, p CF2, and p CFCI. These motions may 
without doubt be correlated in some order with the 
moderately intense bands at 517, 463, 338, and 194 cm™. 
Indeed, the first three clearly have type A — B contours. 
Unfortunately, the shape of the 194 cm™ band is too 
indistinct to be of aid in its classification. To be sure, 
its intensity alone would preclude its interpretation as 
7 since this mode is unlikely to give rise to a strong 
infrared band. Nevertheless, it was considered desirable 
to determine the type of the 194 cm™ band more 
directly. From Fig. 3 it will be seen that the grating 
record of the region 1925-2000 cm™ reveals a type 
A—B contour centered at 1982 cm™. The interpreta- 


t For a description of this notation see Table I (footnote a). 

t In the infrared spectrum of F.C: CF? (reference 11) the binary 
combination 407 (d:..) +510(b2,) = 917 (Bs) appears as a strong type 
A band at 913 cm~. For Cl,C: CCl (reference 12) the correspond- 
ing sum band 288(d.) +512 (be) = 800(Bs,,) occurs as a strong band 
at 802 cm™. For F,C:CCIH the strong band at 1319 cm™ is 
explained as 572(a’”)+751(a’’) = 1323(A’) (reference 13). 

11 Nielsen, Claassen, and Smith, J. Chem. Phys. 18, 812 (1950). 
2H. J. Bernstein, J. Chem. Phys. 18, 478 (1950). 
13 Nielsen, Liang, and Smith, J. Chem. Phys. 20, 1090 (1952). 
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tion of this combination as 194+-1792= 1986 identifies 
the species of the low-frequency fundamental as q’. 
Since it seems to be generally true for halogenated 
ethylenes that the planar mode with the lowest fre- 
quency is one of the rockings the assignment of 194 cm= 
to p CFC1 is indicated. Similar correlations suggest that 
the other rocking and the corresponding deformation 
mode are to be expected at much higher frequencies, 
On this basis the 517, 463, and 338 cm™ bands may be 
assigned to the 6 CF2, p CF2, and 6 CFCI modes, re- 
spectively. Probsbly, final judgment on this point 
should be reserved until more extensive and reliable 
correlations become available. All that is needed now 
to complete the assignment is a value for the torsional 
frequency. 


The Torsion Frequency 


The torsion frequency can be evaluated approxi- 
mately with the aid of the experimental entropy value 
for CTFE. At 244.80°K the translational and rotational 
contributions to S® amount to 66.017 eu.'* The funda- 
mentals at 1792, 1336, 1215, 1058, 689, 538, 517, 463, 
369, 338, and 194 cm™ add 5.058 eu. The difference A 
between the calorimetric value, 73.28+-0.1 eu,’ and 
the sum of the translational, rotational, and vibrational 
contribution (for 11 frequencies) is therefore about 
2.205 eu. This value of A leads to 158 cm™ for the tor- 
sion frequency. It must be recognized, however, that 
the value of A on which this frequency is based is un- 
certain by at least +0.1 eu and perhaps as much as 


+0.2 eu if generous allowance is made for small in- 
accuracies in the structural and spectroscopic constants [ 
of the molecule. Admission of an uncertainty of +0.2 eu [ 


in A places the torsion frequency between the limits 
140-175 cm~. It is desirable to attempt to locate this 


value more definitely. Since binary combinations f 


of the CC stretching with every other fundamental 
occur it is reasonable to expect that the sum band 


[140—158—175 ](a’”)+1792(a’) 
= [1932—1950— 1967 ](A") 


should also appear, albeit feebly. 


In order to determine the appearance of a known Ff 


type C combination band under high dispersion the 


2164 cm~ band was examined with the grating instru- § 
ment. Reference to Fig. 1 will show that even the prism F 
trace leaves no doubt as to the contour of this sum band. F 
In Fig. 2 the grating record of the 2164 cm™ band is F 


displayed. Apart from the occurrence of three ( 
branches the envelope has the expected appearance, 
and it may be used as a guide to pick out the type ¢ 
bands in the grating spectrum shown in Fig. 3. 


The region 1925-2000 cm= displays, under high 


dispersion, three or four prominent and well defined 


4 The fundamental constants used in this and subsequett 
thermodynamic calculations in this paper are taken from the recet! 
compilation by Rossini, Gucker, Johnston, Pauling, and Vinal. 
[J. Am. Chem. Soc. 74, 2699 (1952).] 
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VIBRATION SPECTRUM OF F:;C:CFClI 


groups of Q branches: one at about 1977, another 
around 1962, a third at 1952, and a less distinct set in 
the neighborhood of 1936 cm™'. On several other records 
made of this region the bands at 1952 and 1962 cm™ 
appear more clearly and prominently than is evident 
in Fig. 3, while that at 1977 cm“ is revealed less well. 
At any rate it is clear that any one of these could 
be explained as the combination [r-++»—CC], so that 
the precise value of the torsion frequency remains 
elusive. But since they must all be assigned it is neces- 
sary to consider the binary, ternary, and even quater- 
nary combinations which are at least numerically satis- 
factory as explanations for the observed type C bands 
in the 1925-2000 cm™ region. 


Binary sum: 
158 (a’’)+1792(a’)=1950(A”). 

Ternary sums: 
338 (a’)+ 369(a’")+ 1215 (a’) = 1922(A”). 
338 (a’)+ 538 (a’”)+ 1058 (a’) = 1934(A”). 
369(a’’)+517 (a’)+ 1058 (a’) = 1944(A”). 
194 (a’)+-538(a’’)+ 1215 (a’) =1947(A”). 
158 (a’’)+463 (a’)+ 1336(a’) = 1957(A”). 


TABLE III. Fundamental vibration frequencies for F2C:CFCI. 











Assignment Assignment 
Species Number Designation Smith ef al.> present work 
a’ 1 vy CC 1802 cm=! 1792 cm 
2 v CF 1336 1336 
3 v CF 1217 1215 
4 v CF 1058 1058 
5 v CCl 739 689 
6 6 CF. 691 517 
7 p CF, 463 463 
8 6 CFCl 517 338 
9 p CFC (215)8 194 
a” 10 B CF. 538 538 
11 B CFCl 340 369 
12 T (180?) 158 








* Frequencies in parentheses were determined from combination bands 
as described in reference 2. 
>See reference 2. 


Ternary differences: 


517 (a’) +1792 (a’)— 369(a”’) = 1940(A”). 
689(a’)+1792(a’) — 538 (a”) = 1943(A”). 
2x 1058 (a’)— 158 (a’”) = 1958(A”). 

369(a’”)-+1792(a’)— 194(a’) = 1967(A”). 
338 (a’)+-1792(a’)— 158 (a) = 1972(A”). 
538 (a’)-+1792(a’)—338(a’) = 1992(A”). 


Quaternary sums: 


194 (a’)+369(a’)-+2X689(a’) = 1941(A”). 
338(a’)+3X538(a!) = 1952(A”). 

158 (a’”)+-2X 369(a’’)+ 1058 (a’) = 1954(A”). 
369(a"’)+-517 (a’) +2 538(a’’) = 1962(A”). 
2X 369 (a) +538 (a"”)+689(a’) = 1965(A”). 
369 (a’")+2 463 (a’) +689 (a’) = 1984(A”). 
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TABLE IV. Calculated thermodynamic functions for 
F.C: CFCI in dimensionless units. 











T°K Cp°/R (H° —Eo)/RT —(F°—E,)/RT S°/R 
244.80 9.190 6.316 30.559 36.875 
300 10.123 6.934 31.906 38.840 
400 11.435 7.904 34.038 41.941 
500 12.409 8.712 35.891 44.603 
600 13.139 9.392 37.541 46.933 
700 13.689 9.968 39.033 49.002 
800 14.108 10.461 40.397 50.858 
900 14.429 10.885 41.655 52.539 

1000 14.679 11.252 42.821 54.073 
1100 14.877 11.573 43.909 55.481 
1200 15.035 11.855 44.928 56.783 
1300 15.163 12.105 45.887 57.992 
1400 15.268 12.327 46.792 59.119 
1500 15.355 12.526 47.650 60.176 








There are several things about this compilation that 
are worthy of note. It will be noticed that the combina- 
tion values are more or less grouped about the observed 
frequencies. Secondly, the only combinations which on 
a numerical basis alone can be used to explain the ob- 
served band at 1977 and the overlapped band at about 
1989 cm™ are either ternary differences or quaternary 
sums. This suggests that perhaps a few of them have 
sufficient intensity to be revealed under high dispersion. 
Thirdly, consideration of the binary and ternary sums 
involved in the quaternary combinations shows that 
two are particularly favored: 1962 and 1965 cm™. In 
the former both the 907 and 1076 cm™ binary sums are 
involved, while in the latter the relatively intense 738 
and 907 cm sums are present. On the other hand, 
there do not seem to be any equally plausible explana- 
tions for the 1952 cm™ band apart from the sum 
158(a’’)+1792(a’)=1950(A”). These considerations 
are offered, therefore, as possible though admittedly 
tenuous grounds for accepting 158 cm~ as the torsion 
frequency. It would indeed be gratifying to observe this 
fundamental directly. The final assignment for CTFE 
is given in Table III, where the earlier one made by 
Smith ef al.” is also shown. 


Thermodynamic Functions 


The fundamental assignment and molecular con- 
stants given in the preceding sections were used to 
compute the thermodynamic functions, to the rigid- 
rotator, harmonic-oscillator approximation, for CTFE 
regarded as an ideal gas. The condensed tabulation 
given in Table IV is taken from a more complete table 
calculated with the aid of the SEAC at the National 
Bureau of Standards and to be published elsewhere. 
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A crude calculation of the frequency spectrum and heat capacity has been made for a simple model of a 


large crystal composed of long parallel polymer chains. The heat capacity is very unlike that of a cubic 


crystal but can be represented quite well with a simple two-parameter equation recently proposed by Tarasov. 





1. INTRODUCTION 


N the past several years there has been a revival of 
interest in the heat capacities of anisotropic crystal- 
line solids, particularly of elementary substances at 
rather low temperatures where they may deviate widely 
from the Debye equation. For example, new measure- 
ments on graphite! confirm and extend the older data? 
in indicating that the heat capacity is rather closely 
proportional to the square of the temperature over a 
considerable range; and similar behavior has been ob- 
served for other solids with layer lattices, including 
gallium,’ boron nitride,t and black phosphorus.*® An- 
other class of solids with abnormal low-temperature 
heat capacities comprises those known or presumed to 
consist of polymeric chains, such as selenium,® tellu- 
rium,*” several forms of red phosphorus, and organic 
polymers like natural rubber.’ In these solids there is a 
fairly long temperature range over which the heat 
capacity is close to a linear function of the temperature. 
There is nothing fundamentally surprising in the 
fact that crystals containing polymeric units should 
have frequency distributions differing markedly from 
those of cubic crystals. The numerical computation of 
the frequency spectrum for any detailed model of such 
a crystal by the general method of Born and von 
Karman’ is in principle straightforward, and with 
modern high-speed computing machines would in many 
cases be entirely feasible. However, a less complete 
but more generally useful aim would be the construc- 
tion of an approximate theory, involving perhaps two 


* This work was supported in part by the Office of Ordnance 
Research (Contract DA-19-020-ORD-1545). It is largely based 
on a thesis submitted by C. E. Hecht in partial fulfillment of the 
requirements for the degree of Bachelor of Science in Chemistry 
from the Massachusetts Institute of Technology, June, 1952. 

¢ Present address: Department of Chemistry, University of 
Chicago, Chicago, Illinois. 

1W. DeSorbo and W. W. Tyler, Phys. Rev. 83, 878 (1951). 

2W. Nernst, Ann. Physik 36, 395 (1911). 

3 W. DeSorbo, J. Chem. Phys. 21, 168 (1953). 

4 _ Sasmor, and Van Artsdalen, J. Chem. Phys. 21, 954 
(1953). 

5 Stephenson, Morrow, Maple, and Potter (unpublished meas- 
urements in this laboratory). 

6 W. DeSorbo, J. Chem. Phys. 21, 764 (1953). 

7C, M. Slansky and L. V. Coulter, J. Am. Chem. Soc. 61, 564 
(1939). 

8N. Bekkedahl and H. Matheson, J. Research Natl. Bur. 
ae 15, 503 (1935); J. Rehner, Jr., J. Polymer Sci. 2, 263 

1947). 
( 9M. Born and T. von Karman, Physik. Z. 13, 297 (1912) ; 14, 15 
1913). 
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or at most three parameters, which would serve as a 
norm for polymeric solids much as Debye’s theory has 
served for cubic crystals. Such a limited theory would 
at least be of value in the empirical representation of 
heat-capacity measurements, and if given a sound 
physical basis, might also permit the derivation of 
approximate structural information from observed heat 
capacities. 

Previous efforts toward the objective above indicated 
have followed several lines. Some investigators, im- 
pressed by the known small thickness of graphite 
crystals, have treated these as essentially two-dimen- 
sional elastic continua, thus arriving immediately at the 
desired J? law for the heat capacity at low tempera- 
tures. The best discussion of this type is probably that 
of the late Gurney.” This argument, however, invokes 
essentially a surface contribution to the thermodynamic 
properties that is not confined to special lattice types 
but is present whenever the crystals are sufficiently 
small." Although this may be a major factor in the 
case of graphite and perhaps other substances, it is 
clearly necessary also to understand the behavior of 
crystals of macroscopic size containing sheet or chain 
polymeric structures. 

Tarasov” attempted a discussion of polymeric 
crystals on the apparently naive supposition that they 
could be represented as two- or one-dimensional elastic 
continua, irrespective of crystal dimensions. While this 
simple treatment results in moderate empirical success 
at not too low temperatures, it is scarcely satisfying 
physically. Any macroscopic three-dimensional crystal 
must necessarily give rise to a lattice heat capacity 
varying as 7* at sufficiently low temperature, though 
perhaps over a short range. In a valid theory the coup- 
ling forces between the polymeric sheets or chains must 
therefore be recognized explicitly. More recently, 
Tarasov™ proposed a simple two-parameter heat- 
capacity equation which satisfies this dictum and 
gives®* much improved agreement with experiment. 

As a step toward an approximate theory, we carried 


10 R, W. Gurney, Phys. Rev. 88, 465 (1952). 

1 For other discussions of surface contributions, see E. W. Mon- 
troll, J. Chem. Phys. 18, 183 (1950); H. Koppe, J. Chem. Phys. 
18, 638 (1950); J. T. Law, J. Chem. Phys. 20, 1329 (1952); 
G. Jura and K. S. Pitzer, J. Am. Chem. Soc. 74, 6030 (1952). 

2V.V. Tarasov, Compt. rend. U.R.S.S. 46, 20, 110 (1945). 

VY, V. Tarasov, Zhur. Fiz. Khim. 24, 111 (1950); Doklady 
a Nauk S.S.S.R. 84, 321 (1952); see Chem. Abstr. 46, 10841g 
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HEAT CAPACITY OF CHAIN POLYMERIC CRYSTALS 










out the calculations described below, being at the time 

























































unaware of Tarasov’s modified equation. Briefly, we os nme 
have made a crude evaluation of the frequency spectrum Pei 5 «al “om on =" alii 3 
of the simplest possible chain polymer crystal, following , 
essentially the procedure used by Blackman" for simple 2¥ i. 
cubic crystals. Since the vibrations of isolated chains , , H 
are also easily determined, the effect of the coupling ee mi a ¥ 
forces in the crystal can be directly seen. Although our a pas ae ae (- 4” ‘ 
results are numerical and restricted to a single plausible : | 
set of force constants, it was considered that they y 
as a might aid in the search for some relatively simple func- - - - 
“has tion to represent the heat capacity. It turns out that Pr. se Na 
ould the frequency distribution corresponding to Tarasov’s 0< — ee “07 
n of two-parameter equation gives fairly good agreement 
+" with the results of our model calculation. Fic. 1. Model of chain polymer crystal, indicating 
en 2. MODEL AND FREQUENCY SPECTRUM the various force constants. 


The simple tetragonal lattice used here as a model where 


ated for a crystal of long-chain molecules is indicated in , 

im- Fig. 1. y ron of tc m are assigned to lattice points A= (o/2)(t— conta) +7" (i — comp conta) 

hite identified by three integers m1, 22, m3. Each integer has ++ (1—cosd1 cosps)+«(1—cosds)?; 

ya arange —N;/2<n;<N,/2, so that the crystal consists = B= (a/2)(1—cosd2)+~’'(1—cos2 cos¢:) 

a . of NN parallel chains of Ns atoms each. +~+(1—cosd2 cosd3)-+x(1—cosds)*; (2.3) 
that Force constants governing the interactions between C= (8/2) (1—cos¢s)-+(1—cosds cos) : 
at first and second neighbors are assigned as follows. The 4-ull< ainda 

aks constant for relative displacements of first neighbors a . mii 

pes along the « and y directions (perpendicular to the Disj=y sing; sings; Dis'=7' sing: sings; 

ntly chains) is a, while that for the z direction (valence force) E=7°mv". 

the is 8. The forces between second neighbors are assumed If en ee ree ne h 4 

it is to act along the diagonals connecting them, the asso- f a : ned ben : wee pn ee 
r of ciated force constants being 2y for diagonals lying in nee eget seer neta 


Since B>a when there are strong valence forces in 
the chains, the maximum frequency occurs at the point 
¢1=¢2=0, ¢3=7, and is given by 


hain XZ or YZ planes and 27’ for those in XY planes. 
Finally, the force constant for displacements of the 


eric valence angles from 180° is x. All the forces are, of 

they course, taken to be linear in the displacements. mmm =B+4y. (2.4) 
pen The equations of motion are obtained in conventional Since we are interested only in relative values of the 
this 


fashion and need not be given here. The displacement frequencies, it is convenient to work with a dimension- 





oe Tningn3 Of a specified atom from its equilibrium position Jess reduced frequency v;=v/vm. Accordingly, we divide 

ome has the periodic solution each element of the determinant (2.2) by 2°my,,”, so 

city , that the reduced elements become 

ugh I'njnon3=—C expi(2rvi+ >> nj) ; (2.1) E,= v2 (2.5) 

. j=l 

sel | A,= (a,/2)(1—cos1)-+11' (1— cos cospx) 

tly, $j=2na;/N;; (j=1, 2, 3) +~y,(1—cos¢; cosd3)-+x,(1—cosd¢s)’, etc., 

por —N;/2<a;< N;/2, with reduced force-constants 

t. i : ; -=a/T Mees Yr=y/T’mMrn’; etc. 2.6 

ried where a; is integral and o is an amplitude vector. When wine Tee (2.6) 
substituted into the equations of motion, this solution For the numerical computations, the following value 
Yields the following secular determinant: of the reduced force-constants were chosen: 

Mon- 

>hys. rr Y a,=0.03968; 8,=0.992 

)52); A E Dy Dy | 

a Dy B-E D3 |=0, (2.2) kr=0.0992; y,=~7,’=0.002. (2.7) 

). Di; Des C—E . , , , 

lady oe oT These were dictated by the following considerations: 






84ig . af , ‘1 
“M. Blackman, Proc. Roy. Soc. (London) A148, 384 (1935); the ratio B/a= 25 corresponds to a large but still reason 


A159, 416 (1937), able ratio of valence to van der Waals forces between 
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Fic. 2. Integral frequency distribution of a chain polymer 
crystal: circles and solid curve from calculations of Table I; 
dashed curve from Eq. (5.1) with »3=0.15ym and 11=0.88yn. 


nearest neighbors; the ratio x/8=0.1 of bending to 
stretching constants is approximately that for paraffin 
chains; and the ratio y/a~0.05 has been used by Black- 
man and others as typical of the second-neighbor con- 
tributions. The choice y=’ was made for convenience ; 
probably we should have y>v7’, but the effect would be 
trivial. The above ratios, plus the reduced form of 
Eq. (2.4), serve to fix the numerical values of the re- 
duced constants. 

To shorten the numerical work considerably further, 
we follow Blackman“ by neglecting the off-diagonal 
elements of the secular determinant, a step which has 
been shown to give little error in the case of the simple 
cubic lattice. The three branches!’ of the frequency 
spectrum are then given (for y=7’) by the relations 


viz’= (a,/2)(1—cosd:)+-(2—cosd1 cosde 

— cos Coss) +x, (1—cos¢s)?; 
vor’= (a,/2)(1—cosd2)+7(2— cose cosd1 

— cos: cosd3)+Kx,(1—cos¢s)*; 


v3°= (8,/2) (1—coss)+r(2—cosds cosd1 
— Cos$3 COS2). 


The symmetry of these equations makes it sufficient 
to consider in the ¢-space a five-sided prism bounded by 
the planes ¢;=0, ¢3=7, ¢2=0, d2=¢1, and ¢1=7. For 
a large crystal the number of reduced frequencies (in a 
specified branch of the spectrum) no greater than any 
assigned “value v, is proportional to the volume en- 
closed between these planes (and including the origin) 
and the surface of constant frequency in ¢@ space found 
from the appropriate one of Eqs. (2.8). Denoting the 


(2.8) 


4 As shown clearly by Blackman, the three equations obtained 
do not give separately the true branches of the spectrum, but 
since we are concerned only with the total spectrum, we can ignore 
this complication. 
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fraction of such frequencies in a given branch by 
I;(v,), we then have 


1)=(/r) f f fderdésdos; 7=1,2,3. 09 


O Lvir Kor 


To get the functions 7; approximately, we computed 
values of the frequencies »;,, v2,, vsr from Eqs. (2.8) 
at intervals of 7/6 along each of the three coordinates 
1, $2, 3 and within the prism defined above. Although 
196 points in ¢ space are thus included, some of these 
lie at vertices, edges, or faces of the prism and must be 
given fractional weights (1/16 or 1/8 for vertices, 1/4 for 
edges, 1/2 for faces, as compared to unity for interior 
points). With the interval 1/6, the sum of these weights 
is 108, and thus for a specified branch of the spectrum 
we obtain: 


(2.10) 


1 
I ;(v,)~—DL we; virl(k) Kv, 
108 


where the index k describes a point with weight w, and 


TABLE I. Integral frequency distribution of a 
chain polymer crystal. 








I (vr) 


0.623 
0.688 
0.772 
0.831 
0.848 
0.864 
0.883 
0.907 
0.940 
1.000 


Vr I(r) 


0.05 0.010 
0.10 0.061 
0.15 0.124 
0.20 0.208 
0.25 0.283 
0.30 0.338 
0.35 0.394 
0.40 0.448 
0.45 0.503 
0.50 0.562 
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j-branch reduced frequency »;,(%). For the first two 
branches, the curves of J; against v, thus obtained were 
fairly smooth, but not for the third branch, because of 
the high value of 8,. Accordingly, an interval of 7/12 
was used for this branch in the lower-frequency range, 
while the analytical result obtained by setting 7,=! 
was sufficient for ¢3>7/6 (see below). 

The total integral frequency distribution, /(»,) 
= (J,;+J2+I;)/3, determined to the approximation 
described above, is given in Table I for intervals of 
0.05 in »,. A graph of J(v,) against v,, plotted as opel 
circles in Fig. 2, shows that quite a smooth curve has 
been obtained. 

The corresponding differential distribution, defined by 


g(v,)=dI/dy,, (2.11) 


cannot be obtained with any precision from our results, 
but fortunately this circumstance does not prevell 
consideration of the heat capacity. Nevertheless, ther? 
is some interest in comparing even the crude difference 
approximation g(v,;)AJ/Av, with Blackman’s result 
for the simple cubic crystal and with the limiting 
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case of uncoupled chains considered in the next section. 
These comparisons are given in Fig. 3, where the crude 
g(v,) for the polymer crystal is given by the full lines 
and the simple cubic crystal by the dashed lines. From 
both Fig. 2 and Fig. 3 it is evident that the Debye 
approximation would be very poor for the polymeric 
crystal. 


3. LIMITING CASES 


To see the effect of coupling between the chains, 
imposed by the constants a, and y,, we may treat the 
case when these parameters are allowed to vanish. 
The frequencies then become 


"1° = v2°=Kx,(1—cos¢s)?; 
v3r'= (8,/2)(1—cosds), 


so that the surfaces of constant frequency are all planes 
perpendicular to the ¢3 axis. Analytical solution is thus 
easy and gives 


I,=I2= (1/r) cos!(1—«,-4y,) ; 
I3= (2/7) sin (8,—4y,). 


The corresponding differential distribution g(v,) is 
shown by the smooth curve in Fig. 3. Comparison with 
the distribution for the polymer crystal shows how 
coupling between the chains eliminates the large num- 
ber of very low frequencies (singularity at the origin) 
for uncoupled chains.'* 

If we return to the crystal treated in the previous 
section, we can obtain the limiting distribution at low 
frequencies by expanding the trigonometric functions 
and retaining only square terms. Equations (2.8) then 
become 


(3.1) 


(3.2) 


ve =or(yrta,r/4)+2"77/2+637,/2; 
vo = ory1/2+62? (yr tar/4)+¢s77/2; 
V32=pyy,/2+h2°7,/2+62(7-+8B,/4). 


Thus, at sufficiently low frequencies the bending forces 
play no role, and the constant-frequency surfaces are 
ellipsoids. From Eq. (2.9) we then find 


(3.3) 


4 vy? 
I= I,= ee ee 
3x” Yr(ar+4y,)3 
(3.4) 
4 v,? 
I 


If we insert the numerical constants, sum, and differen- 
tate, we find the total differential distribution at low 
frequencies to be 
g(vr) = 342.8p,2, (3.5) 
which allows the calculation of the limiting form of the 
Se 
“In a rigorous calculation for the crystal, the two infinities in 


et) at higher frequencies shown by the uncoupled chains would 
(i959) to finite cusps. See L. Van Hove, Phys. Rev. 89, 1189 
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Fic. 3. Differential frequency distributions. Solid smooth curve, 
single uncoupled chain according to Eq. (3.2); full rectangles, 
chain polymer crystal according to Table I; dashed rectangles, 
simple cubic crystal (Blackman). 


specific heat curve at low temperatures. Most of the 
contribution to g(v,) in this region comes from the first 
two (low frequency) branches. . 

It should, however, be emphasized that the frequency 
range over which the limiting forms (3.4) and (3.5) are 
adequate is extremely short. If expansion of Eqs. (2.8) 
is carried one step farther, a large fourth-order contribu- 
tion appears in the valence-angle term. Indeed, a range 
is reached (say 0.05<v,<0.13) in which the equation 


nP=or(yrtar/4)+277/2+6s'k,/4 (3.6) 


gives a good representation of the low-frequency 
branches, and it is readily shown that in this range 
g(v,) for these branches varies as v,!. We may thus 
expect deviations from a Debye heat capacity function 
at quite low temperatures. 


4. HEAT CAPACITY 


The constant-volume heat capacity of the crystal is 
given by the familiar integral 


C,/k= : v, T)dN(v); 
/h J f(v, T)AN (v) net 
flv, T)=fla)=a%e/(e*—1)?; x= o/ET, 


where dN (v) is the number of normal modes in the fre- 
quency range dy at v. In terms of our reduced integral 
distribution J(v,), we may rewrite this expression as 


C,/3NR= i)  t(x)dI(v,): 
vr=0 


x= (T/T); 
Tm=hra/k. 


(4.2) 


Here N= N,N2N; is the number of atoms in the crystal, 
and the heat capacity is clearly a function of the di- 
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TABLE II. Heat capacities and equivalent Debye temperatures 
of chain polymer crystal. 








T/Tm C./3Nk 


0 0 
1/64 0.0187 
1/32 0.0742 
1/16 0.209 
1/10 0.358 
1/8 0.446 
1/4 0.738 
1/2 ~ 0.914 

1 0.977 


00 1 











mensionless ratio T7/Tm, where Tm is the characteristic 
temperature related to the maximum frequency. From 
Eq. (4.2) we see that C,/3Nk at any reduced tempera- 
ture 7/7, can be determined as the area under a curve 
of the Einstein function against J(v,). The results of a 
series of such graphical integrations are given in Table 
II. For each temperature we also give the Debye tem- 
perature ©p (in ratio to T,,) that would be required to 
fit the heat capacity at that point; as determined from 
the tabulation of Beattie.!” The limiting value of Op at 
0°K follows at once from the low-frequency distribu- 
tion of Eq. (3.5), while the high-temperature limit 
follows from a graphical integration of the limiting 
form of (4.2): 


. 1 
C,/3Nk= f (1-4 ‘es )ar() 
vr=0 12 


=1—0.0235(T'n/T)?++**, 


(4.3) 


which is then compared with the limiting Debye 
equation: 
C,/3Nk=1—(Qp?/20T?)+---. (4.4) 


Values of the heat capacity at other temperatures are 
easily found by interpolating in a plot of Op/T,, against 
T/T, and then using a table of the Debye function. 
It is clear from the values of 0 p/7Tm shown in Table II 
that the heat capacity shows large deviations from the 
behavior of a Debye crystal, particularly at lower tem- 
peratures. The range over which a T® law is obeyed is 
extremely short, as expected, and indeed the two lowest 


J. A. Beattie, J. Math. Phys. (M.I.T.) 6 (1926). 


W. H. STOCKMAYER AND C. E. HECHT 


values of C, calculated happen to follow a 7? law almost 
exactly. This accident shows that adherence of the heat 
capacity to a 7? law over a short range of low tempera- 
tures does not necessarily imply a layer lattice struc- 
ture. In general, it would be necessary to examine the 
data over a fairly wide temperature range before dray- 
ing inferences about the structure of the solid. 


5. THE TARASOV FUNCTION 


The two-parameter heat-capacity equation recently 
proposed by Tarasov™ for chain polymeric crystals cor- 
responds to the integral frequency distribution: 


I(v)=v8/yy3? for O<v<y3; 


=p/r4 for v3<v<y}. (1) 


We shall not attempt to fit the heat capacities of Table 
II directly with their equation, but Fig. 2 shows that 
it would give a rather good approximation except 
possibly at rather low temperature. The dashed curve 
there shown corresponds to Eq. (5.1) with v3=0.15y, 
and v;=0.88r,,. The deviation at the highest frequen- 
cies would have very little effect on the heat capacity, 
but at low frequencies our distribution definitely varies 
less rapidly than »* except extremely near the origin. 
The details of the curve in this region will depend on 
the values of the force-constant ratios x/y and «/a 
[compare Eq. (3.6)], but we have not pursued the 
question further. Since these ratios may be expected 
not to range widely among crystals of the type con- 
sidered, a single two-parameter distribution such as 
(5.1) will probably be fairly successful. On the basis of 
the present calculations we may, therefore, consider 
the Tarasov equation to have received some additional 
justification. 

For sheet-polymer crystals, we may analogously 
expect the distribution 


I(v)=v3/v?v3 for 


=p?/y for 


O<r< 73; 


(5.2) 
V3<vove 


to give improvement over tLe simple two-dimensional 
continuum model. 


18 W. DeSorbo and R. H. Pry (private communication) have 
reached conclusions similar to ours by more general arguments. 
We are indebted to Drs. DeSorbo and Pry (General Electnc 
Research Laboratory) for helpful criticism of our manuscript. 
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Paramagnetic resonance absorption in solutions of K and Na in liquid NH; has been investigated. The 
resonance has been studied at a frequency of approximately 7.0-10® cycle sec! and a magnetic field of 2.5 
gauss. The measurements have been made at 240°K, 274°K, and 298°K and over a concentration range 
from 0.004 M to 0.7 M. The intensities and susceptibilities, spectroscopic splitting factors, widths, shapes, 
and extents of saturation of the resonances have been determined. The paramagnetic parts of the magnetic 
susceptibilities in static fields have been calculated from the rf data and have been compared with the 
susceptibilities measured in static fields by other investigators. The relations of the trapped electron model 
of such solutions to these quantitative measurements on the paramagnetic resonance absorption have been 


considered. 





INTRODUCTION 


S a result of extensive investigations! of the phys- 
ical properties of solutions of alkali metals in 
liquid NHsg, it is clear that the metal is, in these systems 
dissociated into positive metal ions and electrons, the 
latter being trapped in the solvent. One of the important 
lines of evidence leading toward the development of a 
satisfactory model of these solutions has resulted from 
the study of their magnetic susceptibilities in static 
fields. These susceptibilities have been investigated by 
Freed and Sugarman’ for the case of K and by Huster* 
for the case of Na. Measurements were made at 240°K 
and 220°K in the case of K and at 238°K and 198°K in 
the case of Na. In the concentrated solutions and down 
to concentrations of a few tenths molar, the static 


_ magnetic susceptibility is quite small, of the order 
| found in the metal. As the concentration is decreased, 


the molar susceptibility increases. It approaches in 
dilute solutions something in the vicinity of the value 
of the susceptibility of an Avogadro’s number of free 
electron spins. The susceptibilities increase with increas- 
ing temperature at all concentrations which were 
investigated. (In the extremely dilute solutions the 
susceptibilities presumably obey Curie’s law with 
variation of temperature.) It is apparent from these 
Measurements that increasing the concentration or 
lowering the temperature results in a pairing of electron 
spins. This is qualitatively the behavior to be expected 
ofa metal. But not only is the behavior of the magnetic 
susceptibility not quantitatively that to be expected 
fora metal, but also the electrical conductivity at the 
concentrations for which the susceptibilities were 


* This work was assisted by the U. S. Office of Naval Research. 
or summaries of the results of these investigations with 
reference to suitable models of such systems and for references to 
the literature see: 
(a) C. A. Hutchison, Jr., and R. C. Pastor, Revs. Mod. Phys. 
25, 285 (1953) ; 
b) C. A. Hutchison, Jr., J. Phys. Chem. 57, 546 (1953); 
¢) J. Kaplan and C. Kittel, J. Chem. Phys. 21, 1429 (1953); 
d) W. N. Lipscomb, J. Chem. Phys. 21, 52 (1953) ; 
¢) T. L. Hill, J. Chem. Phys. 16, 394 (1948) ; 
f) W. Bingel, Ann. Physik 12, 57 (1953). 
. Freed and N. Sugarman, J. Chem. Phys. 11, 354 (1943). 
- Huster, Ann. Physik 33,477 (1938). 


measured corresponds to electron mobilities at least 100 
times smaller than those of electrons in a metallic 
conduction band. It was proposed by Freed and Sugar- 
man? that the electrons were trapped by the solvent and 
that there were pairwise interactions between these 
trapped electrons similar to those which lead to the F’ 
centers in crystals in which two electrons are trapped 
in a single vacancy.’ These pairs would be expected to be 
diamagnetic and would thus lead to lowered suscepti- 
bilities. This model was elaborated by Ogg* who postu- 
lated the existence of cavities in the liquid which served 
to trap single electrons and pairs of electrons. He cal- 
culated the radius of these cavities to be 10A. The large 
size of these traps has been the subject of both experi- 
mental and theoretical controversy. More recent 
detailed calculations by Lipscomb!“ have shown that 
the cavities which form the traps would be expected to 
have sizes about the same as that of an NH; molecule, 
and that such a model is in agreement with the experi- 
mental data on the volumes of the solutions. Kaplan 
and Kittel' have considered the cavity trapping 
model in some detail and have shown that it successfully 
correlates much of the experimental knowledge of these 
solutions. 

Hutchison and Pastor‘ first reported the observation 
of paramagnetic resonance absorption in solutions of K 
in liquid NH; at microwave frequencies. Observations 
of the resonance have also been made by Garstens and 
Ryan’ and by Levinthal, Rogers, and Ogg.® This 
resonance was found to be extremely sharp and to have 
the smallest width of any known paramagnetic reso- 
nance absorption. In fact the width, 0.1 gauss, initially 
reported by Hutchison and Pastor® proved to be caused 
largely by field inhomogeneities. 

In view of the intrinsically interesting features of this 
paramagnetic resonance absorption and because of the 
importance for an understanding of these solutions of 


4F. Seitz, Revs. Mod. Phys. 18, 384 (1946). 
5R. A. Ogg, Jr., J. Chem. Phys. 14, 295 (1946) ; 14, 114 (1946) ; 
J. Am. Chem. Soc. 68, 155 (1946); Phys. Rev. 69, 668 (1946). 
6C. A. Hutchison, Jr. and R. C. Pastor, Phys. Rev. 81, 282 
1951). 
' 7M. A. Garstens and A. H. Ryan, Phys. Rev. 81, 888 (1951). 
8 Levinthal, Rogers, and Ogg, Phys. Rev. 83, 182 (1951). 
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the detailed magnetic information which such experi- 
ments yield, the investigations were extended over a 
wide range of temperatures and concentrations. 
Preliminary results of such experiments with K in 
liquid NH; were reported in two symposia held re- 
cently.!(). 1) This paper gives a detailed report and 
discussion of the data on intensities and susceptibilities, 
spectroscopic splitting factors, widths, shapes, and 
saturation, for the paramagnetic resonance absorption 
in solutions of K and Na in liquid NHs, and preliminary 
results on K in ND3. 


EXPERIMENTAL PROCEDURES AND APPARATUSES. 
PREPARATIONS AND ANALYSES OF SAMPLES 

The solutions of alkali metals in liquid NH; were 
prepared by distillation, first of alkali metal and then 
of NH; into Pyrex capsules which were subsequently 
sealed. The samples were prepared in an evacuated sys- 
tem. The storage vessel for the NH; was made of steel, 
and it was joined to the Pyrex preparation system 
proper by means of a copper-to-glass seal. The capsules, 
1 cm in diameter and 3 cm in length, were attached to 
the lower ends of vertical tubes 1 cm in diameter by 
means of constrictions which facilitated the sealing. 
Just above every constriction was a side arm, 0.5 cm 
in diameter and 10 cm in length leading to a bulb in 
which approximately 0.5 g of metal was placed before 
the evacuation of the system. The side arms were con- 
structed with five right angle bends. The system was 
evacuated, the alkali metal was fused and heated to 
remove occluded gases, and the vacuum system was 
baked by heating nearly to the softening point. Tank 
NH; had originally been placed in the steel storage 
cylinder with a large quantity of sodium metal. The 
hydrogen which was evolved had been released from the 
cylinder. NH; from this cylinder was now condensed in 
a glass bulb containing alkali metal in the preparation 
system. This was the final step of purification of the 
solvent. The metal in the bulbs at the end of the bent 
side arms was then heated and moved along the walls to 
form mirrors just above the constrictions. The side arms 
were removed. The walls of the tubes on which the 
mirrors were located were cooled with a swab which had 
been dipped in a dry ice-acetone mixture, and the proper 
amounts of metal were washed down into the capsules. 
Additional NH; was distilled into the capsules until the 
desired levels of liquid were obtained. The contents of 
the capsules were frozen in liquid N2 and sealed off from 
the vacuum system. The capsules were stored at dry ice 
temperature when they were not being used for measure- 
ments. 

Thecontents of the capsules were analyzed chemically. 
The capsules were weighed and placed one at a time in a 
stainless steel bomb which contained 25 cm* of H;,0. 
The bomb was placed in hot water causing thecapsules 
to explode. The contents of the bomb were filtered. The 
residue of broken glass was dried, ignited, and weighed. 
The filtrate was boiled down to such a small volume 





C. A. HUTCHISON, JR., 








AND R. C. PASTOR 





that all NH; was removed. An excess of standard H(| 
solution was added quantitatively, and the solution was 
titrated at about 98°C to 100°C with a standard 
solution of NaOH, using methyl red as the indicator. 
The standard HC] was usually 0.005 M. Blank analyses 
were made which indicated the presence of about 
5.0-10~7 mole of alkali, and this was deducted from the 
determined numbers of moles in the samples. It js 
believed that the errors were largely those of the titra- 
tion, and that they were equal in all cases to about 0,1 
cm of 0.005 M HCl or 5.0- 10-7 mole. This would be an 
error of about 10 percent for a 0.005 M solution of 
alkali metal in liquid NH; or an error of 0.5 percent for 
a 0.100 M solution. Analyses of known solutions of 
NaOH mixed with NH; carried through all steps of the 
analytical procedure except the breaking of the capsules 
confirmed this viewpoint. The errors introduced by the 
procedure of breaking the glass capsules were probably 
much smaller than the errors of titration. 

The tris-p-nitrophenylmethyl samples, used as stand- 
ards, were made by the reaction between tris-p-nitro- 
phenylmethyl sodium and tris-p-nitrophenylmethy! 
bromide in an atmosphere of dry Ne. The former com- 
pound was obtained by filtering the dark blue product 
which resulted on treating a pyridine solution of tris-p- 
nitrophenylmethane with sodium ethoxide dissolved in 
alcohol. The latter compound was the residue left on 
refluxing tris-p-nitrophenylmethane with an excess of 
Br» for 24 hr and then evaporating the Bre in a vacuum. 
The residue was recrystallized from chloroform-ether. 
The method used was a modification of the procedure of 
Ziegler and Boye.’ The free radical content of a given 
sample was determined from the volume uptake of 0; 
by a weighed portion, 1 mole of O» being equivalent to 
2 moles of tris-p-nitrophenylmethyl. 


MEASUREMENT AND RECORDING OF THE 
ABSORPTIONS 


a. The Static Field 


Since the resonance was extremely narrow, the width 
at the points of maximum slope being as small as 20-10" 
gauss, it was necessary to have a static magnetic field 
that was homogeneous to better than 1-10 gauss over 
the volume of the sample. The resonance was first 
observed at 23 700-10° cycle sec— the associated field 
strength being approximately 8500 gauss. A field of this 
value with sufficient homogeneity was not available. 
The width of the resonance being essentially indepen¢- 
ent of the field strength the investigations were carried 
out at approximately 7-10* cycle sec—!. The associated 
magnetic field was approximately 2.5 gauss, and it was 
not difficult to obtain such a field with sufficient 
homogeneity. Moreover because of the narrowness, the 
intensity was sufficiently great to permit the use of 
these very low field strengths. (In the case of large 
fields and frequencies difficulties were also encountered 


°K. Ziegler and E. Boye, Ann. 458, 248 (1927). 
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because of the relatively large conductivity of the 
solutions.) 

The static field was supplied by a solenoid of circular 
cross section 96.16 cm long and 12.591+0.002 cm in 
outside diameter. The solenoid was wound with 33.225 
+0.045 turns per cm as determined by means of a 
travelling microscope and scale. (33.225 is 50 times the 
average of the reciprocals of the lengths of 50 50-turn 
sections of the solenoid and 0.045 is 50 times the mean 
deviation from the mean of these reciprocals.) The 
current for the solenoid came from an electronically 
regulated supply. A motor driven potentiometer in the 
supply circuit provided a very slow and nearly linear 
variation of current with time. The voltage across a 
resistor in series with the solenoid was measured and 
recorded for 5 sec at intervals of 30 sec by a recording 
potentiometer throughout each determination of a 
magnetic resonance curve. The recording potentiometer 
was calibrated by comparison with another potentiom- 
eter, and the resistor was calibrated by comparison 
with a resistor which had beencalibrated by the National 
Bureau of Standards. The recorder chart was calibrated 
in terms of the output of the other potentiometer 
immediately after each scanning of the magnetic 
resonance signal. For K or Na in liquid NH; the current 
through the solenoid was scanned from 0.054 to 0.070 
amp or a resultant field of 2.0 to 2.8 gauss and for 
tris-p-nitrophenylmethyl, 0.000 to 0.120 amp or —0.6 
to 5.2 gauss. The solenoid was mounted so that it could 
be rotated both horizontally and vertically and main- 
tained in a desired position. The axis of the solenoid was 
aligned parallel to the magnetic field of the laboratory 
by means of the resonance signal from a solution of K 
in NH;. The direction of the solenoid was varied until 
the difference between the currents at constant fre- 
quency required to produce maximum resonance ab- 
sorption with (a) the angle between the solenoid field 
and lab field less than 1/2, and (b) this angle greater 
than +/2 was a maximum. 


b. The Modulating Field 


The static field was modulated by means of an auxili- 
ary coil. The auxiliary coil was a short solenoid (2 cm 
in length) with a single layer of 12 turns. It was located 
just inside and at the midpoint of the main solenoid. 
The center of the rf coil was located at the center of the 
auxiliary modulating coil. The auxiliary coil was trans- 
former coupled to a power amplifier whose input signal 
was a 50-cycle sec~! sine wave from an audio oscillator. 
The potential across a resistor in series with the modu- 
lating coil was measured with an ac voltmeter which had 
been calibrated against an electrodynamometer. The 
field modulation H, equivalent to a given voltmeter 
reading was determined by employing the magnetic 
resonance of K in NH;. The change in voltage across 
the calibrated resistor in series with the solenoid which 
Was required to move the resonance from one extreme of 
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the modulation to the other at fixed frequency was 
determined. This together with the geometrical con- 
stants of the solenoid and the calibration of the resistor 
in series with the solenoid was sufficient to determine 
the amplitude of the modulation field as a function of 
the reading on the voltmeter which was across the 
resistor in series with the auxiliary coil. The range of 
peak to peak modulation for solutions of alkali metals 
in liquid NH; was from 0.0025 to 0.0218 gauss at 298°K, 
0.0059 to 0.0238 gauss at 274°K, and 0.0198 to 0.0594 
gauss at 240°K. 


c. The Radio-frequency Field 


The radio-frequency field was supplied by a coil 
which together with a variable condenser formed the 
grid tank circuit of a regenerative oscillator-detector. 
The coil consisted of 30 turns of number 20 Formex 
coated copper wire, was 3.0 cm long and 1.27 cm in 
outside diameter. The capsules containing the solutions 
were fitted inside this coil. The coil was mounted with 
its midpoint at the center of the static field solenoid and 
with its axis perpendicular to that of the solenoid. It was 
connected by a coaxial line to the remainder of the 
circuit outside the solenoid. It was completely sur- 
rounded by a copper box which served as a shield. The 
frequency of the radio-frequency field was in the range 
6.0-10® to 8.0-10® cycle sec! and was usually 7.0-10°® 
cycle sec'. The voltage across the coil was controlled 
by varying the regeneration and was measured con- 
tinuously during measurements of magnetic resonance 
by means of an electronic voltmeter. The loaded Q of 
the coil and the shunt capacitance C at resonance at the 
working frequency were determined with a Q meter. 
The frequency of oscillation was determined with a 
heterdyne-type frequency meter and the measurements 
of frequency were found to be accurate to 1 part in 
20 000. 

All measurements of magnetic resonances with K or 
Na in liquid NH; were made with 0.05 rms volt across 
the coil. At circuit resonance, for a frequency of 7.0- 10° 
cycle sec! and a capacitance of 1.43-10-" f, this 
potential corresponds to 0.0051 gauss at the center of 
the coil, and the rf field should be proportional to the 
coil voltage. At room temperature, for a frequency of 
7.0- 108 cycle sec, the Q of the coil plus sample varied 
from 90 to 120 for the range of concentration (0.65 M 
to 0.004 M) of K in liquid NH; investigated, and the 
capacitance needed for circuit resonance was about 
1.43-10~f. The Q’s obtained using the low-temperature 
apparatus were about 20 percent lower. With solutions 
of Na in liquid NH; the Q’s were about 10 percent lower 
at room temperature than those obtained with equiva- 
lent concentrations of solutions of K in liquid NH3. 


d. The Detecting and Recording System 


The detected 50-cycle sec audio signal from the 
oscillator-detector circuit passed through three tuned 
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stages of amplification followed by a phase-sensitive 
detector. The reference signal for the phase-sensitive 
detector was supplied from the generator for the auxili- 
ary modulating coil. The rectified output of the ampli- 
fication system was fed to a recording potentiometer. 
By means of an automatic switch the same potentiom- 
eter was used for recording both the magnetic signal 
and the current through the solenoid. A Watkins- 
Pound” calibrator was- used for determining signal 
intensities. The regenerative oscillator-detector-ampli- 
fier-recorder system was used to compare the magnetic 
signal with the calibrator signal produced when a 50- 
cycle sec signal of known amplitude was placed on the 
grid of the calibrator tube at known fixed plate current. 
The calibrator signal was supplied from the modulation 
generator and measured with an electronic voltmeter 
which had been calibrated against an electrodynamom- 
eter. The recorder chart was calibrated in terms of 
calibrator gird voltage immediately after each scanning 
of the magnetic resonance signal. In experiments in 
which the Watkins-Pound” radio-frequency spectrom- 
eter was substituted for the regenerative oscillator- 
detector, the magnetic signals were not detectably 
different in shape from those obtained with the re- 
generative oscillator-detector. The regenerative circuit 
was used because of its much greater signal to noise 
ratio. 

For all measurements the amplitude of the modu- 
lation of the static field of the solenoid was sufficiently 
small that the output of the phase-sensitive detector 
was proportional to the first derivative of the magnetic 
signal with field strength. The ratio of (a) af calibrator 
volts necessary to simulate the magnetic derivative 
signal to (b) the field modulation amplitude, was equal 
to the slope of the curve of hypothetical de calibrator 
grid voltage versus field strength, i.e., to the slope of 
the curve of magnetic signal versus field strength. 


THE DATA AND THEIR TREATMENT 


The data consisted of (a) curves drawn by the 
recording potentiometer showing the variation of the 
magnetic derivative signal and of the current through 
the solenoid with time; (b) meter readings showing the 
rf coil voltage and frequency, field modulation ampli- 
tude, calibrator ac grid voltage, Q of the rf coil and 
capacitance across the coil; (c) thermometer and ther- 
mocouple readings; (d) results of chemical analyses of 
the solutions and standards; (e) data obtained during 
the calibration of the recording potentiometer, meters, 
resistors, etc. 

The magnetic derivative signal and the solenoid 
current signal were both recorded along the width of 
the chart of the recording potentiometer. The length 
of the chart was proportional to time. At the conclusion 
of each recording of the magnetic derivative signal, 


1G. D. Watkins and R. V. Pound, Phys. Rev. 82, 343 (1951). 
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records of a series of calibrator signals and records of a 
series of known voltages from another potentiometer 
were made on the same chart paper. The calibrator 
signals were produced by known ac grid voltages, 
Hence, the number of calibrator ac grid volts per 
nominal in. of chart width was determined. The cali- 
bration against the other potentiometer gave the num- 
ber of volts per nominal in. of width of chart and this 
combined with (a) the measured slope of the current 
signal versus length of chart, (b) the calibration of the 
resistor in series with the solenoid (the voltage across 
which gave the current signal), and (c) the geometrical 
constants of the solenoid, determined the number of 
gauss variation of field at the center of the solenoid per 
nominal in. of length of chart. The width of the chart, 
thus, could be converted to a calibrator ac grid volt 
scale and the length to a magnetic field scale. The length 
of the chart was divided into small intervals convenient 
for numerical integration. The areas of these strips were 
converted to volt gauss by use of the calibration factors 
measured as just described. Summations of the volt 
gauss, corresponding to these strips, up to a given field 
strength gave a quantity which when divided by the 
constant field modulation amplitude was the number of 
hypothetical calibrator de grid volts that would simu- 
late the magnetic signal (not derivative signal) at that 
given field strength. A plot of these first integrals up to 
given field strengths versus the field strengths gave the 
magnetic resonance absorption line. A second numerical 
integration gave the areas under these curves of cali- 
brator de grid volts versus field strength. These second 
integral areas were proportional, in the absence of 
magnetic saturation, to numbers of absorbers in the 
samples being investigated, other things such as sizes 
and positions of samples, frequency, etc., being kept 
constant. 

This may be seen as follows: The calibrator was 
coupled to the rf coil in such a manner that if the rf 
resistance of the coil is represented by ®, the voltage 
placed on the grid of the calibrator was proportional to 
A@®/@? where AR was the change in ® produced by this 
voltage. It is also true that if the A® was produced bya 
magnetic resonance absorption, then for a coil with 
large 0, AR/®2= — EwC/Qmag where £ is the ratio of (a) 
the field energy stored within the boundary of the 
sample to (b) the total energy stored in the field, and 
Qmag is the ratio of (a) the energy stored in unit volume 
of the field in the sample to (b) the magnetic energy 
absorbed per unit volume and per radian in the sample. 
Now since Qmag! is equal to 4x times x’’, the imaginary 
component of the susceptibility, then AR/®? was equal 
to —4rtwCy”’. The area obtained as the second integral 
Jo (calibrator de grid voltage) dH, described above was 
proportional to f(*(AR/®2)dH. (The integral ft” 's 
written assuming that the only contribution to spin 
resonance absorption was in the region investigated.) 
Therefore, from the immediately preceding discussion it 
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The experiment was carried out at a constant frequency. 
For a sharp symmetrical absorption the integral, 
Six (H)dH, for the present experiments may be 
equated to the corresponding integral, HmaxJo” 
x (x’"(v)/v)dv, for an experiment in which the field is 
kept constant and the frequency is varied. (Hmax is the 
value of H in the constant »v experiment at which the 
absorption is a maximum.) But /o%(x’’(v)/»)dv is, 
according to the Kronig-Kramers" relation, just x the 
susceptibility in a static field (magnetic moment per 
unit volume divided by field strength). Therefore it is 
seen that 


gB 
£w*Ch 





«x 


J (calibrator dc grid voltage) dH. 
0 


It should be noted that this x is just the paramagnetic 
part of the susceptibility. x is proportional to the num- 
ber of absorbers per unit volume. It is therefore clear 
that the numbers of absorbers per unit volume in the 
samples were proportional to ({w*C)— times the results 
of the second numerical integrations of the recorder 
charts described above. The second integrals for the 
samples of alkali metal in liquid NH; were compared 
with those for the standard substance, tris-p-nitro- 
phenylmethyl, and the proportionality constant was 
thereby eliminated. Since only the part of the imaginary 
susceptibility x’’ caused by the flipping of spins in the 
static field was observed, it is clear that the static 
susceptibilities calculated from the rf data were just the 
paramagnetic parts of the susceptibilities and did not 
depend upon any diamagnetic effects of the systems. 

£ was not determined but instead a quantity R was 
measured. R was defined as the ratio of the magnetic 
energy stored within the boundaries of the sample to the 
energy that would have been stored if the energy density 
were everywhere the same as at the center of the coil. 
It will be seen that the previous relation may then be 
transformed so as to read 


1 
mRw?C 





Xm& i) (calibrator dc grid voltage) dH, 
0 


in which m is the number of moles in the sample and 
Xm is the molar susceptibility. Calling the right-hand 
side of this proportionality A/mRw°C, the static para- 
magnetic susceptibilities of the samples of alkali metals 
In liquid NH; were calculated by means of the relation, 


N avi? A A — 
Xn>= ( ) ( - f. 
i RT \mRoP?C/ \mRo*C 


''H. A. Kramers, Atti congr. intern. fisica, Como, 2, 545 (1927); 
R. de L, Kronig. J. Opt. Soc. Am. 12, 547 (1926). 
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N nf?/RT «is the magnetic susceptibility of the standard 
substance at the temperature at which its curve of 
calibrator ac grid voltage versus field was recorded and 
the subscript st everywhere refers to the standard 
substance. (A rr, the integral from zero up to maximum 
absorption was actually employed for the comparisons 
rather than A.) f is a factor which corrected for the 
saturation. f was determined by measuring the maxi- 
mum deflections of the phase-sensitive detector as a 
function of rf coil voltage at various concentrations of K 
in liquid NH;3. Since the width and shape did not vary 
in the region 0.05 volt (operating voltage) and less, the 
second integrals were proportional to these maximum 
deflections. f is the ratio of the area extrapolated to 
zero voltage to the area at 0.05 volt. The f values deter- 
mined at room temperature for K were used in the 
treatment of the data for both K and Na at all tempera- 
tures. A curve drawn through the measured values of f 
versus concentration was employed to interpolate the 
values of f for given concentrations. 

The experimental data entering into the calculation 
of xm and the values obtained for xm are listed in 
Tables I and II. (The data in these tables were obtained 
from a series of measurements employing techniques 
which were considerably improved over those used in 
the measurements referred to as Series I and II in the 
symposia mentioned above. None of the rf data of these 
Series I and II is included in Figs. 1 to 4. Figs. 5 and 6 
give results of all series of runs.) In Figs. 1 and 2 the 
static molar susceptibilities xm of K and Na in liquid 
NH; calculated from the rf data as described above are 
plotted against the concentration at the three different 
temperatures. The curves through the points were 
visually fitted to them, and these curves were all drawn 
so as to pass through the points, Nx?/kT, at zero 
concentration which are shown as horizontal bars on 
ordinate axes. In Figs. 3 and 4 these visually fitted 
curves are given, without the experimental points, 
together with curves that were visually fitted to the 
data of Freed and Sugarman? and of Huster* obtained 
from measurements made in static fields. 

The values of x were obtained by multiplying 10-* 
‘xm by the concentrations M. 

The lengths of recorder charts from the maxima of the 
magnetic derivative signal to the minima were meas- 
sured. These lengths when multiplied by the factor 
equal to the number of gauss variation of static field 
per unit length of chart gave the widths AHys between 
the points of maximum and minimum slopes of the 
magnetic resonance curves. In Fig. 5 these widths are 
plotted as a function of concentration. To avoid con- 
fusion caused by overlapping of curves and points three 
separate graphs are given corresponding to the three 
temperatures. In Fig. 6 just the visually fitted curves are 
presented without the experimental points and all with 
the same ordinate scale. Data on widths for two concen- 
trations of solutions of K in ND; are given in Table ITI. 
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TABLE I. Experimental data for K in liquid NHs3. 








1 2 3 4 5 6 


Amount 

Alkali Geomet- 
Concen- Metal 
tration *105 


M m +105 


Tempera- 
ture Cel- 


Serial Sample : 
sius 


No. No. 
2R 
mole 


mole 1-1 deg 


trical factor tance 
e 2 . 1 g12 


7 8 9 10 


Modula- Width suscep- 

tion ampli- maximum Low field tibility 
tude slope half area -106 

ay Hw AHus xm *108 

mole 1-1 
cm 


11 12 
Molar 
Suscep- 
tibility 
. 109 
x °10° 


Capaci- 


ALF 


farad gauss gauss volt gauss 





—33.2 
—33.2 
— 33.2 
— 33.2 
— 33.2 
—33.2 
— 33.2 
—33.2 
— 33.2 
— 33.2 
—33.2 
— 33.2 


0.00402 
0.0138 
0.0195 
0.0267 
0.0337 
0.0361 
0.0793 
0.155 
0.177 
0.203 
0.219 
0.312 
0.419 
0.728 
1.551 
0.00376 
0.0129 
0.0182 
0.0250 
0.0315 
0.0338 
0.0742 
0.145 
0.166 
0.190 
0.204 
0.291 
0.392 
0.681 
1.451 
0.00356 
0.0123 
0.0172 
0.0237 
0.0299 
0.0320 
0.0703 
0.137 
0.157 
0.180 
0.193 
0.276 
0.371 
0.645 
1.375 


0.3358 
1.183 
1.589 
2.306 
2.326 
2.797 
6.686 
14.00 
16.42 
19.98 
16.78 
27.57 
33.63 
62.01 
130.7 
0.3358 
1.183 
1.589 
2.306 
2.326 
2.797 
6.686 
14.00 
16.42 
19.98 
16.78 
27.57 
33.63 
62.01 
130.7 
0.3358 
1.183 
1.589 
2.306 
2.326 
2.797 
6.686 
14.00 
16.42 
19.98 
16.78 
27.57 
33.63 
62.01 
130.7 
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0.057 
0.059 
0.056 
0.062 
0.055 
0.055 
0.055 
0.052 
0.049 
0.049 
0.044 
0.046 
0.051 
0.125 
0.040 
0.036 
0.036 
0,032 
0.039 
0.031 
0.030 
0.030 
0.030 
0.030 
0.032 
0.039 
0.039 
0.190 


0.00979 
0.0210 
0.0275 
0.0276 
0.0226 
0.0298 
0.0363 
0.0576 
0.0587 
0.0715 
0.0632 
0.0770 
0.0569 
0.1089 
0.01489 
0.0337 
0.0399 
0.0517 
0.0479 
0.0615 
0.0826 
0.1191 
0.1275 
0.1311 
0.1123 
0.1456 
0.1462 
0.2572 
0.01426 
0.0415 
0.0490 
0.0606 
0.0616 
0.0738 
0.1144 
0.1750 
0.2209 
0.2280 
0.2091 
0.2487 
0.2497 


981 
595 
574 
395 
315 
349 
176 
131 
113 
115 
117 
86 
48 
50 
1549 
978 
869 
763 
687 
750 
406 
277 
256 
217 
217 
170 
129 
121 
1301 
1054 
919 
767 
766 
778 
496 
363 
385 
336 
349 
255 
193 


0.0317 
0.0475 
0.0317 
0.0594 
0.0317 
0.0317 
0.0317 
0.0317 
0.0317 
0.0317 
0.0198 
0.0198 
0.0317 
0.0396 
0.0238 
0.0198 
0.0238 
0.0158 
0.0238 
0.0158 
0.00792 
0.00594 
0.00594 
0.00792 
0.00792 
0.01190 
0.00594 
0.0792 
0.02176 
0.01474 
0.01123 
0.00878 
0.01123 
0.00632 
0.00562 
0.00316 
0.00421 
0.00246 
0.00351 
0.00702 
0.0176 


3.94 

8.21 
11.2 
10.5 
10.6 
12.6 
14.0 
20.3 
20.0 
23.3 
25.6 
26.8 
20.1 
36.4 

5.82 
12.6 
15.8 
19.1 
21.6 
25.4 
30.1 
40.2 
42.5 
41.2 
44.3 
49.5 
50.6 
82.4 


124.6 
124.1 
124.5 
124.2 
124.6 
124.7 
124.3 
124.1 
124.3 
124.2 
124.7 
124.4 
124.2 
124.8 
124.3 
124.3 
124.3 
123.8 
124.2 
123.9 
124.2 
124.2 
123.7 
124.2 
124.7 
123.8 
124.2 
122.8 
142.9 
142.4 
142.6 
142.4 
142.7 
142.5 
142.4 
141.2 
142.3 
142.3 
142.0 
141.3 
142.3 


4.63 
13.0 
15.8 
18.2 
22.9 
24.9 
34.9 
49.7 
60.4 
60.5 
67.4 
70.4 
71.6 


0.024 
0.025 
0.022 
0.023 
0.025 
0.020 
0.023 
0.025 
0.027 
0.026 
0.032 
0.046 
0.061 








Graphs of the first integrals of the recorder curves 
which give the shapes of the resonance absorption lines 
have been given by Hutchison and Pastor.’ 

Ratios of the spectroscopic splitting factors g for 
different samples were determined by means of an 
experimental procedure which involved reversal of the 
direction of the current through the solenoid, thereby 
cancelling the effect of the earth’s field. With the 
solenoid’s axis aligned parallel or antiparallel to the 
earth’s field, the output of the phase-sensitive detector 
was observed as the current through the solenoid was 
varied. The value of the voltage across the resistor in 
series with the solenoid at which this output passed 
through zero on its way from maximum to minimum 
derivative signal was called E. The ratio of g for one 


sample g, to that of another g, was then given by 


E-~ )) (>of lesl+ Eel), 
Vr v Vr z 


in which the subscripts f and r denote the forward and 
reverse directions of the current in the solenoid. From 
5 to 8 pairs Ey, E, were measured for each of a number 
of samples. The results are summarized in Table IV 
along with the results on other substances and at other 
frequencies. 
The magnetic saturation was investigated in a series 
of measurements in which the maximum magnetic 
derivative signal with variation of field was examined 
as a function of the voltage on the rf coil. The results of 


gu/t—=(v/| Lesl+ 
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TABLE II. Experimental data for Na in liquid NH3. 








2 3 4 5 
Amount 
: alkali 
Sample Concen- metal 
No. tration *105 


M m +105 


Tempera- 
ture Cel- 
sius 


mole |- mole deg 


7 8 9 10 11 12 


Molar 

Modula- Width suscep- 

tance tion ampli- maximum Low field _ tibility 
+1012 tude slope half area 106 
e Hw AHyus ALF 
volt 

gauss 


Capaci- Suscep- 
tibility 
*10° 
Xm* 106 
mole 17! 
cm?’ 


x *10° 


farad gauss gauss 





Nal135 
Nal138 
Na137 
Nal36 
Nal24 
Nal139 
Nal135 
Nal38 
Nal137 
Nal136 
Nal24 
Nal39 
Nal35 
Nal38 
Na137 
Nal36 
Nal124 
Nal39 


0.0558 
0.0563 
0.0784 
0.210 
0.347 
0.982 
0.0521 
0.0526 
0.0732 
0.1962 
0.324 
0.919 
0.0495 
0.0499 
0.0696 
0.1864 
0.3080 
0.873 


4.801 —33.1 
5.273 
8.134 
19.45 
35.65 
104.2 
4.801 
5.273 
8.134 
19.45 
35.65 
104.2 
4.801 
5.273 
8.134 
19.45 
35.65 
104.2 
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0.051 
0.056 
0.052 
0.043 
0.043 
0.030 
0.033 
0.031 
0.030 
0.037 
0.025 
0.025 
0.023 
0.028 
0.032 


0.0355 
0.0393 
0.0448 163 
0.0763 111 
0.0994 77 
0.0876 
0.1086 
0.1242 
0.1856 
0.1922 


215 
217 


124.3 
124.3 
124.3 
124.3 
124.4 
124.2 
124.6 
123.9 
124.0 
124.1 
127.8 
128.2 
128.0 
127.1 
128.6 


0.0198 
0.0198 
0.0198 
0.0198 
0.0139 


0.00594 
0.00594 
0.00792 
0.00594 
0.00594 


0.00351 
0.00351 
0.00351 
0.00351 
0.00351 


12.0 
12.2 
12.8 
23.3 
26.7 
28.1 
32.3 
33.9 
54.2 
49.9 


539 
615 
463 
276 
154 
718 
947 
816 
539 
278 


35.5 
47.3 
56.8 
100.0 
85.6 


0.1196 
0.1722 
0.2248 
0.370 
0.354 








these measurements at room temperature for several 
concentrations of K in liquid NH; are summarized in 
Table V along with data on the width of the resonance 
as a function of coil voltage. 

In order to calculate 7), the spin-lattice relaxation 
time, the maximum magnetic derivative signal at zero 
rf field was calculated by extrapolation of the measure- 
ments at finite fields. The ratio 


» maximum derivative signal 
<— 





maximum derivative signal at zero rf voltage 


was equated to (1+7°H,?71T2)- according to Eq. (17) 
of Bloembergen, Purcell, and Pound.” 7, was then 
calculated from the relation 
Dex i-1 
T,=———__,, 
rH ,?T 2 
in which H,? was obtained from coil geometry and 


circuit constants and T2 is equal to 2/34rAHms. AHs 
is the width at point of maximum slope. 
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” Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 


The 7;’s so calculated varied from 2 to 5 times the 
inverse line width time 7». 

The errors in the determinations of the integrals of 
the recorder curves were essentially all in the intensity 
determinations the measurement of the field making a 
negligible contribution. The measurements of the 
integrals for the solutions of K in NH; were most precise 
in two intermediate concentration ranges from 0.06 M 
to 0.1 M and from 0.2 M to 0.3 M where the errors were 
probably of the order of 3 percent or less. The errors in 
the determinations of relative amounts of tris-p-nitro- 
phenylmethyl in various independently chemically 
analyzed samples was about 2 percent. Three factors 
were responsible for loss of precision in the low, middle, 
and high ranges of concentration of K in NH3. These 
were (a) the fact that x decreased very rapidly in the 
more dilute solutions although xm was increasing 
rapidly and this resulted in very weak signals; (b) 
at the high concentrations although x was large, the 
width was also large and this lowered all the intensities 
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and gave small derivative signals; (c) at the middle 
concentrations the magnetic derivative signals were 
very intense, and in order to avoid overloading the 
calibrator, the derivative signals had to be decreased by 
means of reducing the field modulation amplitudes and 
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this led to errors in the determination of the modu- 
lation amplitudes. The errors in the low, middle, and 
high ranges were probably about 5 percent or 6 percent 
except in the very dilute region where the errors of 
chemical analysis predominated. 
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DISCUSSION. SUSCEPTIBILITIES 


Figures 1-4 summarize the calculations of the para- 
magnetic susceptibilities in static fields from the rf data 
and compare the values so obtained with the suscepti- 
bilities measured in static fields by other workers.?: ? 
The essential features of these curves are the following, 
(a) At all temperatures and for both K and Na the static 
molar magnetic susceptibilities calculated from the rf 
data are relatively small at the higher concentrations 
and increase with decreasing concentration until they 
reach something near the value, N'4,8?/kT in the very 
dilute solutions. In this respect the behavior is similar 
to that observed in static fields.?: * (b) At all concentra- 
tions which were examined the molar magnetic sus- 
ceptibilities increase with increasing temperatures, 
Although presumably at the extremely low concentra- 
tions the reverse would be true the lowest concentra- 
tions which were employed were still above the cross- 
over point. In this respect the behavior is similar to that 
observed in static fields.” * In the present experiments 
the range of temperatures is larger than was the case 
for the static field measurements. (c) At the higher con- 
centrations, for the temperature at which both rf and 
static field data are available (bp of NHs;), the curves 
for the two approach a small approximately constant 
difference, the quantities obtained from the rf measure- 
ments being larger. In the dilute solutions the smooth 
curves which have been drawn visually through the 
points show the static field data for K slightly higher 
and the static field data for Na slightly lower than the 
values from the present research. (The rf curves for K 
and Na are indistinguishable at this temperature.) 
However, this happens only below 0.065 molar, and at 
these low concentrations the possibilities of analytical 
errors affecting all the curves (rf and dc) become much 
more important, and the errors in the recorder curves 
become larger because of the weak signals. The differ- 
ence between the rf curve for Na and K and the dc 
curve for Na is just about constant over almost the 
entire concentration range. (d) The rf curves for K and 
Na are identical at the bp of NH. At 274°K, the Na 
curve is slightly higher than the K curve, and at the 
highest temperature 298°K the Na curve is very much 
higher than the K curve throughout the range from a 
few thousandths to a few tenths molar. 

The attempts to correlate the optical, chemical, 
electrical, thermodynamic, and magnetic properties of 
the solutions of alkali metals in liquid NH; by means of 
a model capable of quantitative analysis have been 
numerous. One model which has received considerable 
attention in recent years has consisted in supposing that 
the metal is dissociated into positive metal ions and 
electrons and that the electrons are trapped in cavities 
in the solvent. Moreover, it has been supposed that the 
electrons may be trapped singly or in pairs in these 
cavities, there being a reversible dissociation of the 
pairs on diluting the solutions. The pairs would pre- 
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MAGNETIC RESONANCE IN SOLUTIONS OF K IN LIQUID NHs 


TABLE III. Experimental data for K in liquid ND3. 
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1 2 3 4 5 6 7 8 9 10 11 12 
Amount Geomet- Molar 
alkali Tempera- trical Capaci- Modula- Width suscep- Suscep- 
Seria Sample Concen- metal ture Cel- factor tance tion ampli- maximum Low field _tibility tibility 
No. No. tration +105 sius +2 -102 tude slope half area -106 -10° 
m +105 2R Cc Hw AHys ALP xm +106 x 10° 
volt mole 171 
mole 171 mole deg farad gauss gauss gauss cm? 
1 K161 0.0329 2.05 29.5 0.0176 0.039 
2 K162 0.0648 2.15 29.2 0.0176 0.035 








sumably be in singlet states and therefore not contribute 
to the paramagnetism of the solutions. Such a model has 
its origins in the work of Kraus, was explicitly discussed 
by Freed and Sugarman? and was elaborated by Ogg.® 
Detailed discussions of the cavity trapping model and 
calculations based on it have been presented by Hill'© 
and quite recently by Lipscomb.!“ Most recently, 
Kaplan and Kittel!“ have discussed the model giving 
particular attention to the spin resonance results. 

One of the questions on which light is shed by results 
of the paramagnetic resonance absorption experiments 
is that concerning the diamagnetism of these solutions. 
The diamagnetism of the electrons in the cavities is an 
effect which is inherent in the cavity model of the 
paramagnetic absorbers and one which cannot be 
measured in static field experiments or rf experiments 


TABLE IV. Spectroscopic splitting factors.* 











1 2 3 4 5 

Concen- 

tration 23 600 -10° 14 -106 7-108 

mole 1-! cycle sec™! cycle sec™! cycle sec™ 
&n/8r cee vee 0.99973 0.99788 +0.00012 
&k/8H eee eee 0.99882 +0.00007 ese 
&k/Sr 0.0036 vee 0.99906 +0.00012 
&k/8r coe 0.99855 +0.00010 eee 
8&k/Sr 0.157 see 0.99909 +0.00006 
&k/&r 0.180 0.99904 +0.00010 
&k/Sr 0.276 eee 0.99906 +0.00006 
8K relT tee tee 2.0008 eee 
8K rel tee tee 2.0013 
8K relP tee 2.0012 cee 
£H relP see 2.0037-—2.00418 
ST relP see 2.0039 








* Depending upon orientation of crystals. 
Column Entries 


1 These are the symbols for the ratios of g factors and for relative 
g's. The symbols have the following meanings: 
&n_ g factor of hydrazyl. 
&r g factor of tris-p-nitropheny]methyl. 
&x_ g factor of K 1n liquid NHs. 
&K rety where Y is H (hydrazyl) or T (tris-p-nitrophenylmethy]) 
(8x /8y) -2.0037. (See references 13, 6, 14.) 
&x relP where X is H (hydrazyl), T (tris-p-nitrophenylmethy]l), 
or K (K in liquid NHs) 
Zelectron .3.0420 -10-3, (See references 15, 16.) 
Yproton 


(Proton and electron resonances were both measured in 
the same field.) 
2 bie we are the concentrations of solutions of K in liquid NH3; unit. 
mole I-, 
These are the values of the corresponding entries in column 1 
measured at a frequency of 23 600-105 cycle sec™. 
These are the values of the corresponding entries in column 1 
measured at a frequency of 14-106 cycle sec™. 
These are the values of the corresponding entries in column 1 
measured at a frequency of 7 -108 cycle sec™}. 


———— 
* Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1950). 


on Pastor, and Kowalsky, J. Chem. Phys. 20, 524 


. H. Taub and P. Kusch, Phys. Rev, 75, 1481 (1949). 
J. Schwinger, Phys. Rev. 73, 416 (1948). 
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taken by themselves. In the static field experiments, 
only the sum of the diamagnetic and paramagnetic 
susceptibilities is measured. The paramagnetic reso- 
nance experiment, as explained previously, gives just 
the paramagnetic part of the susceptibility. Comparison 
of the latter with the static measurements gives the 
diamagnetism associated directly with the paramag- 
netic species. On the basis of the cavity trapping model 
one may then form some opinion concerning the radii 
of the cavities which contain the electrons. 

At the highest concentration for which there are 
available data from both the rf and static field experi- 
ments (~0.5 M) the value of xm from the former is 
55-10-* and from the latter is 29-10-*. At this con- 
centration the pairing of the electrons is nearly com- 
plete, the rf data showing that the pairs are only 
0.035 dissociated. (The temperature in question is 
the bp of NH;.) We may, therefore, calculate the 
mean-square radius for the electron’s distribution in 
the cavities in which the pairs are trapped assuming 
that the diamagnetism of two electrons in a cavity of 
given size is just twice that of a single electron in a 
cavity of the same size. Qualitative calculations have 
shown that a quite large correlation between the 
positions of the two electrons has only a small effect on 
the diamagnetism and the assumption is therefore 
probably quite good. Since e®N 4/6mc?= 2.829- 10!(r") 1y 
we see that the difference in susceptibilities 26-10~* 
corresponds to (r),,=3.0A. If now it is postulated that 
the cavities are spherical boxes and the electrons have 
vanishing probabilities of occurrence outside the boxes, 
it is found that the boxes must have a radius of 5.7A. 
On the other hand, if one imagines the situation which 
must actually exist in which the wave functions pene- 
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TABLE V. Experimental values of saturation factor f and width 
at maximum slope AHys as a function of concentration at room 
temperature for K in liquid NHs3. 











1 2 3 ° 4 6 
Sample Concen- rf Max. Defi. 
No. tration Field Mod. Amp. AHus F i 
mole 17! gauss volt gauss™! gauss 
K57 0.0135 (0.000) (43.5) tee 1.127 
0.010 33.6 0.022 
0.021 25.5 0.027 
K53 0.0138 0.037 18.2 0.028 
0.048 14.8 0.034 
0.080 5.42 0.048 
K73 ~0.02 (0.000) (42.6) tee 1.124 
0.005 37.9 0.021 
0.010 33.7 0.021 
0.021 24.8 0.024 
0.031 18.4 0.031 
0.041 13.2 0.033 
0.062 4.0 0.044 
K8&8 0.152 (0.000) (178.0)* tee 1.094 
0.004 166.0 0.031 
0.010 147.0 0.033 
0.021 116.0 0.034 
0.041 68.8 0.039 
K166 0.380 (0.000) (55.7)® tee 1.016 
0.005 54.8 0.058 
0.010 53.7 0.058 
0.021 50.5 0.059 
0.041 38.9 0.065 
0.062 28.4 0.073 
0.072 22.4 0.078 
0.082 18.1 0.084 








8 By extrapolation. 


trate the dielectric to some distance it will be seen that 
the cavities would be somewhat smaller than this. 

The experimental data on volumes of dilute solutions 
of Na in liquid NH; show an increase in volume of 
71A? per dissolved Na.!“ If this volume is increased by 
amounts necessary to account for the difference in 
volumes of Nat and Na and also to take account of the 
electrostriction caused by the Na* the volume to be 
accounted for by cavities in the NH; is 143A? according 
to Lipscomb.! This leads to 3.2A as the experimental 
cavity radius of the singly trapped electrons. If one 
minimizes the sum of the electron energy and dielectric 
polarization energy of a single electron trapped in a 
box in a dielectric he finds 4?/2me? or 10.3A as the radius 
of the cavity with a single electron, and the size of the 
cavities containing two such electrons would be con- 
siderably larger. However, Lipscomb! has carried out 
a detailed calculation of the size of the cavity containing 
a single electron including the effects of electronic 
polarization of the dielectric, electrostriction energy, 
and surface energy of the cavity and gets about 4.8A 
as the radius. He did not calculate the size of the 
cavities containing two electrons; this problem has been 
discussed by Hill'© but without consideration of all 
the effects which entered into Lipscomb’s calculation. 

In principle it is of course possible from the assump- 
tion of a specific model in which single electrons are 
trapped in cavities of one size and pairs are trapped in 
cavities of another size, to determine the sizes of both 
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by means of a comparison of the static and rf data, 
The slope of the plot of (a) the difference between the 
molar susceptibility calculated from rf data and the 
static molar susceptibility versus (b) the ratio of the rf 
molar susceptibility to Nx8?/kT is just N ye?/6mce? times 
the difference between the mean-square radii of the two 
different cavities. Unfortunately, however, the static 
field data in the region from 0.1 M to 0.5 M are not 
sufficiently numerous to fix the curve of susceptibility 
versus concentration with sufficient precision for any 
meaningful comparison with the rf data. It is clear that 
if the single traps and double traps are of the same size, 
then the difference between the susceptibilities calcu- 
lated from rf data and the static molar susceptibilities 
should be constant over the entire range of concentra- 
tions which have been investigated. This is just about 
the case for the difference between the rf data on Na 
or K.and the static data on Na, the latter being avail- 
able over a much wider range of concentrations than 
are the static K data. However the Na static data are 
apparently less precise than the corresponding data 
on K. 

It may be said that the value for the size of the 
cavities in which pairs are trapped, (r*)s?=3.0A, as 
determined from comparison of the rf and static field 
susceptibility data are in reasonably good agreement 
with Lipscomb’s calculated value 4.84! for the radius 
of the cavities containing single electrons assuming no 
penetration of the dielectric or with the experimental 
value 3.2A for the radius of these cavities as determined 
from measurements of volume changes. 

The question of the manner in which the suscepti- 
bility should vary with concentration is one which has 
been examined in detail by Hill'© and very recently by 
Kaplan and Kittel.'!© Hill'® has considered _ the 
transition from trapped pairs to trapped single electrons 
to be a simple dissociation equilibrium and has given 
both a classical and a quantum-mechanical discussion 
of the manner in which the extent of dissociation 
and hence the magnetic susceptibility should vary 
with concentration. Hill'©® evaluated the interaction 
energy for two electrons in a cavity using first order 
perturbation theory, and was led to the conclusion 
that the energy of trapped pairs was greater than the 
energy of trapped single electrons. He pointed out, 
however, that treating the species involved as ideal 
classical gases the extent of dissociation would stil 
increase with temperature. It should also be remarked 
that he neglected the surface energy and electro- 
striction effects which were considered by Lipscomb.' 
He then made a calculation using Bose-Einsteil 
statistics for the pairs and Fermi-Dirac statistics for 
the single electrons and found that at a temperature 
equal to 220°K, a concentration equal to 0.1 M anda 
ratio of the energy of trapped pair to twice that ofa 
singly trapped electron equal to 4, that 0.28 of the 
trapped electrons are singly trapped and_ the 
remainder are held as pairs. The rf value of xmk7'/N nb 
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MAGNETIC RESONANCE IN SOLUTIONS OF K IN LIQUID NH; 


TaBLE VI. Experimental values of degree of dissociation a; a times the square root of concentration, aM?; and one half the square 


f data 
root of the equilibrium constant for the reaction e.~=2¢-, aM*/(1—a)*, as functions of concentration and temperature. 





























en the 
grt 1 2 3 4 5 6 7 8 att 10 11 
2 times a aM+ (1—a)# 
4 Concen 
he two F tration 240°K 274°K 298°K 240°K 274°K 298°K 240°K 274°K 298°K m 
Beye d mole molet mole! molet molet molet mole! i 
‘ibility 0.002 0.822 0.953 0.968 0.0367 0.0426 += 0.0433» (0,0970 (0.195 0.243 0.101 
0.006 0.616 0.858 0.905 0.0477 0.0665 0.0701 0.0760 0.176 0.228 0.120 
or any 0.012 0.455 0.735 0.816 0.0498 0.0805 0.0893 0.0675 0.156 0.208 0.122 
ar that 0.020 0.331 0.620 0.709 0.0469 0.0877 0.1003 0.0573 0.142 0.186 0.129 
an dak 0.028 0.255 0.541 0.630 0.0426 0.0905 0.106 0.0494 0.134 0.174 0.138 
‘ 0.036 0.205 0.483 0.573 0.0388 0.0915 0.109 0.0435 0.127 0.166 0.147 
calcu- 0.045 0.168 0.431 0.517 0.0357 0.0913 «0.110 0.0391 0.121 0.158 0.154 
bilities 0.060 0.134 0.364 0.446 0.0327 0.0891 0.109 0.0351 0.112 0.147 0.158 
ent 0.080 0.112 0.305 0.390 0.0317 0.0862 0.110 0.0337 0.103 0.141 0.156 
-entra- 0.100 0.0979 0.258 0.359 wie ne sbi wa ae ier vb 
about 0.120 0.0883 0.229 0.328 0.0306 0.0793 0.114 0.0320 0.0903 0.139 0.167 
on Na 0.160 0.0768 0.186 0.281 0.0307 0.0743 — 0.113 0.0319 0.0824 0.133 0.153 
; 0.200 0.0697 0.155 0.246 0.0312 0.0693 0.110 0.0324 0.0754 0.127 0.146 
"avail: 0.300 0.0544 0.113 0.188 0.0298 0.0621 0.103 0.0306 0.0659 0.115 0.140 
s than 0.400 0.0435 0.0928 0.157 0.0275 0.0587 0.100 0.0281 0.0617 0.108 0.142 
ita are 0.500 0.0352 0.0848 0.143 0.0249 0.0600 0.101 0.0254 0.0627 0.109 0.137 
x data 
of the | is (extrapolating the data to 220°K from the plots of metal atoms. Since at all concentrations investigated in 
0A, as — dinfaM?/(1—a)*]/dt versus 1/T mentioned below) _ the present rf work e’”/*?>>1 we may write 
ic field — found to be 0.063 which is considerably lower than 
: : : P 2-2w/kT) / (1 —q)-~~?) 
‘ement f Hill’s estimate. On the other hand, Hill finds that if the (1--a%e!*?)/(1—a)~2N/n. (2) 
radius energy ratio be taken as 1 /1.4 instead of 4 the fraction From the lowest concentrations up to somewhat higher 
ing no | of the electrons that are singly trapped is 0.14 which than 0.5 M it is true that a%e”/#7>>1 and with error no 
mental is considerably closer to the observed value. At 300°K greater than 10 percent over this range one may write 
‘mined | for the first choice of the energy ratio Hill gets 0.36 as 
the fraction dissociated and the rf experiments give atevlt?/(1—a)~2N/n. (3) 
scepti- | 0.36 for this fraction. The smaller value of the energy —e , : 
ch has | ratio would give a much smaller fraction. For a solution This is just the expression, as far as concentration 
tly by | with concentration 0.2 M but with other conditions dependence is concerned, that would result from the 
d the | the same as in the first case Hill gets 0.16 dissociation COMSideration of a simple dissociation equilibrium 
trons | and the experimental results are about 0.05. The between doubly and singly trapped electrons, i.e., 
given - classical calculation for the first set of conditions gives eM /(1—a)=constant 
ussion [0.42 as the fraction of electrons singly trapped which is 
ciation in much worse disagreement with the rf data than is the in which M is the concentration and a is the fraction 
| vary | other calculation. The value 1/1.4 for the energy ratio dissociated which in the present case on the basis of the 
‘action used above corresponds to 0.14 ev for the difference cavity, trapping model is just xmkT/Nx’. The con- 
order [| between 4 the energy of a trapped pair and the energy of _ stancy of this product is examined in Table VI. Kaplan 
‘lusion fF 4 singly trapped electron. This is in quite good agree- and Kittel'© have in their paper chosen to discuss 
an the f Ment with the value of this energy calculated from the their model in terms of a still further approximation 
1 out, f temperature dependence of the rf data as discussed a1 which is seen from Table VI to be good to within 
, ideal F below. 10 percent only down to 0.1 M. The constancy of 
d still Kaplan and Kittel! have proposed a detailed model aM} is examined in Table VI. It will be seen that this 
rarked for which minimization of the free energy leads to the last approximation gives considerably better agreement 
lectro- F €Xpression than does the better approximation mentioned above. 
d) . . 
nb." [1t-a2(e/*?—1)]/(1-a)=2N/n, (1) It is to be noted that at the bp of NH; the static 
instil Bo magnetic susceptibilities calculated from rf data are 
ics for Fm which a is the ratio of xm as determined in the rf indistinguishable for K and Na within the errors of 
rature fF €xperiments to the free electron spin susceptibility, the experiments in the range of concentration investi- 
anda f hamely NV, 6°/kT; 2W is the difference in energy gated. This fact is, of course, in agreement with the 
t ofa f between a pair of trapped electrons and two singly _ predictions of all of the models that have been discussed 
of the trapped electrons; NV is the total available number of inasmuch as they assume the metal to be completely 


| the 
/Nub 





trapping sites, and m is the total number of trapped 
electrons, i.e, the total number of dissolved alkali 


dissociated into positive ions and trapped electrons 
and the magnitude of the paramagnetism is determined 
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only by the extent of the electron pairing. Thus, the 
positive ions play no role in determining the magneti- 
zation. It will be seen, however, from Tables I and II 
and Figs. 1 and 2 that as the temperature is raised, a 
difference between the Na and K appears which 
increases with temperature. At 0.100 M the suscepti- 
bility of Na is about 15 percent greater than that of K 
at 274°K and about 50 percent at 298°K. Apparently 
some effect of the alkali metal ions on the relative 
numbers of singly and doubly trapped electrons must 
be taken into consideration. Whether Debye-Huckel 
type interactions would be sufficient to account for 
these pronounced effects or whether it would be 
necessary to introduce the idea of electrons trapped on 
positive metal ions to form metal atoms, and in equi- 
librium with singly and doubly trapped electrons, is 
not clear. 

The variation of the susceptibility with temperature 
is of interest in the examination of any of the models. 
The Hill!© relation requires that 





a’M 
din /at=dink/aT= 1/T (3+2W/kT), 
—a 


1 


whereas Kaplan and Kittel! speak only of the ex- 
ponential term in T and one would write in this case 
for the approximation (3) the expression 


d |n 





ae&M 
/ dT =2W/kT?. 
1—a 


Plots of loglaM?!/(1—a)!T?] versus 1/T and loglaM?/ 
(1—a)!] versus 1/T gave only slightly curved lines over 
the range of three temperatures and the slopes were 
about the same in either case and varied very little with 
concentration. The values of W calculated from the 
plots of loglaM+/(1—a)!] versus 1/T are given in 
Table VI. The values for $ the dissociation energy of 
pairs to form singly trapped electrons according to 
these plots range from 0.10 ev at the lowest con- 
centrations to a maximum of about 0.17 ev at about 
0.1M and then drop to slightly lower values at the 
higher concentrations. The plots of loglaM}/(1—a)!T*] 
versus 1/T gave values of W which were essentially the 
same as those in Table VI. 


SPECTROSCOPIC SPLITTING FACTORS 


Three important observations concerning the spectro- 
scopic splitting factors or g’s for K are that (a) they 
are independent of concentration in the vicinity of 
7-10°® cycle sec!; (b) they are the same at the fre- 
quencies 23 500-10°® cycle sec~! and 7-10® cycle sect 
if the g’s of the standard comparison substances are 
not different at these two frequencies; and (c) they 
have the value 2.0012+0.0002. The fact that they are 
independent of concentration over a rather wide range 
is indicative of the fact that the electron is bound in the 
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same manner at all concentrations. The value of the g 
is about 0.0011 lower than the free electron value 2.0023. 
As has been indicated by Kaplan and Kittel'©) this 
is compatible with binding on the protons of the NH, 
molecules surrounding the cavity in analogy with the 
binding that has been found by magnetic resonance 
experiment to exist for the electrons trapped in vacan- 
cies in alkali halide crystals to form F centers,!78 
The Bloch-Siegert! effect which results in a shift of 
the center of resonance by the factor 


1—[(2H1)*/16Ho? ]=1—1.6- 10-7 


is too small to be of importance in this connection. 


WIDTHS 


One of the most striking features of this resonance is 
its extreme sharpness. There is evidently an extra- 
ordinarily large narrowing associated with exchange 
effects and with the great mobility of the electrons in 
these solutions. Abrahams and Kittel” find that for 


‘spins per cm? distributed randomly on a simple cubic 


lattice the dipole-dipole width should be about m,-10- 
gauss. This would give as the width 4.3 gauss at 0.5 M, 
2.16 gauss at 0.1 M and 0.84 gauss at 0.02 M which 
makes it clear that the narrowing is very large. Kaplan 
and Kittel’ discuss the effect of the rapid diffusion 
of the singly trapped electrons on the dipole-dipole 
width using the methods of Bloembergen, Purcell, and 
Pound” and find that below 0.1 M the diffusion narrowed 
dipole-dipole broadening is very small compared with 
the observed widths, but that such broadening might 
be responsible for the increased widths at the higher 
concentrations. 

It has been seen that the spin-lattice relaxation time 
T, is of such a magnitude that it is not more than 2 to3 
times greater than the inverse line width time 7: 
Kaplan and Kittel'© have considered the problem of 
the broadening caused by nuclear hyperfine structure 
which has proved to be very important in the case of 
the electrons trapped in vacancies in the alkali halides.” 
Motional narrowing must be considered here also and 
the conclusion reached is that the broadening for 
electrons trapped on the protons surrounding the 
cavity might be expected to be of order 10 gauss for4 
rigid structure. However, Kaplan and Kittel!) estimate 
that the rotational relaxation fluctuations might narrow 
the line to 0.03 gauss at the bp of NH3. This is not too 
far from the observed widths. They also estimate that 


the characteristic frequency w, of the fluctuations 5 f 
about 10" radian sec. Since in the present expert f 
ments w is approximately 4-107 radian sec™, it is cleat f 
that wr<«1. Bloembergen, Pound, and Purcell’ have F 


7 A. H. Kahn and C. Kittel, Phys, Rev. 89, 315 (1953). 

18C, A. Hutchison, Jr. and G. A. Noble, Phys. Rev. 87, 112 
(1952). 

19 F, Bloch and A. Siegert, Phys. Rev. 57, 522 (1940). 

” C. Kittel and E. Abrahams, Phys. Rev. 90, 171 (1953). 

21 Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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shown that when this condition obtains one would 
expect that iT». This is seen to be in agreement with 
the present experimental observation that for K in liquid 
NH; 7; is not much larger than 7>. 

It should be pointed out that the variation of the 
width at infinite dilution would be expected to vary 
with temperature inversely as the ratio of the tempera- 
ture to the viscosity. This relation will be seen to be 
nearly quantitatively obeyed for the three temperatures 
which were investigated. 

It should also be remarked that the rapid rise of the 
widths at the higher concentrations may perhaps be 
associated with the increasing electrical conductivity. 
Actually the very rapid rise begins at each temperature 
at just the concentration at which the skin depth is 
about 1 cm and this is the order of the linear dimensions 
of the samples. 

The preliminary data on solutions of K in ND; gave 
at two concentrations widths which are considerably 
greater than those for K in NH;. Two effects at least 
are to be considered. One is that the deuteron nuclear 
magnetic moment is much smaller than that of the 
proton, and we might therefore expect somewhat 
sharper absorptions because of residual effects of the 
nuclear hyperfine structure which are not washed out 
by the motional processes mentioned above. The other 
is that the zero-point vibrational frequency of the 
deuterons is very much less than that of the protons 
and that the inversion frequency of ND; is very much 
less than that of NH; and these effects might result in 
considerably less motional narrowing and thus lead to 
broader lines. Actually the interpretation of the 
experimental results is very much beclouded by the 
fact that the viscosity of ND; is unknown and in 
particular the viscosities of solutions of K in ND; must 
be measured before an interpretation of the results can 
be given. In any event there is probably no marked 
narrowing of the line at comparable viscosities and the 
two effects on the width probably cancel each other 
to a considerable extent. 

The change of width with rf coil voltage begins only 
at voltages considerably higher than that employed in 
the determination of the rf susceptibilities. In the case 
of a resonance as sharp as that of the alkali metals in 
liquid NH; one must consider the Rabi width associated 
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with the flipping of. the spin by the perturbing rf 
magnetic field. For very small rf fields such as were 
used in these experiments the Rabi width is just 
v2-rms rf field strength or for the conditions of the 
present experiments 0.147-rms coil voltage. The 
operating coil voltage was 0.05 volt so that the Rabi 
width was about 0.006 gauss. This is not less by a very 
great factor than the width of the narrowest resonances, 
namely 0.020 gauss. 


SHAPES 


The shapes of the resonances are very close to Lorentz- 
ians and deviate greatly from the Gaussians.’ For 
absorptions down to 0.2 to 0.1 of the maximum the 
Lorentzian curve is followed closely and then at lower 
absorptions the experimental curve drops appreciably 
below the Lorentzian. This is in agreement with the 
theory of Anderson and Weiss.” 


SATURATION 


The spin-lattice relaxation times determined by the 
method of Bloembergen, Purcell, and Pound” from the 
variation of the output voltage of the phase-sensitive 
detector with rf coil voltage are several times as large 
as the times corresponding to the widths of the absorp- 
tion lines. The fact that these determinations give 
relaxation times of the same order of magnitude as the 
inverse line width times indicates that the spin-lattice 
relaxation may make a considerable contribution to the 
observed widths. No calculations of spin-lattice relaxa- 
tion times on the basis of the cavity trapping model 
have been made. 
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It is shown that the theoretical equation for the ratio of the rate constants of isotopic molecules is essen- 
tially independent of whether the crossing of the barrier is treated as a translation or a vibration. The tem- 


perature independent factor in this equation is evaluated for the case of substitution or displacement reac- 


tions. Calculations are presented for several cases involving the isotopes of carbon where there is simul- 


taneous bond rupture and bond formation. 








INTRODUCTION 


N a previous publication by one of us! (hereinafter 
referred to as BI) a general expression was derived 
for the relative rates of reaction of isotopic molecules. 
The basis for the derivation is the transition state 
hypothesis. If one neglects the effect of isotopic substi- 
tution on the transmission coefficient, K, the equation 
for the ratio of the specific rate constants, 


ki/ko2= (Ki/K2) (m2*/m,*)*(f/f*) (1) 


consists of a temperature independent factor, 
S(m2*/m,*)', and a temperature dependent one, 
(1/.S) (f/f). S is a classical statistical factor, and the 
other symbols have been previously defined in BI. 

In the applications of Eq. (1) to specific systems,’ 
the ratio (m:*/m,*)! has usually been evaluated by the 
consideration of simple bond rupture or bond formation 
processes. The method of evaluation, furthermore, 
utilizes a correspondence pointed out by Slater’ be- 
tween the “effective mass” in the transition state 
formalism and the mass coefficient associated with the 
Pelzer-Slater reaction coordinate in the kinetic energy 
expression. Since many reactions, such as substitution 
and displacement, involve simultaneous bond formation 
and rupture, we have investigated the form of the 
“effective mass” term for such reactions. We also con- 
sider it appropriate to state explicitly the relationship 
between Eq. (1) and essentially similar equations which 
are derivable with different assumptions. 


THE CROSSING OF THE BARRIER 


In addition to the usual assumptions of the transition 
state hypothesis, Eq. (1) results from the treatment of 
the crossing of the barrier as a translation while the 
partition function corresponding to this motion is 
treated as a vibration. This apparent inconsistency, 
which is not unique in this application, can be shown 
to be of little consequence in the present case. The prin- 
cipal reason for this is simply that the usual potential 
surfaces lead to a low imaginary frequency, which then 


* Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. Bigeleisen, J. Chem. Phys. 17, 675 (1949). 

2 For a recent summary see J. Bigeleisen, J. Phys. Chem. 56, 
823 (1952). 

3N. B. Slater, Proc. Roy. Soc. (London) A194, 112 (1948). 
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behaves like a translation. If we treat both the motion 
across the barrier‘ and its associated partition function 
as a vibration, then the method discussed in BI leads to 


ki/ko= (Ki/Ke) (v1/¥2:) (f/f), (2) 


where »; is the imaginary frequency obtained from the 
solution of the secular equation. If the “effective mass” 
is defined as the mass coefficient of v;, Eqs. (1) and (2) 
are identical. 

We may alternately treat both the motion across the 
barrier and its associated partition function as a trans- 
lation. In this case it is convenient to start with the 
Eyring equation® 





kT 
a, (3) 
h QaQp: ne 


where Q4, Qa, etc., are the complete partition functions 
of the reactants and Q’”, the partition function of the 
activated complex, includes translations, rotations and 
3n—7 real vibrations but excludes the motion across 
the barrier. 

If we limit the potential functions of the reactants 
and the activated complex to quadratic terms, then for 
isotopic substitution one obtains from Eq. (3) by the 
method of BI 



















ki/k2= (Ki/Ke) (v1;/ v2) f/ fr, (4) 
where 
fr*=S7/S¥* TL oa tent, 5) 
= esi ; 9 
. does Mj* (1—e-“*”) 






If, in the evaluation of Eq. (3), one utilizes the Pelzer® 
Slater® treatment of the transition state vibrations, 4 
result similar to (4) is obtained but the significance 0! 
the terms is altered. 

The Pelzer-Slater potential takes the form 










V=Votdbie2t+ 3 LL bins, (6) 


i,j*1 






where the b’s are force constants, x; and «x; are internal 






4See Glasstone Laidler, and Eyring, The Theory of Rate Pro 
esses. (McGraw-Hill Book Company, Inc., New York, 194!) 
p. 189. 

5H. Eyring, J. Chem. Phys. 3, 107 (1935). 

6H. Pelzer, Z. Elektrochem. 39, 608 (1933). 
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RELATIVE RATES OF ISOTOPIC REACTIONS 


coordinates not involving motion across the barrier, 
and wz, is the coordinate for crossing of the barrier. 
Solution of the secular equation at a fixed value of x, 
with this potential leads to 3n—7 solutions, w,*”’s, 
which are not quite normal vibrations in the usual sense 
and involve no motion along the reaction coordinate.’ 
The Pelzer-Slater method, together with Eq. (3), and 
the method outlined in BI leads to 


ki/ko= (Ki/K2) (vit/ver) f/ fi* (7) 


for the ratio of the rate constants of isotopic molecules. 
f:* is similar to fy except that the normal frequencies 
used in fy~ are replaced by the w~’s discussed above. 
y, is the ratio of the 3n—6 normal vibrations, obtained 
by allowing x, to vary, to the 3n—7w~’s obtained at a 
fixed xz. Alternately v, is the frequency obtained when 
all the coordinates, «;, except +z are constrained to a 
fixed value. Both Eqs. (4) and (7) differ formally from 
Eqs. (1) or (2) by a factor of 


x —u¥ 
V2 4, L Gi—o* 2) 
i/( ehu™; Li = ). 
Vi, (1—e-" 9, 1) 
For an imaginary frequency where 1;,, is less than 31, 
this factor becomes 





1 
{1-+— (wea 1 — Je 2). 
24 


This is just equal to the Wigner tunnelling correction, 
and it might be argued that Eqs. (1) and (2) contain a 
quantum correction for the crossing of the barrier. 


_ This quantum correction is negligible except in the 


case of the isotopes of hydrogen. In the latter case the 
Wigner tunnelling correction may be inadequate per se. 
These considerations serve to establish the essential 


_ equivalence of the different methods of approach, but 


point out an intrinsic difference between the Pelzer- 
Slater coordinates and the usual normal coordinates. 


THREE CENTER REACTIONS 
Consider three atoms A, B, and C, involved in a 


' chemical reaction, which breaks a bond between atoms 


Band C and forms the 4—B bond. Since the reaction 
coordinate, wz, increases monotonically as the reaction 
proceeds, it may be written by the extension of a 


_ method developed by Slater? for simple bond rupture, 


*r=a|tp—tc|—B|re—ra| (8) 




















Fic. 1. Plot of the ratio (ki/ke—1)pep/(ki/ke—1) peo as a 
function of p or 1/p: The curves are for the following cases: 


(1) mp=mc=12, ma=1, mg =14 

(2) ma=mp=mc=12, mp =14 

(3) mp=mc=12<Kma, mp =14 

(4) mp=mc=12, ma=1, me: =13, 14 


(5) intramolecular isotope effect ma=mg=mc=12, ma-=mc: 


? 


(6) intramolecular isotope effect mg>ma=mc=12, ma:=mc: 


where rg—frc and rg—ra are the separation of B and C 
and B and A, respectively, and 8/a determines the rela- 
tive amount of bond formation between A and B to 
bond extension between B and C. Then irrespective of 
the nature of the other coordinates, the reaction coordi- 
nate, x 1, leads to a frequency, vz, which depends on the 
masses of A, B, and C alone. 


vrata’ (mp + mo )+ 68? (mp + m,~") — 2a8m p} i, (9) 


For simultaneous bond rupture and bond formation 
Eq. (7) therefore takes the form 


(max '+mer)+p(mar!+mar')—2p mer |? 


ki/k2= K1/Ke 


(10) 





where p=(/a?, The method can analogously be ex- 
tended to systems of greater complexity. 


When # is equal to zero, Eq. (9) reduces to the simple 


| Case i i 
‘ase of bond rupture, while, when 1/f is equal to zero, 


go et teference 3 and N. B. Slater, Proc. Leeds Philosophical 
oc. 5, 75 (1949), 


(mes +mes)+ p(mas'!+maz)—2p maz! 





it becomes the combination of two atoms, molecules, 
or radicals. The case of p equal to unity is of interest 
for this involves no motion of the atom B. vz will, 
therefore, show no effect on isotopic substitution for 
atom B when equals unity. 

In Fig. 1 we present a graph of the ratio (v1z/vor~') pep/ 
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(v11/v2r~") po for some of the most important cases in- 
volving the isotopes of carbon. It is interesting to note 
that the ratio (v11/v21) p_p/ (v12~'/v2r-}) po is practically 
the same for C and C* substitution for C”, and, 
therefore, the consideration of three atom systems will 
in no way affect the relative isotope effects of C and 
C. Also of significance is the fact that in all cases, 
except for the intramolecular isotope effect shown as 
curve 5, the curves fall off rather steeply from p=0 
or 1/p=0. : 

Some of the reactions which have been studied re- 
cently for carbon, nitrogen, and oxygen isotope effects 
which might be considered as a three center reaction 
are the decarboxylation of malonic and mesitoic acids, 
the deammonation of phthalamide, and the decomposi- 
tion of ammonium nitrate. The decarboxylation stud- 
ies are in agreement with calculations based on simple 
C—C bond rupture and, therefore, correspond closely 
to p equal to zero. This is also the case in the deammona- 
tion of phthalamide and has previously been discussed 
on this basis.? In the case of the decomposition of am- 
monium nitrate, Friedman and Bigeleisen” give two 
theoretical calculations for the kinetic fractionation 
of O'8 between N2O and H;0O in the decomposition of 
ammonium nitrate. The fractionation factor of 1.034 
corresponds to p equal to zero, while the one 1.026 cor- 
responds to p equal to 0.012. The experimental frac- 
tionation factor of 1.023 corresponds to p equal to 
0.021. In essence their calculations show that p is very 
close to zero. The steep dependence of &;/k2 on p in this 
case makes the theoretical fractionation factor a sharp 
function of p. Precise agreement between an a priori 
model and experiment is, therefore, not to be expected. 
There is, however, little difference in the motion de- 
scribed by p=0.012 and p=0.021. 

8 See reference 2 for references to the literature on these studies. 

9 J. Bigeleisen, Can. J. Chem. 30, 443 (1952). 


10. Friedman and J. Bigeleisen, J. Chem. Phys. 18, 1325 
(1950). 
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The reaction coordinate parameter, p!, which de. 
termines the relative amount of bond formation to bond 
rupture is by definition independent of the masses of 
the adjoining atoms A, B, and C. A similar ratio can 
also be calculated from the normal coordinate corre- 
sponding to the imaginary frequency, v;, in the conven- 
tional manner. In the latter method the normal coordi- 
nate changes with isotopic substitution, and therefore 
the ratio of the amount of bond formation to bond rup- 
ture also varies with isotopic substitution. This is, 
therefore, an inherent difference in the two methods, 
which is, however, of little consequence. A comparison 
of the two methods can readily be made for the extreme 
case of the reactions of the isotopic hydrogen atoms and 
molecules. The potential energy surface of Eyring and 
Polanyi," as well as subsequent ones, gives a large value 
for p (about 75) at the activation point. If we inter- 
compare the relative values of vz, calculated from Eq, 
(9), with those of »;, from the potential surfaces of 
Hirschfelder, Eyring and Topley® or Farkas and 
Wigner," good agreement is found between the v's 
and the »,’s irrespective of whether # is kept constant in 
accord with definition or is varied to coincide with the 
normal coordinate corresponding to the v; of each iso- 
topic reaction. A similar result is obtained for the reac- 
tions of halogen atoms with the isotopic hydrogen 
molecules. In view of the insensitivity of vz to possible 
variations of p which might result from a change in the 
normal modes by isotopic substitution, as well as the 
fact that the assumption of harmonic motion is clearly 
a crude one, the definition of p as independent of iso- 
topic substitution appears to be a fairly good ap- 
proximation. 


1H, Eyring and M. Polanyi, Z. physik. Chem. B12, 279 (1931). 

12 Hirschfelder, Eyring, and. Topley, J. Chem. Phys. 4, 170 
(1936). 

13 L. Farkas and E. Wigner, Trans. Faraday Soc. 32, 708 (1936). 
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The body-centered and face-centered cubic monatomic metals are represented by a model consisting of 
an ion point lattice embedded in an electron gas. The Born-von K4rman lattice dynamics are modified to 
include the role which the conduction electrons play in acoustical wave motion. This leads to relations 
connecting the dynamic parameters with the elastic constants, and yields the Fuchs relations in an ele- 
mentary manner. The discrepancy in the Cauchy relation is shown to be just the bulk modulus of the elec- 


tron gas. 


In studying the contribution of the conduction electrons to the thermal motion, two extreme cases are 
treated: 1.—the electron gas does not partake of the thermal motion appreciably; 2.—the electron gas 
follows the ion motion almost exactly. The secular equations are given for both cases. The Debye charac- 
teristic temperature in the T* region of atomic heat is computed analytically for both cases when the depar- 
ture of the elastic constants from the isotropy condition is not too large. 





I, INTRODUCTION 


HE Born-von Karman theory of lattice dynamics! 

was revived by Blackman’ in 1935, some twenty- 
three years after its inception. The simplicity of the 
rival Debye theory as well as its immediate success in 
representing early data distracted attention from the 
more complicated treatment of Born and von Karman. 
But as more and more low-temperature calorimetric 
data became available during the period 1912-1935, 
it became apparent that the Debye theory could not be 
made to fit the experimental data adequately. One 
sensitive way to demonstrate how well the data fit the 
Debye theory is to compute the Debye characteristic 
temperature © for each value of the atomic heat at 
constant volume, Cy, and plot © versus the temperature 
l. If the Debye theory satisfactorily represents the data, 
the result is a straight line parallel to the T axis indi- 
cating a constant @. It became important to know 
whether the observed deviations from constant 9 


» should all be sought in special phenomena, or whether 


some deviation was to be expected from the simple 
fact that the Debye theory is not completely adequate 
to account for the contribution of the lattice vibrations. 
Thus, Blackman? made some computations for a two- 
dimensional square lattice using the Born-von Karman 
theory and showed qualitatively that deviations from 
®=constant could be expected from lattice theory 
alone. These computations were later supported by the 
exact solutions of the two-dimensional square lattice 


_ by Montroll* and by Bowers and Rosenstock.‘ 


Calculations of the vibration spectrum and atomic 


| heat of actual crystals have been hampered in the past 


by the great labor required to obtain numerical solu- 


| “ons. Furthermore, since comparison between theory 
se 


'M. Born and Th. v. Karman, Physik. Z. 13, 297 (1912); 


Physik. Z. 14, 15 (1913). 


. M. Blackman, Proc. Roy. Soc. (London) A148, 365, 385 (1935) ; 
TOC. Roy. Soc. (London) A149, 117, 126 (1935). 

E. W. Montroll, J. Chem. Phys. 15, 575 (1947). 

A. Bowers and H. B. Rosenstock, J. Chem. Phys. 18, 1056 


(1950), 


and experiment can be made most sensitively at low 
temperatures, accurate experimental data on the elastic 
constants and atomic heats at low temperatures are 
required. It seems that these difficulties are on the verge 
of being surmounted. Computing machines capable of 
making the numerical calculations now exist. The 
elastic constants of solids have been measured at low 
temperatures by ultrasonic pulse techniques to an 
accuracy of a few tenths of a percent.*:® Also, it now 
appears that sufficiently accurate calorimetric data near 
0°K may be obtained to give quantitative comparison 
with the theoretical results.”:* Consequently, it is the 
purpose of this article to re-examine the present position 
of the Born-von Karman theory when applied to the 
cubic metallic elements. 

It is customary to consider interactions between 
nearest neighbors and next-nearest neighbors of a 
lattice. The effect of the more distant neighbors is sup- 
posed to be negligible due to screening by the closer 
neighbors. The atoms are assumed to vibrate under 
Hooke’s law forces. If we denote the Hooke’s constant 
between nearest neighbors by a and between next- 
nearest neighbors by y, then the result is a two-constant 
theory involving a and y. For cubic crystals there are 
three independent elastic constants, ¢i1, C12, and C44, 
from which a and y must be determined. This means 
that there must be an additional relation between the 
three elastic constants in order that the two constants 
a and y be uniquely determined by the three. If central 
forces are the only type present, it can be shown that 
the Cauchy relation, ciz=c4s, must follow. Thus, it 
may appear that the constants, ¢i1, C12, and C44, to- 
gether with the Cauchy relation constitute two inde- 
pendent quantities. Unfortunately for this pleasant 
situation, the results of experiment show that the 
Cauchy relation does not generally hold for metals. 


5 W. C. Overton, Jr., J. Chem. Phys. 18, 113 (1950). 

6 W. C. Overton and R. T. Swim, Phys. Rev. 84, 758 (1951). 
( 983) Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
1952). 

8 J. R. Clement and E. H. Quinnell, Phys. Rev. 85, 502 (1952). 
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Fuchs? has attributed the failure of the Cauchy relation 
to the presence of the conduction electrons. According 
to Fuchs, the electron gas would contribute to those 
combinations of elastic constants involved in volume 
changes but not in shearing strains. Thus, if cy, ci2, and 
C44 are the measured elastic constants of the metal and 
C11’, Cio’, and c44’ are those for the ion lattice alone, 
Fuchs finds that 

(1) 


C1u— Ci C11’ — C19" 
(2) 


The Born-von Karman theory has been applied to 
the body-centered lattice by Fine and to the face- 
centered cubic lattice by Leighton." Fine did not make 
use of Fuchs’ relation; he avoided the issue by limiting 
his treatment to tungsten for which the isotropy condi- 
tion ¢44= (¢11—C¢i2)/2 seems to hold. Thus, he already 
had a two-constant theory. However, since the Cauchy 
relation is not obeyed for tungsten, one is not justified 
in ignoring the electron gas. Leighton took account of 
electron gas with the following argument. ‘Fuchs’ 
result (Eqs. (1) and (2)) was used in the evaluation of 
the atomic constants a and y, because the Born-von 
Karman boundary condition, which was used in the 
derivation of the secular determinant, requires that the 
volume of the crystal remain constant so that the con- 
duction electrons have no effect upon the motion of the 
lattice.” Against this, one could counter with the argu- 
ment that a standing compression (longitudinal) wave 
can be imagined in which there are periodic compres- 
sions and rarefactions along the wave without the total 
volume of the solid being affected. 

In this paper, we consider as a model of a monatomic 
metallic crystal, a body-centered or face-centered cubic 
ion point lattice embedded in an electron gas. The ion 
point lattice is the customary Born-von Karman type 
in which nearest and next-nearest neighbors interact. 
The electron gas is assumed to be a continuum possess- 
ing a bulk modulus K, but no shear modulus. When 
acoustical measuring waves (wavelengths of the order 
of millimeters) pass through the combination of point 
lattice and electron gas, the conduction electrons are 
assumed to follow the motion of the ions in order that 
no large space charge develop. This requires the gas to 
undergo the same volume changes which the ion lattice 
experiences. When considering the much shorter thermal 
waves which occur in the metal, even in the 7* region 
of atomic heat, we assume that the electron gas must 
again follow the motion of the ion lattice on the average 
in order that no large space charge develop (Bethe”). 
However, the electron gas may not keep in exact phase 
with the ion motion. For simplicity in the analysis of 


and 
, 
C44 C44. 


®K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1935); Proc. 
Roy. Soc. (London) A157, 444 (1936). 

1 P, C. Fine, Phys. Rev. 56, 355 (1939). 

1 R, B. Leighton, Revs. Modern Phys. 20, 165 (1948). 

2A. S. Sommerfeld and H. Bethe, Handbuch der Physik 24.2, 
333 (Verlag. Julius Springer, Berlin, 1933), middle of p. 506. 
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the lattice vibrations, the following two extremes ar 
treated: 1.—the gas does not partake appreciably of 
the lattice motion; 2.—the gas keeps in phase with the 
lattice motion. Thus, the calculations based on thes 
two extremes can be compared with the low-tempen. 
ture atomic heat measurements and perhaps some con. 


/ we 


clusions drawn concerning the effect of the conduction & 


electrons on the “lattice term” of the atomic heat. 
Il. ACOUSTICAL WAVES IN CUBIC CRYSTALS 


We shall have occasion to express the dynamic paran. 
eters in terms of the elastic constants obtained from 


velocity of sound measurements. In this section we dis F 


cuss the propagation of plane waves through an infinite 
medium whose elastic properties have cubic symmetry. 

The stress tensor (P;;) is symmetrical and generally 
has 6 independent elements. Similarly, the strain tensor 
(e;;) is symmetrical and has 6 independent elements, 
The elements Pu, P2, P33, P 3, P43, and Po are each 
assumed to be linearly related to the elements e), ¢, 
€33, €23, €13, €12. When the elements are linearly related 
in the order just given, the coefficients c;; of the ¢; 
terms in these 6 linear equations form the following 
matrix, for crystals of cubic symmetry,” 


C\2 0 0 
C2 Cn Ce O O 
C2 Ce Cu =O 0 
0 O O cay O 
0 0 0 0 C44 
°. 8 8s 


The linear relations between the P;; and the e;; ee 
ments form a generalized Hooke’s law, and the coef 


i 
Cir =Cy2 





cients C11, C12, and c44 are elastic constants. The frame} 
of reference (x, y, 2) for Eq. (3) has been chosen ti 


coincide with the crystallographic axes (the four-foli 
axes) of the cubic system. 

The textbook Theoretical Physics by Joos" contait 
the basic equations needed for a derivation of the difie- 
ential equations of wave motion in cubic crystals. 4 


the book is widely available, we shall use the notatiaf 


If 
actin 
librit 





and some of the formulas of Joos’ treatment of elastici 
in the short derivation which follows. 
The symbols é11, é22, --+ are defined by 


Ov Ow 
é22=—, 3a; 


oy 0z 


Ou 
2 rena 


Ox 


Ou dv 
é:2=—+—, 
Oy ox 


Ow Ou 
éy= —t+—, 
Ox 02 


ov Ow 
€23= —- rae 
dz Oy 


where wu, v, and w are the components of a displacemt! 
representing strain. Putting these into the linear 1 
tions between P,; and e;; represented by the matrix (} 

13C, Zener, Elasticity and Anelasticity (University of Chio# 
Press, Chicago, Illinois, 1948), Chap. I. 


4G, Joos, Theoretical Physics (G. E. Stechert & Co., New Yoh 
1934), Chap. VIII. 
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we obtain 
Ou Ov dw 
Py= (cu— ca—ten(—+—+—), 
Ox Oy 02 
Ou ov dw 
P= (Cu— ca—ten( tt ; 
dy dx dy dz 
Ow Ou Ov dw 
P33= (Cu— 12) +eu(“+—+—), 
0z Ox Oy a2 
(4) 
Ou dv 
Pu=cu(—+—), 
Oy Ox 
Ou dw 
Puncu(—+—), 
Oz Ox 
ov Ow 
Po3= C44 —+—), 
dz OY 


If g., g,, and g, are the components of the body forces 
acting on unit volume, the condition for elastic equi- 
librium between these and the surface forces P;; is 


OPy OP». OP; 


g:-+—+-—+——=0, 
Ox oy Oz 











and two similar equations containing g,, g-. In the 
kinetic case, g-= —pd?u/df*, the inertia force, where p 
is the density. Thus, the equations of motion for the 
“elasto-kinetic” case are 
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tution from Eqs. (4) into Eqs. (5) gives the wave 
equations for crystals of cubic symmetry: 


























Ou Ou vy dw 
(cu— onto —+ ) 
Ox? Axdy dxdz 
ru Pu Ov dw Ou 
teu(—+—+ +—)=o—, 
Oy 02? Axdy dxdz oF 
0’v au dv Pw 
(nea) — teal > 
oy’ Oxdy dy dydz 6) 
>» Oy Ou dw 0’0 
a + aa —) en 
Ox? Az Axdy dydz or 
ow Ou dv dw 
(ne) — teal + +—) 
02 Oxdz dydz 02 
Ow Ow du dv ow 
teu( ++ +— Jap, 
Ox? dy? Axdz dydz oF 


To solve these equations, we substitute the expres- 
sions for a plane wave: 


u= Ay, exp[ 2mi (vi— kyx— Roy— kz) |, 
v=A> exp[ 271 (vi— kix—Roy— kz) |, 
w= A; exp[ 2mi(vi—kix— koy— kz) ], 


(7) 


into Eqs. (6). k is the propagation vector with com- 
ponents k, ko, ks; and magnitude equal to the reciprocal 
of the wavelength. From this substitution, three simul- 
taneous homogeneous equations are obtained in the 


sel OPu OPi2 OP (5) components of amplitude, A1, As, A3. If the wave exists 
.. df ax ay as (not all components Aj, A2, A3 vanish), the determinant 
of the coefficients must vanish. Thus, we arrive at a 
and similar equations for pd’v/d/ and pd’w/df. Substi- secular equation restricting the possible frequencies: 
(C11— Cas) Ri? +C4ak?— pv* (cro+ C4) Riko (crotCas)Riks =0. 
(crot+cas)Rike (C11 — C44) ho? +-Cagk?— pv* (c1ot+-Cas)hoks (8) 
(C1ot+cas)Riks (crot+Cas)Roks (c11— Cas) ho? + Cask?— pv” 


It might be thought that the three roots of the secular 
‘Pquation i in v*, Eq. (8), separate into a branch of solu- 
tions for longitudinal waves and two branches for 
transverse waves. Such is not the case except under 
Special conditions: either the medium is isotropic or the 
rection of k is normal to one of the planes {100}, 

110}, {111}. 

; The demonstration of this will be carried out for one 
ase only, namely the case of a longitudinal wave with 
Fone of the components k;, ko, kz of the propagation 
P¢ctor equal to zero. 

) Let p, g, r be the direction cosines of k, none of which 
anish. Then the amplitude A must have the same direc- 
ion cosines if the wave is to be longitudinal. Thus, we 
ut A41=pA, Ao=qA, As=rA, and ki=pk, k= gh, 


















k3;=rk into Eqs. (7) and substitute the resulting expres- 
sions for “, v, w into the differential Eqs. (6). Since 
p, 9, 7 are not zero, we have the conditions on py”/k’: 


pv?/k? = cy2+ 2cast (C11—C12— 2044) f”, 
pv?/ R= cy2+ 2c44+ (Cu—C12— 2¢44)q°, 
pv’/k?= Ciat 2c4a+ (cu— C12— 2ca4)r’. 


These conditions are satisfied either if ¢44= (¢11—C12)/2 
(the isotropy condition) or if p?=q’=r? (k normal to the 
{111} plane). 

By letting one of the direction cosines #, g, r be zero, 
we can show that either the isotropy condition must be 
satisfied or k is normal to the {110} plane. Further, by 
allowing two of the direction cosines to be zero, we get 


(9) 
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Fic. 1, The eight nearest neighbors of the atom at /, m, and n 
of the body-centered cubic lattice. O=/, m, n. 1=1+-4, m+, 
n+}. 2=l—4, m—}, n—}. 3=1—4, m—}, n+}. 4=14+4, m+}, 
n—%. S=1+3, m—%, n+3. 6=/—3, m+%, n—%. 7=1—-3, m+%, 
n+}. 8=1+4, m—}3, n—}. 


that either the isotropy condition must be satisfied or k 
is normal to the {100} plane. The same conditions hold 
for purely transverse waves. 

We can obtain the velocity of sound (U=»/) in the 
special directions {100}, {110}, {111} for longitudinal 
and transverse plane waves by following a procedure 
analogous to that just employed. A few of the relations 
obtained in this manner follow. 


Wave Incident to {100} Surface, k,=k, k,=k;=0 


In this case, Ai:= A, A2=A3=0, describe the longi- 
tudinal wave. Using these values and Eqs. (7) and (6), 
we find the longitudinal velocity, Ui, to be given by 


pUP=cy. (10) 


The transverse velocity U; of a plane wave polarized 
parallel to the y or z axis is 


pU?=cuu. (11) 


Wave Incident to {110} Surface, k, =k, =k/v2, k;=0 
The longitudinal velocity U; is 
pU?= (C1 tC12+ 2¢44)/2. (12) 


The transverse velocity U; of a wave polarized parallel 
to the z axis is 


pU?Z= C44. (13) 


The transverse velocity U;,’? of a wave polarized per- 
pendicular to the z axis is 


pU,?= (¢11— C12) /2. (14) 
Ill. THE ELASTICITY OF THE ELECTRON GAS 
A. The Bulk Modulus of a Sommerfeld Gas 


The Sommerfeld electron gas has a large zero-point 
pressure of about 10° atmospheres. Such pressures give 
rise to a large bulk modulus of the same order of mag- 
nitude as the elastic constants of the lattice. This pres- 
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sure can be shown to be 3 the energy density of the Wh 
electron gas, or will 
2 Erotai F the 
"3 V ? (15) of 1 
where Etotai is the total energy (kinetic) of the electron 
gas in a gram atomic weight of metallic element, and V 
is the atomic volume. Let N be Avogadro’s number, d 
no the number of free electrons per atom, and ¢y the a 
Gibbs’ potential per electron. Then 
Exota=3N noo (16) 
and : 
I? £3Nno\! whic 
fo= Vt ) ; (1 
2m\ 8x 
which can be found in texts on the subject. 

The temperature dependence of these quantities is § Hen 
minute at low temperatures and so it is neglected. Thus, § is th 
we need not distinguish between adiabatic and iso- In 
thermal bulk moduli. The bulk modulus is defined by bulk 

dp 
K,= = V—. 
dV 
From Eqs. (15), (16), (17) we find that 
5 2 Nnok 0 
K e=—p —— . (18) 
> 2 F¥ 
As an example of the magnitude of K,, let mofo~6 
electron-volts~10— ergs, and V=10 cc. Then 
K.~4X 10" dynes/cm?, Fic 
. f th 
which is of the order of the measured elastic constants § Nal 
of the common metals. id=], 
B. Acoustical Waves in a Gas the e 

If we set ci=Ci2 and c44=0 in the matrix (3), we the 
obtain the matrix of elastic coefficients for a gas. The wouk 
secular Eq. (8) becomes considerably simplified, yielding 
the roots 

pv” 
—=k’, 0, 0. 
- In 
There can be no transverse waves. The longitudinal J theory 
waves have the velocity U given by = 
cubic 
pU?=cy= K,. (19) neigh! 
C. Additivity of the Bulk Moduli of Lattice and S04 
Electron Gas (Static Measurements) ni 

If a change in volume AV accompanies a change in F Eqs, ; 

pressure Ap, the bulk modulus K is defined by modifi 
aap resulti 

detern 

Ap=— es terms 
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When a pressure Ap is applied to a metal, a part Apz, 
will compress the lattice and a part Ap, will compress 
the electron gas. Both media undergo the same change 
of volume AV. Thus, for the lattice, 


P AV 
ApL= —~ ALT) 
V 


and for the electron gas, 


- AV 
Ape=— é ? 
V 


which, when added, give 
AV 
Ap=Apr+Ape= — Cathe: 


Hence, in static measurements, the total bulk modulus 
is the sum of the lattice and electron gas bulk moduli. 

In dynamic velocity of sound measurements, the 
bulk modulus of the electron gas can be expected to enter 








Fic. 2. The six next-nearest neighbors of the atom at /, m, and n 

| of the body-centered cubic lattice. O=/, m, n. 9=1+-1, m, n. 
9g m, nm. 11=1, m+1, n. 12=1, m—1, n. 13=1, m, n+1. 
=1,m,n—1, 


the expressions for the velocities of the compression 

waves additively. For example, in a direction normal to 

_ the {100} surface, the longitudinal velocity of sound 
would be 


pU?= (C11) 1attice + K.. (20) 


IV. ACOUSTICAL LATTICE DYNAMICS 


In part A of this section, the Born-von Karman 
theory is used to derive the dynamic equations for the 
body-centered cubic (bcc) lattice and the face-centered 
cubic (fcc) lattice. The calculations include nearest 
neighbor interactions, with Hooke’s constant a, and 
hext-nearest neighbor interactions, with Hooke’s con- 
stant y. Then passage to the long wavelength limit is 
made, yielding a set of differential equations similar to 
Eqs. (6). In part B, these differential equations are 
modified to include the electron gas. Comparison of the 
tesulting equations with those of section II leads to the 
determination of the dynamic parameters (a, y, etc.) in 
terms of the elastic constants. 
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A. Acoustical Lattice Dynamics without Electron 
Gas Participation 


The nearest and next-nearest neighbors of an atom 
located at x=/la, y= ma, z= na are shown in Figs. 1 and 
2, respectively, for the bcc lattice; /, m, and m are 
integers. Each atom may undergo an arbitrary displace- 
ment from equilibrium with components u, v, w, sub- 
scripts being added to denote the atom considered. We 
identify an atom by its coordinates, in units of @: 147, m, n; 
V1, m, ny U1+}, m+}, n44 etc. However, these subscripts do 
not aid in expressing the equations in compact form. 
Thus, %7,m,n is also labeled uo, 1144, m+4,n44 iS labelled 
u,, and so forth, the order of the subscripts 0, 1, 2, --- 
being chosen to aid the writing of the equations. Each 
figure contains a table relating the actual coordinates 
(in units of a) with the numbering on the diagram. It 
should be noticed that the numbers are ordered in pairs 
at the ends of diagonals through the atom at 0. 

The usual approximation is made that the relative 
displacements are quite small compared to the distance 
between neighbors. Thus, components of displacements 
normal to the line joining the equilibrium positions of 
the atoms concerned are assumed to give no contribu- 
tion to the restoring force acting between them. Only 
components of the displacements parallel to the line 
joining the atoms are considered as being effective. 

Using the notation of Figs. 1 and 2 and denoting the 
mass of an atom by M, we arrive at the equation for 
M (0?u/ 00?) 1, m, n(=M (0u/d0)o) : 


Ou a 8 4 
yo oe 
Or 0 3 1 1 


8 2 4 6 8 
+2 93-L wrth Wj—-D wth Wj) 
1 5 


5 


—+(duy—¥ ). (boc) (21) 


There are two similar equations for M(d°v/df), m,n, 























Fic. 3. The twelve nearest neighbors of the atom at /, m, and 
of the face-centered cubic lattice. O=1, m, n. 1=14+-4, m, n+4. 
2=l—4, m, n—}. 3=l—4, m, n+}. 4=14+4, m, n—}. 5=1+4, 
m+4, n. 6=l—4, m—}, n. 7=1+-4, m—}, n. 8=1—4, m+4, n. 
9=1, m+4, n+4. 10=1, m—}, n—}. 11=1, m—}, n+}. 12=, 
m+}, n—4. 
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M (0*w/d#*)i,m,n, Which can be written down from 
symmetry. ) 

Figures 3 and 4 show the nearest and next-nearest 
neighbors, respectively, of an atom at the position 
l, m, and m in units of a, for the fcc lattice; 1, m, and 
nm are integers. The equation for M(d?u/df)), m,n 
(=M(@u/dt)) is 


' Ou a 8 2 4 
M(—) =-(eu-¥ wi-E ot 
0? F 9 2 1 1 3 


HF wrt Si )—y(eS 0). (fee) (22) 
5 7 13 


There are two similar equations for M(0?v/00)1 m,n, 
and M(d*w/df)im,n, Which can be obtained from 
symmetry. 

For sufficiently long waves (i.e., acoustical waves), 
the difference Eqs. (21) and (22) become differential 
equations. To illustrate the manner of passing from 


bn 
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e > ee v4 —@--y 
0 7 15 
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oe 


Fic. 4. The six next-nearest neighbors of the atom at /, m, and n 
of the face-centered cubic lattice. 0=/, m, n. 13=/+-1, m, n. 
14=/—1, m, n. 15=1, m+1, n. 16=1, m—1, n. 17=1, m, n+1. 
18=/, m, n—1. 


differences to differentials with one set of terms of 
Eq. (21) of the bcc lattice, we select the u-displacement 
terms of atoms lying along the line joining the points 
1, 0, 2 of Fig. 1. The neighboring points along this line 
are separated by a distance v3a/2, designated by s. 
Then, in the limit of long waves, 





$*|_ (41 — Up) — (Uo— 4 O7u 
[ (u1— Uo) — (uo AO saad (23) 
a Os? 
Now 
0 dx d dvd OA 
Os Os dx Os dy Os Oz 
and also, 


a/2 1 


from geometry. Thus, 
0 1/90 @ ~) 


ds V3\0x dy dz 
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and 





eu a a ° 3 
s—=—( v-+2—_+42_+42 ). 
os? 4 Oxdy Axdz dydz 


Grouping the various terms of the difference equa- 
tions in a manner similar to Eq. (23) and transforming 
the differences to differentials, as just illustrated, we 
obtain the long-wave differential equations of a bec 
lattice: 


0’u aa’ 0 fou dv dw 
Ma | vu 2 —f—4-— 
oP 3 Ox\Ox dy dz 


2a O7u 
afte 
3 9 


Ox? 





(bec) (24) 


the expressions for Md*v/d? and Md*w/df? being ob- 
tainable by permutation of u, v, w and permutation 
of x, y, 2. 

In a similar manner, we obtain the long-wave differ- 
ential equations of the fcc lattice, 


Ou aat 0/0u dv dw 
M—= —| Veu+ 2(—+—+—) 
+ Ox Oy O02 


or Ox 
a Ou 
—f-—y, |—., 
4 Ox? 


The equations for M0*x/d? and Md*w/df can be ob- 
tained by permuting wu, v, and w and permuting 4, ), 
and z. 





(fcc). (25) 









B. Acoustical Lattice Dynamics with Electron Gas 
Participation 






In Sec. II it was shown that purely longitudinal 
and purely transverse waves can exist only under 
rather special circumstances. Therefore, we cannot 
use the device of separating the modes into a longi- 
tudinal branch and two transverse branches (as in 
Debye theory) and then correcting the longitudinal 
branch with the electron gas bulk modulus. We are left 
with the conclusion that the solutions A(u, v, w) of the 








wave equations are neither longitudinal nor transvers 






but combinations of both. This suggests the alternative 
of separating each wave into 4 longitudinal and a trans- 
verse component, then correcting the longitudinal com- 
ponent for the electron gas. Let y be the angle between 
the amplitude vector A and the propagation vector k. 
Furthermore, let n and e be unit vectors perpendicular 
and parallel to k, respectively (Fig. 5). If A,=Aze a 
notes the longitudinal part of A and Ar= Ar n denotes 
the transverse part, then 


A=A,e+Az-n. 
The magnitudes A, and Ar are simply A cosy and 
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Asiny, respectively. Thus, 


k 
A,=A- cosy, 
k 


k 
A,r=A-—A,= ties” cosy. 


Let p, g, and r denote the direction cosines of k and 
t', q, and r’, those of A. Then 


cosy = pp’+qq’+rr’. (27) 


In place of the components u, v, w of A, we write those 
of A, and Ar as 
up=Ap cosy, 


up=A (p’—p cosy), vr=A (q'—q cosy), 
wr=A(r’—r cosy). 


vp=Aqcosy, wr=Ar cosy 


(28) 


In the treatment which follows, A always cancels out 
of the equations, so we can set A = 1 for convenience. 

Suppose that a wave of the type represented by 
Eqs. (28) propagates through the crystal. The Hooke’s 
constant a and y of the lattice are unmodified for the 
transverse portion of the wave (uz, v7, wr). But the 
portion #,, vz, wz should experience a stiffening of the 
Hooke’s forces due to the elasticity of the electron gas. 
Because of this, we write a’ and vy’ for the Hooke’s 
constants including the electron effect. Details of the 
derivation of the new equations of motion will be shown 
only for Eq. (24). 

Equations (7) for a plane wave are modified by 
putting for the amplitude 
v=v,+07, 


u=ur+uUr, w=wit+wr, 


where uz, vz, +++ are defined by Eqs. (28). When these 
modified forms of Eqs. (7) are substituted into Eqs. 
(24) and (25), and into the similar equations for 
M#v/d? and Mé*w/df, the understanding will be that 





at+3(a'—at+y)p’—np—2y? 
(3a’—a—ngq’) pq 
(3a’—a— nr’) pr 


Comparison of this secular equation with Eq. (8) shows 
at once that we must put 7=0. The implication of 
setting 7=0 is that the electron gas does not modify the 
form of the secular equation for acoustical waves, 
Eq. (8). Since we have four constants a, a’, y, and 7’ 
and only three elastic constants, we need such a condi- 





a+3(a’—a+y)p?—2;? 
(3a’—a) pq" 
(3a’—a) pr 


(3a’—a—np)pq 
at+3(e’—at+y)¢—ng'—-2? 
(3a’—a—nr*)gr 


(3a’—a) pq 
at3(a’—at+y)e—2:? 
(3a’—«a)gr 
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the differential operators acting on uz, vz, wz will have 
the a and y in the coefficients primed to a’ and 7’. 
But in operations on uz, v7, wr the a and y are left 
unprimed. Equation (24) becomes 


0 Ou, Ov, OWL, Our 
a! Vu p+ 2a’—{ —+—+— } — (2a’—3y’) 
Ox\ Ox Oy Oz Ox? 
Our Our 


) wr 
+aV*07-+-2a—f —+-—_+— 
Ox\ Ox dy 02 

ur 3M du 


en ney 


— (2a—3y) ; 
ee 


Substituting from Eqs. (7) and (28) into (29) and 
making use of (27) and the relation 


P+etr=p2+q?+r2=1, 


Ceacal 


in 





¥ i 





= 
ol 


e 


Fic. 5. The relation between A and k and the unit vectors. 


we get for the modified form of Eq. (24) 


La+3(a’—at+7)p?—np*—Q?? |p’ 
+[(3a’—a—np*) pq ]q’ 
+[(3a’—a—np*)prr’=0, (30) 


where = (2a’—3y’)— (2a—3y) and 2;?= 3M v*/a?k?. 

In like manner, we can obtain two other linear equa- 
tions in ~’, q’ and ?’ from the equations in Md*2x/d 
and M@w/df similar to (24)..Thus, the secular equa- 
tion for the bec crystal corrected for the electron gas is 
tentatively 


(3a’—a—np’) pr 
(3a’—a—ngq’)gr 
at+3(a’—a+y7)r—r—-2? 





tion (7=0) in order to determine these four constants 
in terms of the elastic constants. 
This leads to the secular equation of the acoustical 


waves for the bcc metallic element which we have been 
seeking : 


(3a’—a) pr 
(3a’—a)gr 
a+3(a’—a+y)r—-2? 


(bec) (31) 
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Following the same procedure with Eq. (25) and the find the secular equation of the acoustical waves {or 
companion equations for Md*v/df and Md*w/df, we the fcc metallic crystal to be 














a+ (3a'/—2a+4y)p?—-2/ (3a’— a) pq (3a’—«a) pr =0, 
(3a’—a) pq at (3a’—2a+4y)g?—-27 (3a’—a)gr (fcc) (32) 
(3a’—«a) pr (3a’—«a)gr a+ (3a’—2a+4y)r—-27 













where 27=4M p*/a?k?. motion exactly, the wave compresses the lattice and 
Comparison of the secular equations just obtained, gas to the same extent (Sec. III C), and thus 

(31) and (32), with secular Eq. (8) yields the following 

values for the dynamic parameters in terms of the pU?= (c11)1attice + (C11) electron= (C11) 1attice + Ke. 

measured elastic constants. Body-centered cubic lattice: 







Now, taking p=1, g=r=0, p’=1, q’=r'=0 and 
36 ‘p=2M/a' for the bcc lattice and p=4M/a’ for the fcc 

a=—Cu, lattice, we get 

pU*=2(3a'—2a+3y)/3a, (bec) 


pU?= (3a’—a+4y)/a. (fcc) 
(bec) (33) The right-hand side of Eqs. (36) is (¢11)tattice when 
a’=a. With this in mind, Eqs. (36) are rearranged to 

a 
at’ =—(C12+-2€4s), pU?=2(at+3y)/3a+2(a’—a)/a, (bec) 
. pU?=2(a+27)/a+3(a'—a)/a. (fee) 







(36) 





a 
y¥=—-(cu—¢12), 
2 






















y'=7+2(a'—a)/3. Hence, it follows that 
Face-centered cubic lattice: K.=2(a'—a)/a, (bec) 
37) 
a= C44, K.=3(a’—a)/a. (fcc) ( 
@ The quantity ¢12—Ccs, becomes in both cases [see Eqs. 
¥= Feu caa— Cus), (33) and (34) ], (b dfcc) (38) 
Cio—Cas=K,. (becand fcc 
(foc) (34) . PP ty 
, @ The discrepancy in the Cauchy relation is just the bulk 
a = let Zeus), modulus of the electron gas. 


V. THERMAL LATTICE DYNAMICS 


y’=7+ (e’—a)/4. 
A. Thermal Lattice Dynamics without Electron Gas 

In Eqs. (33) and (34), we see that ci1—C12 and C44 are Participation 
independent of the electron gas (do not depend on 
a’, y’) for both lattices. Thus, we have obtained, from 
our relatively elementary treatment, the same relations 
which Fuchs found by considering the static deforma- 
tions of the “unit polyhedron” about an atom.°® 

If a’=a and y’=y, then cj2—c44 vanishes in both 
types of lattices and we have Cauchy’s relation. If this 
is not so, then the relations are 


Although the electron gas has been assumed to follow 
the ion motion exactly in acoustical waves, the time 
constant associated with the interaction between the 
electron gas and the ion lattice may be such that the 
electron gas cannot keep up with the rapid motion of 
the ionic thermal oscillations. In the extreme case of 
no electron gas participation, the motion of the ions 
of the bcc lattice is represented by the unmodified 








C12— C44= 2(a'—aa)/a (bec) Eq. (21) and its two companions for M (d0/df*)i,m» 
and (35) and M(d%w/d0), m,n. The motion of the ions of the fec 
C12—C44= 3(a’—a) /a. (fcc) lattice is represented by the unmodified Eq. (22) and 
. its two companions. 
The effect of the electron gas (a’>a) is to replace = To golve these equations, we substitute the expres- 
Cauchy’s relation by these equations. sion for a plane wave 
Let us consider the velocity of a longitudinal sound 
wave incident normally to the {100} plane. The velocity 1, m, n= Ax exp[_2mi (vt— kila— kyma—ksna)], 
U of this wave is given by Eq. (10): U1, m, n= As exp[2mi(vi—kyla—kyma—ksna)], (39) 
pU?=¢. Wr, m, n= As exp[_2mi (vi—k,la— koma k3na) J. 






Since it is assumed that the electron gas follows the ion These expressions differ from those for the plane wavé 
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of a continuum given by Eqs. (7) in that the wave is 
defined in Eqs. (39) only at the lattice points «=/a, 





1—C,C2C3t (38S:2/2) Oz" SSC; 
SG 


SiC2S3 C1S2S3 


2—Ci(C2+C3)+26S—Qr* SSe 
SS 


S1S3 





S2S3 


where S;=sin(rk,a), C;=cos(rk,a), B=y/a, Qe?’ 
=39vM/2a, and Qf?= 27M /a. 

The constants a and y are determined in terms of 
the elastic constants, for the appropriate lattice, by 
Eqs. (33) and (34). 

B. Thermal Lattice Dynamics with Electron Gas 
Participation 


To modify Eq. (21) and its two companions and 
Eq. (22) and its companions so as to include the elec- 





11-—CiC2xC3+- 38S ?/2+ EpRi—Q° SyS2C 3+ EGRi 
SySoC 3+ EpRe 


S1CoS3+ EpR; C1S2S34+ EgRs 


1—C,C2C3+ (3BS2?/2)—Qp? 


2—C2(Cr+- Cs) +2852—O7" 


1—C,C2C3+-38S2?/2+ EgR.—Q,° 
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y=ma, z=na. The secular equations for the two types 
of cubic lattice are then 


SiC 2S3 
C1S2S3 
1—C,C.2C34+ (38S3?/2)—-Q2? 


0, 
(bec) (40) 


S1S3 
S2S3 
2—C3(Ci+C2)+28S?—O/? 


0, 
(fcc) (41) 








tron gas bulk modulus in the longitudinal components 
of the waves, one proceeds as in Sec. IV B. The 
secular equations are obtained by substitution of the 
plane waves of Eqs. (39) (expressed in terms of Az 
and A,r defined in Sec. IV B) into these modified 
equations of motion. Using the same definitions for 
S;, Ci, 2p, Qr, B as in Part V A, putting §= (e’—a)/a, 
we obtain 


S;CoS3+ &rR, 
CySoS3+ trR, 
1—C,C2C3+-38S;7/2+ §rR;—Q,;° 


0, 
(bec) (42) 


Ri= p(1—C1C 203+ S12) + gS1S2C3+1S10S3, 
Ro= pSySxC3+q(1—CiC2C 3+ S?)+101S2S3, 
R3= PS1C2S3+-qCrS2S3+7 (1—CiC2C3;+ S?) ; 
and 
2-—Ci (Cot C3) + 28S °+ &pT1—Qr* 
SiSot EpT 2 


SiS3+ &T 
SoS3+ iT. 


0, 
(fcc) 


S1So+ &qT; 
2—C2(Ci+Cs)+ 26S2+ &gT2—Qr* 


S1S3+ pT 3 SoS3+ éqTs 


where 


T1= pl2+Sy2/2—Cy (Cot Cs) ]+¢S1S2+1S1S3, 
T= pS S2+qL2+S2?/2—C2(Ci+ Cs) +1828, 
T3= pS1S3+qS2S3+7[24+S3?/2—C3(Ci+ C2) ]. 


The constants a, y, and a’ for the appropriate type of 
lattice are given in terms of the measured elastic con- 
stants by Eqs. (33) and (34). 


VI. THE T? ATOMIC HEAT OF NEARLY 
ISOTROPIC LATTICES 


It is not very fruitful to compute many special cases 
before the velocity of sound data have become avail- 
able. However, the case in which the isotropy condi- 
tion is fulfilled, or nearly so, is particularly simple. 
So the low-temperature atomic heat for this case will 
be computed as an illustration of the method. 

The first step is to find the roots of the secular equa- 


2—C3(Ci+-C2) + 28S3?+ &rT3—27* (43) 





tions in the long wave approximation. Equations (42) 
and (43) reduce to Eqs. (31) and (32) when the wave- 
length greatly exceeds the interatomic distance. Equa- 
tions (31) and (32) can be brought to the same form by 
dividing edch row of the determinant by 3a’—a and 
putting 
; 0?—a 
x= 


= 3(a’—at+7) 


3a’—a 





» &§ (bec) 


3a’—a 
in Eq. (31), and 
0/7 


(44) 


3a’—2a+4y 
sS= 





<= (fcc) 


in Eq. (32). 
This brings the two equations to the simpler common 
form 


b 
3a’—a 3a’—a 


sp’—x 
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which expands to 
x°— sx?+ (s—1)(s+1)Koox— (s—1)?(s+2)K,=0, 


where 


(45) 


Ke=pet+pr+¢r’, 
K,=p@r. 


When the isotropy condition ¢4=(¢u—C¢i2)/2 is 
satisfied, then y/a=? for the bcc lattice and } for the 
fcc lattice. This can be seen to follow from Eqs. (33) 
and (34). In this event, s in Eqs. (44) reduces to unity 
and Eq. (45) becomes 

x*§—x’=0 
with roots 
x=1,0, 0. 


Now, we let s=1-+<, where o is small compared to 
unity and has the explicit values 








3y7—2a 
c= . (bcc) 
3a’—«a 
(46) 
4y—a 
o= , (fcc) 
3a’—a 


and obtain the roots in powers of o to o?. We thus ar- 
rive at the approximate values of the roots 4, %2, %3: 


x= 1+ (1—2Ke2)o+ Ao’, q 


x2= (Koe+B)o 
[ == KeeA+2Kr(3K22—1)1 

















—(1/2)} A+ r. 
a | B r > (47) 
%3= (Ko2.—B)o 
r Kw2A+2K2(3Ke2—1)} 
— (1/2)| A— rs i 


with 
A=Ky—4K>2’+3K,, 
B= (K2?—3K,)}. 
Using Eqs. (44) and substituting for Q;? and Q/, we 
get for the bcc lattice 

















3M vr 
—_— 3a’+ (3a’—a) (1—2K22)0+ (3a’—a) Ao’, 
a 
3MY* 
: =a+ (3a’—«a) (K22+B)o— (1/2) (3a’—a) 
a 
K2A+2K2(3Ko2— 1) 48) 
x[a+ B iy (be) 
3Mr 
° =a+ (3a’—«a)(K22—B)o— (1/2) (3a’—a) 
. : 
K2A+2Kr(3Koo— 1) 
x{ 4 - B la 
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with o= (3y—2a)/(3a’—a) ; and for the fcc lattice, 
4M ry" 





= 3a'+ (3a’—«a) (1—2K22)o+ (3a’—a)Ao?, 
a’k? 


4M 





=a+ (3a’—«a) (K+ B)o— (1/2) (3a’—a) 
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ak 





K2A+2Kr(3K22—1) | 49 
x| 4+ B fe ( be 


4M 
=a+ (3a’—a) (Kee—B)o— (1/2) (3a’—a) 
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a 





o's | 


Kx2A+2K+(3Ke2—1)7 | 
x{4- 
J 


2 | 
B 
with = (4y—a)/(3a’—a). 

The constant-frequency surfaces in k= space are 
spheres only in the case of isotropy where c=0. When 
o differs slightly from zero, in accord with our ap- 
proximation, the surfaces become ‘‘nearly spherical” 
surfaces. 

Our immediate purpose is to find the volume in 
k space contained within a constant-frequency surface. 
This enables us to obtain the number of modes up to 
that frequency. From this volume, one can obtain by 
differentiation with respect to the frequency and multi- 
plication by the atomic volume, the number of modes 
g(v) between v and y+dyv. When g(v) has been obtained, 
the energy E and, therefore, the atomic heat Cy are 


found by 


OE @ phvg(v)dv : 
Cpt § (50) 
OT ATd ewlkT—]} 


Since the computations are restricted to the T° region 
of atomic heat, we may set the limits of the integral 
at zero and infinity. 

The volume in k space contained in a constant- 
frequency surface is 


(1/3) f du, (3) 


where dw is the element of solid angle. Three such in- 
tegrals must be added, one for each branch of the secular 
equation. The quantity &° is a function of the spherical 
coordinate angles @ and ¢ and is obtained from Eqs. (48) 
and (49). The integrations to be performed involve the 
integrals 


J Kesto=4n/5, [Keto 4n/21, 


J Keto= 4/108. 


Using these, and introducing the atomic volume V, 
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the distribution of modes with frequency, g(v), becomes 


g(v) for bec 


Mi; 71\3 3, 3y—2a 
wia¥ it (-) |1--( ) 
ai \q’ 5\ 2a’ 
567a’— 205a /3y—2a\? 
‘aaa a Pe 
630(3a’—a) 2a 
3\3 3 /3y—2a 
ara) 
a 5 


3(35a’—9a) s 3y— 2a? 
ae ee 
70(3a’—a) 2a 








g(v) for fcc 


(4M/3)*, 713 3/4y—a@ 
i ae 
a’ a’ 5X 2a’ 
567a’— 205a /4y—a\? 
oe eal 
630(3a’—a) \ 2a’ 
3\3 3 /4y-—a 
+a() [-([S) 
a 5\ 2a 
3(35a’—9a) /4y—a\? 
“aaa” 
70(3a’—a) \ 2a 


The quantities g(v) are of the form Dy’, where D 
is a constant of the material. Therefore, Eq. (50) 


becomes 
oc 6 dy 4r*k*D 
D f = T? 
o ew/kT-4 15/3 


(k here is Boltzmann’s constant, not to be confused 
with the magnitude of the wave vector k.) 
Debye’s formula for the T? region is 


1274 Nk 

Cy tt nein comet 

5 @ 

Comparing Eqs. (54) and (55), we find the equivalent 
Debye © of Eq. (54) to be 

1/0°= k*D/9Nh', 








dE 2 


—_— = —}] 


oT oT 





(54) 


7% (55) 


(56) 
with 


D= g(v)/v (57) 


for both lattices. 

If we place the values of a, a’, and , expressed in 
terms of the elastic constants [Eqs. (33) and (34) ], 
into the expressions for D and use the densities p= 2M/a* 
(bec) and p=4M /a® (fcc), the two equations for D 
merge to a single relation. Putting this new relation 


into Eq. (56), we obtain 
1 4rVk'p! 
——a | (ot 2eu)-f] 1—— 
Ce Y9N 10) ¢yo +244 
189¢y2+ (= Cy =)] 
280 (c12+C44) Cio+ 2644 


3 C11—C12— 2644 


ot 2 (uf 1-—— 
10 


9 C11 C12— 2¢44 





C44 


35 C9 +43 C44 C117 C12 2¢44 : 
wat. 
280 (cyo+ C44) C44 





for both the bcc and fcc lattices, when | ¢1:—¢12—2¢44/ 
c44| < about 3. 

Equation (58) includes the bulk modulus of the elec- 
tron gas. The corresponding equation excluding the 
electron effect is 


1 4rVk'p! 
——ae (cas)? 


oe 9 


v3 3 C11— C12— 2644 
x{ i 
9 10 C44 





181 cata 2¢44 ’ 
eee | 
2520 C44 
3 C11—C12— 2644 


+2] 1-— 


C44 


39 C1r— Cy2— 2644 . 
tae a ee 
280 C44 


for both the bec and fcc lattices, when | ¢11—¢12— 2¢44/ 
c44| < about 3. 

The general terms of Eqs. (58) and (59) are unknown. 
We are assuming that the series converge, at least 
asymptotically, and that the value of the coefficient 
of the neglected term in o* follows the trend of the 
known coefficients of o, o”. Thus, the limits set at 
““< about 3” indicate a guess at one percent error due 
to the neglect of the unknown remainder. If the error 
is really less than one percent, then the © determined 
by these expressions will possess an error of less than a 
third of one percent. 

The elastic constants for aluminum at room tempera- 
ture have been found by Lazarus to be ci,= 10.56, 
€12= 6.39, c4g= 2.853 in units of 10" dynes/cm*. These 
constants substituted into Eqs. (58) and (59) lead to 


@=401°K with electron gas [Eq. (58) ] 
@=395°K without electron gas [Eq. (59) ]. 


15D, Lazarus, Phys. Rev. 76, 545 (1949). 
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The experimental values of © from atomic heat data 
yield 394°K for temperatures near room temperature 
and 419°K for the T* region of atomic heat. The only 
satisfaction we can derive from this comparison is that 
the two calculated values fall in the range 394°K to 
419°K. A fair comparison can be made only after the 
elastic constants have been determined in the liquid 
helium range of temperature. 


VII. SUMMARY AND DISCUSSION 


We have taken as the model representing the crystal 
of a monatomic cubic metal an ion point lattice im- 
mersed in an electron gas. The electron gas is assumed 
to possess a bulk modulus K, but no shear modulus. 
The long acoustical waves used in measuring the elastic 
constants would produce large space charges if the 
electron gas did not follow the volume changes closely. 
Therefore, we assumed that the electron gas does follow 
the motion of the ions and we included its effect in the 
longitudinal components of the waves. This enabled us 
to obtain explicit relations between the dynamic param- 
eters and the elastic constants. We have shown that 
the discrepancy in the Cauchy relation is just K, 
[Eq. (38) _]. In the absence of the electron gas, the 
Cauchy relation holds for both types of cubic lattice. 
In addition, we have found that the quantities ¢11—¢12 
and C44 are independent of K,, in agreement with Fuchs’ 
calculations based on a static model. 

Turning our attention to thermal waves, we then 
distinguished two extreme cases. In the first case, the 
electrons do not participate in the lattice motion. This 
led to the secular Eqs. (40) and (41) for the bec and fcc 
lattices, respectively. If the elastic constants nearly 
satisfy the isotropy condition, the Debye © in the T* 
region is deduced from Eqs. (40) and (41) and is given 
by Eq. (59), for both lattices. In the second case, the 
electrons participate in the lattice motion. From this 
hypothesis, we get the secular Eqs. (42) and (43) for 
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the bcc and fcc lattices, respectively. The Debye @ jn 
this instance is given by Eq. (58), in the T? region, for 
both lattices. 

‘It may be that neither extreme is correct. But by 
comparing the results of the calculations for both ex. 
treme cases with experiment, one may be able to draw 
conclusions which will give direction toward a better 
theory. However, the data entering the theory and the 
data used in comparing the results with experiment 
must be more precise than that existing at the time of 
this writing. 

An interesting by-product of these calculations is the 
determination of the number of free electrons per atom 
(for monovalent elements) from the velocity of sound 
measurements, in combination with data such as can 
be obtained from soft x-ray measurements. For ex- 
ample, the width of the occupied part of the conduction 
band for Cu has been determined from soft x-ray 
measurements by Gyorgy and Harvey to be 7.1+0.5 
electron volts.!® Using Eqs. (18) and (38), we find that 


2 Nn 0 
3 V 


= K.e=Ci2— Cas. 
Putting cy2= 12.3 and ¢44=7.5 in units of 10" dynes/cm’ 
(as cited by Leighton"), and with V=7.1 cc, we obtain 


No= 0.75 
free electrons per atom, a reasonable figure for Cu. 


Note added in proof.—The elastic constants of Al have been 
measured recently by P. M. Sutton, Phys. Rev. 91, 816 (1953), 
down to 63°K. The values of ¢11, C12, C44 extrapolated to 0°K are 
12.30, 7.08, 3.090 in units of 10" dynes/cm?. These constants 
substituted into Eqs. (58) and (59) lead to 


@=429°K with electron gas [Eq. (58) ], 
@=423°K without electron gas [Eq. (59) ]. 


16 FE, M. Gyorgy and G. G. Harvey, Phys. Rev. 87, 861 (1952). 
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The incorporation of solute elements into single crystals of germanium grown from the melt is examined 
in terms of a simple model. The theory takes account of the contribution of solute transport in the melt, owing 
to diffusion and fluid motion, to the over-all process of impurity incorporation during steady-state crystal- 
lization. The analysis is extended to treat the transient inclusion of solute which results when the compo- 


sition of the melt is abruptly changed. _ 





ETEROGENEOUS chemical reactions are com- 

prised of several processes. One of these is the 
chemical transformation itself, and associated with it 
the adsorption and desorption processes, occurring at 
the interface of the two phases. Elsewhere the transport 
of reactants or products to or from the interface may be 
a significant factor. Diffusion is a consideration in the 
transport process, particularly with solid-liquid re- 
actions. 

Nernst! postulated that the chemical change itself 
occurs almost instantaneously, and supposed the over- 
all rate of the reaction to be set by a diffusion-dominated 
transport process. This viewpoint has been endorsed by 
some workers, but others have argued for the importance 
of other processes, sometimes to the extent of denying 
that transport contributes to the reaction rate at all. 
It is now widely believed that the importance of a 
given process, such as transport, to the over-all rate 
depends critically upon the system under study, and for 
a given system may even depend upon the experimental 
conditions. The subject of heterogeneous reactions has 
been reviewed by Moelwyn-Hughes,? and by Bircum- 
shaw and Riddiford* with special attention to transport 
processes. 

The present paper treats theoretically the incorpora- 
tion of impurity elements into single crystals of ger- 
manium grown from the melt.‘ The paper which follows 
describes some experimental studies of such crystals. 
The crystallization is viewed as a heterogeneous reac- 
tion. The chemical process consists of the incorporation 
of impurity at the solid-liquid interface. It depends 
strongly upon the impurity, and possibly upon some 
conditions of crystallization. The transport process is 
particularly sensitive to crystallization conditions, and 
is the chief subject of this discussion. 


1. DISTRIBUTION COEFFICIENT 


The incorporation of impurity in the crystal may be 
characterized by a distribution coefficient. In treating a 
binary solution having solid and liquid phases, one may 


'W. Nernst, Z. physik. Chem. 47, 52 (1904). 

*E. A. Moelwyn-Hughes, The Kinetics of Reactions in Solution 

ord University Press, London, 1947), second edition. 

*L. L. Bircumshaw and A. C. Riddiford, Quart. Rev. Chem. 
Soc. (London), 6, 157 (1952). See also A. C. Riddiford, J. Phys. 
Chem. 56, 745 (1952). 

G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 


define an equilibrium coefficient ky as the ratio of the 
concentration of solute in the solid Cs to that in the 
liquid Cz, when equilibrium exists between the two 
phases at a given temperature. When the solute compo- 
sition of the system is decreased, so that the equilibrium 


temperature approaches the melting point of the pure 


solvent, ko converges to a constant value. With 
solutions in germanium, fp is ordinarily less than unity 
and depends markedly upon the impurity. When 
crystallization occurs very slowly, the solid forming at 
any moment from the melt has composition Cs=koC_z, 
provided one may assume diffusion in the solid to be 
negligible. As the crystallization proceeds, the rejection 
of solute by the solid enriches the melt, and so the solid 
formed in the later stages becomes progressively richer, 
in a manner which has been described by several 
authors.® 

However, if crystallization does not proceed slowly, 
solute atoms are rejected by the advancing solid at a 
greater rate than they can diffuse into the bulk of the 
melt. A concentration gradient thus develops just ahead 
of the advancing crystal. It is this enriched region which 
directly determines the rate of solute incorporation into 
the solid. If Cz, is the solute concentration in the bulk of 
the liquid, where stirring and convection currents keep 
the composition virtually uniform, one may define an 
effective distribution coefficient & as the ratio Cs/C,z at 
any moment. 

The equilibrium value of the distribution coefficient, 
ko, may of course be regarded as the ratio a/8, where 
a and @ are rate constants, expressed in cm sec, for 
two exchange processes occurring at the phase interface 
which have reached equilibrium. Here a describes the 
entrance of solute into the crystal and 6 describes the 
exit process into the melt. True equilibrium presumably 
occurs only if the crystallization speed is essentially 
zero. When crystallization occurs at measurable speed, 
doubtless the equilibrium at the interface will be 
disturbed at least to some degree. Thus the effective 
distribution coefficient k, which describes the over-all 
reaction of solute incorporation into the crystal at non- 
zero growth speed, may vary with the crystallization 


5 E. Scheuer, Z. Metallekunde, 23, 237 (195i); A. Hayes and J. 
Chipman, Trans. Am. Inst. Mining Met. Engs. 135, 85 (1939); 
R. H. McFee, J. Chem. Phys. 15, 856 (1947); W. G. Pfann, J. 
Metals 4, 747 (1952). 
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rate due to two factors: (a) the contribution of trans- 
port processes in the melt, mentioned in the preceding 
paragraph; (b) the effect upon the exchange process at 
the interface, i.e., upon the chemical process itself. 
The present paper will be devoted chiefly to (a), 
since transport of solute in the melt is found experiment- 
ally to be of major importance. Hall® has postulated a 
mechanism for the dependence of k upon growth rate 
which in effect ascribes the behavior to (b). He has 
taken (a) to be-unimportant in practice, but this view 
is not in accord with our own experience.’ Some mention 
will be made presently of the effect of nonzero growth 
rate upon the exchange process at the interface, but a 
detailed discussion will be reserved for later presentation. 


2. ANALYSIS OF FLUID FLOW 


For any type of fluid flow, whether laminar or turbu- 
lent, the fluid velocity tends toward zero with approach 
to the solid-liquid interface, except for the flow normal 
to the interface due to crystallization. There is thus 
some region of the melt, next to the-crystal, in which the 
principal transport of solute away from the interface 
occurs by diffusion. Fluid motion dominates solute 
transport in more remote regions. Crystallization from 
the melt according to the method of Teal and Little* 
involves continual rotation of the crystal, the purpose 
being in part to yield symmetrical growth. This rotation 
tends to produce ordered, laminar flow in the melt. If 
turbulence and random convection currents are small 
enough in comparison, the fluid flow is essentially that 
due to the stirring. Experimentally, there is no superfi- 
cial evidence of turbulence in the liquid, nor would 
turbulence be expected from general considerations® of 
the conditions of stirring. Hence, it is presumed that the 
fluid flow is laminar, and that it can be analyzed in the 
following way, which is similar to the treatment used by 
Levich® in his study of diffusion-limited electrode 
reactions. 

The interface of a rotating crystal pulled from the 
melt is approximately a plane disk. As is well known, a 
disk rotating upon a liquid acts as a centrifugal fan, 
spinning fluid radially and tangentially, and hence 
drawing material toward the rotating surface from the 
body of the liquid. The fluid flow pattern produced by 
an infinite disk rotating upon a semi-infinite liquid has 
been calculated by Cochran,” solely in terms of the 
angular velocity of the disk and the kinematic viscosity 
of the liquid. In Cochran’s example the flow velocity 
normal to the disk is independent of radial distance from 
the rotation axis, and falls off rapidly in proximity to the 
disk. Crystal and crucible dimensions are typically of the 
order of centimeters, whereas the diffusion-dominated 
region of present interest is probably only about 10~? or 

®R. N. Hall, Phys. Rev. 88, 139 (1952). 

7See Part II, J. Chem. Phys. 21, 991 (1953). 

8See Modern Developments in Fluid Dynamics, edited by S. 
Goldstein (Oxford University Press, London, 1938), pp. 113, 367. 


§B. Levich, Acta Physicochim. U. R. S. S. 17, 257 (1942). 
” W. G. Cochran, Proc. Camb. Phil. Soc. 30, 365 (1934). 
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10 cm thick. Therefore Cochran’s analysis should give 
a reasonable approximation for flow in the melt, pro- 
vided the analysis is confined to regions of the melt 
which lie close to the crystal and separated from the 
edges of the crystal and crucible. Since the melt is not 
infinitely deep, an analysis like that made by Batche- 
lor," treating the flow between two parallel rotating 
disks with finite separation, should be more exact. 
However this last approach is more difficult than seems 
warranted. 
Conservation of solute atoms in the melt is expressed 
by the continuity equation 
aC/dt=—V-(CV—Dvc), (1) 
where V is the vector fluid velocity, and D is the diffu- 
sion coefficient of the solute, assumed to be independent 
of concentration in the dilute solutions which are en- 
countered. A one-dimensional treatment is appropriate, 
since the solid solute concentration is found experi- 
mentally to be virtually uniform in the radial direction, 
perpendicular to the growth direction. Then, since the 
fluid is incompressible, Eq. (1) reduces to the following 
in the steady state: 
&C dC 
D——V,—=0. (2) 
dx? dx 
The coordinate system is fixed with respect to the solid- 
liquid interface, which is located at x=0, with the 
positive x direction extending into the melt. Velocity 
Vis taken to be the sum of the normal fluid velocity W, 
and the growth velocity /. The latter is chosen to be 
positive for growth and negative for melting. The 
boundary conditions for steady-state growth are: 


CC, as x0, (3) 
j dC 
sini diel ita at x=0, (4) 
x 


where as before C, and C> are the melt concentrations 
in the bulk of the liquid and at the interface, respec- 
tively. 

Relations (2)—(4) can be solved numerically, using 
Cochran’s tables for W. For the small values of x which 
are of interest here, however, Cochran gives the 
following approximation, 

W=0.51w!y-tx? for x<viw-I, (5) 
where w is the angular velocity of crystal rotation and 


v is the kinematic viscosity of the liquid. The following 
solution is obtained.* 


Co—C1 
Co—Cs 
where B=0.17 f—*w!D?y-} and X= fx/D. 


ul G, K. Batchelor, Quart» J. Mech. Appl. Math. 4, 29 (1951). 

* Strictly speaking, the integration may not be carried beyon 
x=-+7(v/w), but practically the matter is unimportant, since W! 
the physical constants of the present process there is virtually ™ 
contribution to the integral for x>y(v/w). 
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For practical purposes it is more convenient, however, 
to make an approximation not unlike Nernst’s ap- 
proach. Thus, it is assumed that beyond a distance 6, 
from the growing interface the fluid flow keeps the 
concentration uniformly equal to Cz. Within 6 the 
normal flow velocity is merely f, and here diffusion 
likewise contributes to the transport. Thus Eq. (3) 


becomes tT) 
C 4 


a a (7) 


and (3) is replaced by 
C=C, at x«=6. (8) 


The following solution results for the concentration at 
the interface. 


Cr—Cs 





Co—Cs 
me, (9) 


where A= f6/D. The somewhat arbitrary quantity 6 
may be characterized by defining it so that it yields the 
same dependence of the composition upon the growth 
parameters that is given by the more exact solution, 
(6). Thus, 6 is required to vary in such a way that 


e4=1-J, (10) 


where J is the integral standing on the right in Eq. (6). 

For small enough values of the growth rate, 6 depends 
simply upon the rotation rate and certain physical 
properties of the liquid phase. 


6=1.6D'%yl/6,.-1/2, 


(11) 


Thus it is seen that if the growth rate is small enough, 
A varies linearly with f and with w~}. The variation of 
A with B-', ie., its dependence upon the term fw}, is 
shown in Fig. 1. 

The foregoing treatment has described steady-state 
solute transport in the fluid for both crystal growth and 
for melting. In the case of growth there exists an addi- 
tional relation between Cs and Co, which is given in its 
simplest form by the equilibrium distribution coefficient 


Cs/Co= ho. (12) 


The relation is described more generally as depending 
upon f, and possibly also upon other quantities such as 
acceleration : 


Cs/Co=k*(f, Of/dt, -**). (13) 


As has been stated, no attempt will be made here to 
explore the manner in which k* depends upon these 
factors. Suffice it to say that one would expect the be- 
havior to be qualitatively similar to that postulated by 
Hall,* in that the process at the interface should shift 
toward an enhanced tendency for solute incorporation at 
higher growth rates. 

In any case, whatever the form of k*, Eqs. (9) and 


SOLUTE DISTRIBUTION IN CRYSTALS GROWN FROM THE MELT. I 1989 





(13) lead to the following expression for the effective dis- 
tribution coefficient in the steady state: 


k*® 
k= ‘ 
k*¥+ (1—k*)e~4 





(14) 
For the important case in which equilibrium prevails at 
the interface virtually independently of growth rate, 


ko 
k= . 
ko+ (1—ko)e 





(15) 


The variation of k with growth rate is shown in Fig. 2 
for two rates of crystal rotation, and for three values of 
ko. Reasonable values have been assumed here for D and 
vy: D=5X10- cm? sec and v=2.5X10~ cgs units. 
The variation described by Eq. (15), for equilib- 
rium at the interface, is given in each case. If this 
equilibrium were disturbed by the use of nonzero 
growth rate, the steady-state variation described by 
Eq. (14) would ‘of course cause the curves to stand 
above those in Fig. 2. ' 


3. TRANSIENT ANALYSIS 


Transient behavior in the melt will now be examined 
for the case of rapid exchange at the interface, i.e., 
k*=ky. The transient case to be considered is that in 
which the solute concentration in the bulk of the melt 
is abruptly increased. Because of the linearity of the 
problem, one may deal solely with the case in which this 
concentration jumps from zero to a final value at ‘=0. 

Retaining the concept of diffusion-dominated region 
of thickness 6, beyond which the melt composition is 
uniform, the partial differential equation and boundary 
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Fic. 1. Variation of f6/D with B-4, i.e., with fo~+. Curve A 
neglects the dependence of 6 upon f. Curve B gives the exact 
variation. 


o2 0.6 2 








BURTON, 











6 
<a 





DISTRIBUTION COEFFICIENT, K 





4 


10 
10-4 







10-3 10-2 
GROWTH RATE, f, IN CENTIMETERS PER SECOND 


distribution coefficient. 


conditions for 0<x*<6 become 








PRIM, AND SLICHTER 





Fic. 2. Dependence of the effective distribution coefficient upon 
growth rate and rotation rate, for several values of equilibrium 



























































condition (23) to be obeyed, must be the roots of the 71 
equation i 
(ub) cot (ub) = (—o)A. (27) 
Let 6(i=1, 2, 3, ---) denote the ith positive root of C 
(27). Condition (24) is obeyed by proper choice of > 
multipliers B; in a series of terms from the solution set ( 
(26). 
efvl2D &~ B;sinuy=—Css(y) for O<y<é6. (28) 
i=l 
Since the solutions Cy; are orthogonal over the interval 
10 
0 , Ye TE 
10-1 ; } A 4 : 
0 ] J/ re 4 
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D—+ f—=—, WY 
dx? = Ox Ot 1h 
ac ff 
—D—=(1—ky) fCy at x=0, (17) 03 HH 
Ox Hi 
C=0 for 0<x<é, t=0, (18) cz} fy T 
: C=C, for x=6, t=0. (19) . 
; — 1 ar 
It is convenient to change to variables C and y: ° por 
C= C—Css (20) a defi 
y=s5—x, (21) ° 02 04 0.6 ot 0.8 10 1.2 4 solic 
; : 6 simy 
where Css is the steady-state result obtained from Fic. 3.C patil al tal interf usted a 
solving Eq. (7). Accordingly, Eqs. (16)-(19) become time following a step-function ps rs pore pacer on ae 
“a aa t t. 
: a ac a ac ntti gern 
a ay (22) 0<«#<6, the B;’s are given by 1 
ac 5 F fy TI 
D—=(1—k)f€ at y=6 (23) i -Css(y) sinuiydy in P 
= sed B= . (29) solul 
C=—Css(y) for y>0, ¢=0 (24) Ri, mer prese 
C=0 for y=0, #>0 f sin’uiydy 1:10 
where eee yi @) . of di 
Rot (1—Ro)e4e-Fu/P From this one can compute solid 
ss=CL : - Strai; 
kot (1—ko)e= = — Def ul is us 
and again A= /6/D. The following set of solutions to Cy, ' tratic 
Eq. (22) satisfies relation (25) and has the property that Tf Ay’ pt Ph 
C0 as 0. uid sinucy-exp| ” =) + (uid)? le have 
| 2 ra) LL : a 
C,=efv/2P sinwy-exp} — ( — ) +p? |Dt}. (26) XL . 1939 
2D _ sin2u6\f 7 A\? 7 } (1948) 
” (1- ) —) +a) | Hanse 
Here the y’s are positive numbers which, in order for dus JL\2 7 1936), 
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Then the concentration of solute in the melt next to the 
interface is found to be 


a 
Cr kot (i—Ro)e“ 


van¥ : 
uid sind -exp| - (=) + (u6)? 


- 





xd 
i=l sin2u,6\f 7 A\? 7 
(:- ) (=) + (ay? 

us JL\2 } 








u6 being the ith positive root of 
(ud) cot (ud) = (3— Ro) A. 


More generally, let C; be the initial concentration at the 
interface just before a step-function change is made in 
Cz, at t=0, and let C; be the final concentration at the 
interface after a new steady state is reached. Then 
from Eq. (31) it follows that the concentration at the 
interface, Co, varies with time as shown in Fig. 3, for 
several values of Ro and A. 
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Experiments have been performed on the distribution coefficients of a number of solute elements in 
germanium crystals grown from the melt. The variation of distribution coefficient with conditions of crystal- 
lization is examined in the light of the theory of Part I. The incorporation of solute elements into the crystal 
is shown to depend critically upon the transport processes occurring in the melt. 


HE distribution of solute atoms in germanium 
crystals grown from the melt was examined in 
Part I, with particular attention to the effect of trans- 
port processes in the melt. The distribution coefficient, 
defined as the ratio of the solute concentration in the 
solid to that in the body of the liquid, was related by a 
simple model to the growth parameters and to certain 
physical constants characteristic of the solvent-solute 
system. In Part II, the distribution coefficient in 
germanium is examined experimentally. 


1, EQUILIBRIUM DISTRIBUTION COEFFICIENT 


The equilibrium distribution coefficient was defined 
in Part I. For most elements in germanium the solid 
solubility is small, so that solute atoms are ordinarily 
present in germanium crystals to the extent of about 
1:108 to 1:108. At these small concentrations, the laws 
of dilute solutions should apply, and the liquidus and 


_ Solidus lines in the phase diagram should be virtually 


straight. Thus, the equilibrium distribution coefficient 
is usually independent of concentration in this concen- 
tration range. 
Phase diagrams of many binary germanium alloys 
have been determined by Klemm and his co-workers.! 
‘W. Klemm and H. Stohr, Z. anorg. u. allgem. Chem. 241, 305 
(1939) ; ibid. 244, 205 (1940). W. Klemm ef al., ibid. 256, 239 


(1948), See also M. Zumbush et al., ibid. 242, 237 (1939) ; also, M. 
sen, Der Aufbau der Zweistofflegierunger, (Springer, Berlin, 


However, this work has been done for concentrations of 
the order of one percent or greater, and affords little 
information on the distribution coefficients in this low 
concentration region. 

For germanium crystals containing impurities less 
than a part per million, the ordinary methods of direct 
chemical analysis are too insensitive. Radioactive 
tracer techniques are applicable, however, for any 
element having a radioactive isotope with a suitably 
long half-life and a sufficiently high specific activity. 
Such measurements have been made with the following 
radioactive isotopes:* (60 day Sb™), (26.8 hr As’®), 
(14.3 hr Ga”), (14.3 day P*), (50 day In"), (12.9 hr 
Cu®), (85 yr Ni®), (2.7 day Au’), (270 day Ag"), 
(2.7 yr TI), (250 day Zn®), and (5.3 yr Co™). The 
concentration of conventional donor or acceptor ele- 
ments in solid germanium can also be determined from 
electrical conductivity measurements, combined with a 
knowledge of the electron and hole mobilities. Both 
methods of analysis have been applied to single crystals 


* The isotopes were obtained from Brookhaven and Oak Ridge 
National Laboratories on allocation from the Isotopes Division, 
U. S. Atomic Energy Commission. 

tT Distribution coefficients have been determined at the Bell 
Telephone Laboratories, from conductivity measurements, by 
H. C. Theuerer, M. Sparks, W. G. Pfann, G. L. Pearson, and W. P. 
Slichter. 
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TABLE I, 
Tetrahedral - 
covalent 
radius Approximate 
Element (Pauling) Cs/CL Notes 
P 1.10 0.12 a 
As 1.18 0.04 a 
Sb 1.36 0.003 - a 
Bi 1.46 4X10-5 b 
B 0.88 >1 Cc 
Al 1.26 0.10 d 
Ga 1.26 0.10 a 
In 1.44 0.001 e 
Tl 1.47 4X 10-5 a 
Cu 1.35 1.510-5 a 
Ag 1.53 — | f 
Au 1.50 3X10-5 f 
Ni Ree 5xX10-6 a 
Zn 1.31 0.01 a 
Co ae 10-6 f 
Ge 1.22 1.0 i 








® Both radioactive tracer and conductivity measurements. 

b Conductivity measurements only. 

¢ Conductivity measurements only. This value for boron is based on 
work by R. N. Hall, Phys. Rev. 78, 645 (1950) and by W. G. Pfann (un- 
published). 

4 Conductivity ‘measurements only. This value for aluminum is based 
on work by H. C. Theurer. 

e Both radioactive tracer and conductivity measurements. This value 
has been confirmed by J. J. Dowd and R. L. Rouse, Proc. Phys. Soc. 
(London) 6, 60 (1953). 

f Radioactive tracer measurements only. 


prepared by the method of Teal and Little,’ and to 
polycrystalline ingots.’ 

The techniques used to measure the absolute concen- 
trations of tracer elements were essentially the same as 
those used by Pearson, Struthers, and Theuerer.* A 
known quantity of tracer element is added to the melt 
from which a crystal is grown. The analytical technique 
gives the concentration of solute, Cs in a given region of 
the crystal. The concentration of solute in the melt, 
Cz, at the time when that part of the crystal was formed 
is obtainable from the sum of the tracer content of the 
subsequent portions of the solid; or it is obtainable by 
subtracting the tracer content of the previous portions 
from the original quantity of solute added to the melt 
(assuming none to have been lost by evaporation). The 
ratio Cs/Cz gives the distribution coefficient for the 
given region of the crystal. 

The use of conductivity measurements to determine 
concentration of donor and acceptor elements is con- 
venient for most Group III-A and Group V-A elements, 
and is particularly valuable for elements like boron and 
aluminum which lack radioactive isotopes of long half- 
life. Use is made of the well known relation 


o= nent Petty (1) 


where ¢@ is the conductivity, e is the electronic charge, 
pis the mobility of electrons (or holes), and m (or p) is 
the density of electrons (holes). If only one donor or 
acceptor element is present in significant amount, and if 


2G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 
3H. C. Theuerer and J. H. Scaff, Trans. Am. Inst. Mining Met. 
Engrs., 189 (1951). J. Metals, 59 (1951). 
* Pearson, Struthers, and Theuerer, Phys. Rev. 77, 809 (1950). 
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there is one donor or acceptor level per impurity atom, 
n (or p) is identified with Cs, at room temperature, 
Conductivity is readily measured, but some uncertainty 
exists concerning the value of y,° for high conductivity 
samples. 

Table I summarizes the distribution coefficients’ for a 
number of solute elements in germanium, obtained 
from radioactive tracer and conductivity measurements, 
In Fig. 1, the measured values of Cs/Cz are plotted 
against the tetrahedral covalent radius’ of the solute 
atom. It can be seen that Cs/Cz covers a wide range for 
the different solutes, and that there is a fairly consistent 
relation between the distribution coefficient and the 
atomic radius. As would be expected, the larger solute 
atoms are difficult to incorporate in the germanium 
lattice, and tend to remain in the liquid phase. The 
Group III-A and V-A elements are believed to enter the 
germanium lattice substitutionally with tetrahedral 
covalent bonds. Hence, the tetrahedral radius should be 
an approximate measure of atomic size for these ele- 
ments. It is not known whether the other elements are 
incorporated substitutionally or interstitially. However, 
the distribution coefficients seem to depend on tetra- 
hedral radius in much the same way, with the exception 
of copper. Since copper has an unusually large diffusion 
constant in germanium, it is not surprising that copper 
should show singular behavior in other respects com- 
pared with other solute elements of comparable radius. 
Thus, it is seen that the distribution coefficient of copper 
is also irregular, being about 1/200 as large as that for 
antimony, an atom of like tetrahedral radius. 

It should be emphasized that the values for Cs/C; 
given in Table I are only approximate. These measure- 
ments were made on crystals grown at appreciable 
rates. Where possible, such measurements have been 
corrected to the zero growth rate values, using the 
theory of Part I. The uncertainties in this procedure and 
the experimental errors are of the order of a factor of 
two. In most cases, the errors are probably in the direc- 
tion to cause the values quoted here to be larger than 
the true equilibrium values. 


2. DISTRIBUTION COEFFICIENT AT FINITE 
GROWTH RATE 


The steady-state distribution coefficient was found 
in Part I to depend upon growth conditions in the 


5 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, New York, 1950), p. 336. Mobility has been 
studied recently by P. P. Debye and E. M. Conwell, Phys. Rev. 
87, 1131 (1952). See also J. R. Haynes and W. Shockley, Phys. 
Rev. 81, 835 (1951). 

6 Preliminary values of distribution coefficients have been ! 
ported previously by Struthers, Buehler, Theuerer, and Burton, J. 
Metals 4, 149 (1952); and by J. A. Burton at the Inst. Radio 
Engrs. and Am. Inst. Elec. Engrs. Conference on Semi-conducto! 
Device Research, June, 1952. a: 

7L. Pauling, Nature of the Chemical Bond (Cornell Universit) 
Press, Ithaca, 1945), p. 179. : 

®C. S. Fuller and J. D. Struthers, Phys. Rev. 87, 526 (1952); 
W. P. Slichter and E. D. Kolb, Phys. Rev. 87, 527 (1952). 
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following manner: 


k*® 





6 
A= ; » R=R*(f). (2) 


k= ’ 
k*¥+-(1—k*)e-4 D 


Here again & is the effective distribution coefficient 
and k* is the ratio Cs/Co, describing the solute distri- 
bution at the solid-liquid interface. The thickness, 6, 
of the diffusion-dominated region depends upon growth 
rate, f, upon the diffusion coefficient in the liquid, D, 
and upon the crystal rotation rate. The quantity k* de- 
pends in general upon f. The dependence of k upon 
growth conditions, for steady-state crystallization, has 
been examined experimentally for the solutes gallium 
and antimony. In these studies, single crystals were 
pulled? from a melt of germanium which had been 
purified by the molten zone technique.? The crystal- 
lization apparatus is shown schematically in Fig. 2.f 
When the desired crystal diameter was attained, about 
2 cm, the heat input to the apparatus was regulated to 
keep the diameter uniform for the rest of the crystal- 
lization. Constancy of diameter was considered to be 
indicative of a steady state. When the proper diameter 
control was in effect, a known quantity of the solute 
element was added to the melt during the course of 
growth. In the case of gallium, which has a fairly large 
value of ky (~0.1), the solute was added in the form of 
a weighed pellet composed about 99.9 percent of 
germanium. The gallium content of the admixture was 
found by chemical analysis. In the tase of antimony, 
which has a very small value of ko(~0.003), the solute 
was added in pure form. Arsenic is a common impurity 
in antimony, and since ko for arsenic is relatively large 
(~0.04), even a small contamination by this element 
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TETRAHEDRAL COVALENT RADIUS IN ANGSTROMS (PAULING) 


Fic. 1. Experimental values of the distribution coefficients of 
Solute elements between liquid and solid germanium, plotted 
against the tetrahedral covalent radii of the elements. 
eens 


*W. G. Pfann and K. M. Olsen, Phys. Rev. 89, 322 (1953). 
Gt he apparatus and methods used were those developed by 
-K. Teal and his co-workers (see reference 2). 
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Fic. 2. Schematic diagram of the apparatus used to grow 
single crystals of germanium for the melt. 


can markedly increase the apparent distribution 
coefficient of the antimony. In the present case, however, 
spectrochemical analysis showed the antimony to be 
free of arsenic. With both the gallium and the antimony, 
the quantity of solute was limited so as to keep the 
resulting resistivity not less than about one ohm-cm, 
in order to minimize the uncertainty concerning the 
mobility of the current carriers. 

The concentration of solute in the solid before and 
just after the impurity addition was found by conduc- 
tivity measurements. The volume of solid previous to 
impurity addition was measured, and from this were 
determined the melt volume and hence the value of C, 
at the time of addition. The ratio of Cs, the solid solute 
concentration due to the added impurity, to C, gave 
the effective distribution coefficient. 

Crystals were grown under a variety of growth rates 
and rotation rates. Figure 3 displays the results for the 
case of antimony in germanium. The curves were fitted 
to the experimental points by the method of trial and 
error. The curves were calculated on the basis of Eq. 
(15) of Part I, which involves the assumption that 
equilibrium exists at the solid-liquid interface (k*= kp), 
virtually independently of growth rate. An appropriate 
value for ko (0.003) was adopted, and by trial a value of 
5/D was chosen for one rotation rate. The values of 6/D 
for the other rotation rates were then found from this 
first value by means of Eq. (10) of the theory in Part I. 
Figure 4 shows similar data for the case of gallium, with 
ko taken to be 0.085, and with the curves computed in 
like manner. 

With both solutes, it appears that reasonable agree- 
ment is obtainable between experiment and the simple 
theory, within the limits of experimental uncertainty. 
This uncertainty is seen to be not less than +10 percent. 
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Fic. 3. Distrubution coefficient of antimony in germanium, 
as a function of crystal growth rate and rotation rate. 


Although it may be true that k* depends in some degree 
upon f, one is not forced to conclude that the effect is 
important with the solutes investigated. Indeed, if the 
theory used to plot the curves is correct, the data do not 
entitle one to a conclusion which is any more detailed 
than the simple relation k*= kp. 

It is quite obvious that the effective distribution 
coefficient depends critically upon the intensity of 
stirring. This fact shows that diffusion in the liquid 
contributes significantly to the over-all kinetics. This 
finding is in conflict with Hall’s belief’® that he had 
obtained virtually complete mixing in the melt, with a 
crystal rotation rate of only 200 rpm. 

The experiments on distribution coefficient lead to 
the choice of values of the ratio 6/D which for a given 
solute depend upon the rotation rate and are independ- 
ent of growth if f is small enough. The physical con- 
stants required for the exact calculation of 5/D from the 
theory evidently have not been investigated. But it is 
proper to ask whether the values for 6/D found some- 
what artificially from. the present experiments lead to 
reasonable figures for the diffusion coefficients. Equa- 
tion (11) of Part I may be rewritten to yield an expres- 
sion for the diffusion coefficient, D, in terms of the 
angular velocity, w, and the corresponding value of 5/D. 


6\7 
D= 20(—) vio, (3) 
D 


Taking a reasonable value for the kinematic viscosity, 
(0.0025 cgs unit), and the experimental values of 6/D, 
it then develops from (3) that D for gallium in molten 
germanium is 7.5 10~* cm? sec~, and for antimony D 


”R. N. Hall, Phys. Rev. 88, 139 (1952). 
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elements. 





is 5.5X10-* cm? sec~. It is interesting to note that the 


values thus obtained from the theory are of the same 
magnitude as diffusion coefficients reported in the 


literature for a wide variety of solutes in molten 


3. UNIFORM DISTRIBUTION OF SOLUTE 


The validity of the theory of Part I may be tested in 
another way. It is well known that when freezing pro- 
ceeds at a constant rate, the solute concentration gener- 
ally increases markedly in the direction of freezing." 
An extension of the theory permits one to derive the 
growth conditions required to keep the concentration 
uniform over a large part of the solid. Experiments 
following this approach reflect on the correctness of the 
basic theory. 

For a given fraction of crystal grown, the greater the 
rate of freezing, the greater is the concentration of 
solute brought into solid solution. For the early stages 
of crystallization, therefore, let a fairly high growth 
speed be used, so that the rate at which impurity is 
frozen into the solid will be enhanced, compared with 
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GROWTH RATE IN MICRONS PER SECOND 


Fic. 4. Distrubition coefficient of gallium in germanium, 
as a function of cyrstal growth rate and rotation rate. 


the amount obtainable at reduced speeds. Then, as the 
accumulation of solute in the melt tends to increase the 
concentration in the solid still more, let the growth rate 
be progressively decreased. By the proper program for 
the decrease of growth speed, uniform solute concentra- 
tion is in principle obtainable over an extended region 
of the crystal." 

If the mean concentration of solute in the system 1s 
Cu, the following relation exists between Cy and the 
fraction of melt frozen, X, since Cs is to be constant: 


Cr(i— X)+CsX=Cy. (4) 


(The small amount of solute in the boundary layer next 
to the crystal is neglected.) Let the maximum extent of 
uniform solid obtained when the growth rate has beet 
progressively reduced to zero be termed Xo. At this 
point, Eq. (4) becomes 


C1°(1— Xo) +C sXo= Cu. (5) 


11 See reference 5 in Part I. 
% This technique was first investigated empirically by G. & 
Teal and.E. Buehler (unpublished). 
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Equating (4) and (5), and using (2), one can obtain a 
relation which defines the required variation of growth 
rate with fraction of material solidified, for a crystal 
grown under steady-state conditions. 


i-k* —— 1-hky 1X 
A=. (6) 
ke by 1-X 


Both A and k* depend upon f, but if there is virtual 
equilibrium at the solid-liquid interface (k*=kp), 
Eq. (6) assumes a simple form: 


e“= (1—Xo)/(1—X). (7) 


It is evident that the fraction X» cannot be reached 
in finite time. However one can choose a hypothetical 
Xo, and can in practice approach this value quite closely 
within a convenient time. For a chosen value of Xo, one 
has some freedom in the selection of crystal rotation 
rate and initial growth rate. Figure 5 shows the varia- 
tion of resistivity along the length of a representative 
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_ Fic. 5. Example of the variation of resistivity with 
distance in a crystal grown with a programmed growth rate. 


crystal, a portion of which was grown as specified by 
Eq. (7). In this case, arsenic was used as the solute. The 
crystal diameter was kept constant over the region of 
programmed growth, as a criterion for steady-state 
growth. It is seen that the solute concentration is quite 
uniform over the programmed region. This result offers 
further substantiation of the basic theory. 


4. STRIATED CONCENTRATION DISTRIBUTIONS 


The importance of transport processes in the melt to 
the over-all reaction of solute incorporation during 
crystallization is further seen from a study of the effects 
which prevail when the mechanical stirring of the melt 
Is deliberately made negligible. Then fluid motion comes 
only from thermal convection currents which doubtless 
fluctuate, and so the contribution of diffusion to the 
transport process continually changes. Thus the crystal 
IS grossly inhomogeneous in its solute composition. 
Variations in concentration can also result from fluctua- 
tions in growth rate, caused by cyclic or erratic varia- 
tions in the temperature control. 
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Fic. 6. Optical transmission of radioautograph, electrical 
resistivity, and hole lifetime for a germanium crystal exhibiting a 
straited distribution of antimony (data of J. D. Struthers, G. L. 
Pearson, and J. R. Haynes). ; 


The concentration fluctuations are best seen with the 
aid of radioautographs, which are made by cutting the 
crystal longitudinally along the direction of growth, and 
placing this flat ground surface in contact with a photo- 
graphic plate. The radiations from the tracer element 
expose the emulsion to a degree which is roughly 
proportional to the concentration of tracer in the crystal. 
J. R. Haynes and G. L. Pearson'® have shown that 
accompanying irregularities occur in the lifetime of 
injected current carriers and in the resistivity. Figure 6 
shows the corresponding variations in solute concentra- 
tion, hole lifetime and resistivity in one of these irregular 
crystals. 

Figure 7 shows crystals grown from a poorly stirred 
melt, where the speed of crystal rotation was only four 
rpm, so that the fluid flow was probably largely the 
result of uncontrolled convection currents. Growth rates 
were in the range 1 to 2 mils/sec. In both cases shown, 
the radioautographs reveal bands or striations of high 
and low solute concentration parallel to the solid- 
liquid interface, and spaced about 0.5 to 2 mm apart. 

In contrast, Fig. 8 shows radioautographs of two 
germanium crystals which were prepared with good 
stirring. Both crystals were grown at 2 mils/sec. For the 
crystal shown on the left, both the crystal and the 
crucible containing the melt were rotated at 120 rpm, 
in opposite directions. The crystal shown on the right 
was rotated at 60 rpm, with a stationary crucible. It is 
noteworthy that the more intense stirring produced 
homogeneous concentrations in the crystals, except for 
normal segregation in the direction of growth. 

In Fig. 7 (left) and Fig. 8 (right), one can detect 
crystallographic twins; these regions are quite distinct 


18 Unpublished studies. 
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Fic. 7. Radioautographs of germanium crystals prepared from 
poorly stirred melts (crystal rotated at 4 rpm): (left) radioactive 
antimony added; (right) radioactive gold added. 


in the original radioautographs. It is seen that a change 


in solute concentration, and hence a change in the 
effective distribution coefficient, accompanies the shift 
in crystal orientation. From measurements of the optical 
density of the radioautographs, it is estimated that the 
distribution coefficient changed by not more than five 
percent. It is not clear whether this change is to be 
attributed to a change in the dependence of k*(/) upon 


SLICHTER, AND STRUTHERS 


Fic. 8. Radioautographs of germanium crystals prepared from 
well-stirred melts: (left} germanium single crystal rotated at 120 
rpm and grown from a melt to which three antimony pellets were 
added; (right) twinned germanium crystal containing radioactive 
phosphorus and grown with a rotation of 60 rpm. 


growth rate, which is essentially Hall’s viewpoint," or to 
a change in kp with crystallographic orientation. 

Thus, Figs. 7 and 8 point out the importance of 
adequate stirring to the growth of homogeneous crystals 
and by inference show the importance of the transport 
process in the melt to the over-all reaction. 
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The infrared spectra of the series SiCl, through SiMe, have been obtained in the gas phase over the range 
2-25 microns using CaF2, NaCl, and KBr prisms. The spectra are compared with Raman data for these 
compounds, and vibrational assignments are made. The methyl] band at about 8 microns is shown to be asso- 
ciated with the symmetrical CH; deformation, the bands around 12 microns with the methyl rocking and 
Si—C stretching vibrations, and the bands between 16 and 25 microns with the SiCl stretching modes. A 
comparison of frequencies for the members of the series has made it possible to assign fundamentals for all 
motions except those involving torsion of the Me group around its axis. 





INTRODUCTION 


LTHOUGH the methyl chlorosilanes are both 
industrially important and theoretically interest- 
ing, they have received very little attention from infra- 
red spectroscopists. There is no question as to the 
structures of these molecules since silicon is known to 
form tetrahedral bonds analogous to carbon. Electron 


diffraction studies! also show results consistent with ~ 


tetrahedral bonding. Nevertheless, the infrared spectra 
of silicon-containing organic compounds present many 
interesting features, of which one of the most arresting 
is the constancy of certain frequencies,”* even at longer 
wavelengths where empirical correlations often break 
down. It was therefore thought profitable to study a 
series of compounds containing different distributions 
of the same groups, since in this way absorption bands 
arising from a particular motion of a given group can 
be traced throughout the series and vibrational assign- 
ments made. In this paper the infrared spectra for the 
series Me,SiCl,(a+y=4) are shown from 2-254 and 
the infrared bands correlated with the Raman data. 


EXPERIMENTAL DETAILS 


The compounds studied were plant grade products 
which were purified by fractional distillation. The infra- 
red spectra of the resulting materials did not show any 
bands which could be attributed to other members of 
the series from which they had been separated. A Baird 
Associates double-beam infrared spectrometer equipped 
with a NaCl prism, and a Perkin-Elmer Model 12-C 
spectrometer equipped with KBr and CaF: prisms were 
used to record the spectra. The instruments were cali- 
brated with polystyrene, water vapor, ammonia, and 
methyl alcohol vapor bands.* The calibration error 
should be less than +2 cm™! from 400-650 cm, and 
+4 cm from 650-3200 cm~!. A 10-cm gas ceil was 
used throughout. The intensity of the infrared absorp- 


'R. L. Livingston and L. O. Brockway, J. Am. Chem. Soc. 66, 
94 (1944); ibid. 68, 719 (1946). 
«ty Wright and M. J. Hunter, J. Am. Chem. Soc. 69, 803 

*Young, Servais, Currie, and Hunter, J. Am. Chem. Soc. 70, 
3758 (1948), 

‘E. K. Plyler and C. W. Peters, J. Research Natl. Bur. Stand- 
ards 45, 462 (1950). 


tion was therefore limited in some cases by the vapor 
pressure of the sample. 


INTERPRETATION OF THE SPECTRA 


Experience has shown that the skeletal vibrations of 
the alkyl chlorosilanes fall into fairly well defined re- 
gions of the spectrum. The C—H stretching frequen- 
cies, of course, occur at about 3000 cm“, and the bend- 
ing frequencies in the region 1100-1500 cm™; and 
vibrations involving Si— Cl stretching lie in the region 
400-625 cm. The Si—Cl bending frequencies are 
found in the range 0-400 cm“. 


1. SiCl, 


This molecule belongs to point group Tg and has four 
fundamental vibrations, of which one is doubly de- 
generate and two are triply degenerate. Only the latter 
are infrared active, but all vibrations are active in the 
Raman effect. The Raman spectrum of liquid silicon 
tetrachloride has been studied by several investigators.°® 
Raman shifts are shown in Table I along with the 
infrared data. It will be noted that v; is shifted appre- 
ciably on going from the liquid to the gas. The infrared 
spectrum is shown in Fig. 1. It is interesting that no 
strong bands appear in the sodium chloride range, but 
in thick layers a number of absorptions appear which 


TABLE I. Assignment and symmetry of SiCl, bands. 








Raman 
Intensity 


Infrared 
Freq. _Intensity* Freq. 


1232 MW 

1064 VW 

1044 MW 

838 VVW 

798 VVW 

765M 

647 M 

621. VS 610 (2b) 
424 (5), P 
221.2 (4) 
150 (4) 


Interpretation 


2v3(= 1242) (Ai+E+F>2) 
2vi+ va( = 1069) (F2) 
vitvs(= 1045) (Fe) 
vst v4(= 842) (Ai + E+F?2) 
vitve+v4(=795) (Fit+F2) 
votv3(=771) (Fit+F2) 
vitvs( = 645) (Fo) 
v3 (F2 fundamental) 
v; (A; fundamental) 
va (F2 fundamental) 
v2 (E fundamental) 











a V =Very. W =Weak. M = Medium. S =Strong. P = Polarized. b = Broad. 


5 See, for ee Delwaulle, Buisset, and Delhaye, J. Am. 


Chem. Soc. 74, 5768 (1952); J. Goubeau and R. Warneke, Z. 
anorg. u. allgam. Chem. 138, 233 (1949). 5 
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Fic. 1. Infrared 


are satisfactorily explained as combination and over- 
tone bands. The asymmetry of the 621 cm™ funda- 
mental is no doubt the result of the presence of Cl*’ 
isotopes. The numbering of the fundamentals follows 
the suggestion of Herzberg.® 


2. CH;,SiCl; 


Methy] trichlorosilane is the simplest of the methyl 
chlorosilanes. It belongs to point group C3, whether the 
molecule has the staggered or eclipsed configuration. 
It has 12 fundamental vibrations of which five belong 
to species Aj, one to species Az, and six to species E 
(doubly degenerate). All vibrations except the Az 
twisting mode are both infrared and Raman active. 
The molecule is a symmetric top rotator, with the center 
of mass lying within the SiC]; pyramid. The moments of 
inertia are I-=I,=466.2X10-° gm cm? and I,= 639.5 
<10-“ gm cm’, assuming tetrahedral angles and 
Tsi-cl= 2.01A, 'c—H = 1.09A, and rsi-c= 1.88A!. The 
infrared spectrum is shown in Fig. 2. 

Several assignments can be made unambiguously. 
The C—H stretching bands at 2923 and 2990 cm™ are 
obviously the symmetrical and unsymmetrical stretch- 


6G. Herzberg, Molecular Spectra and Molecular Structure II, 
(D. van Nostrand Company, Inc., New York, 1945), p. 272. 


(b) 
spectrum of SiC]. 


ing modes.’ The bands between 400 and 650 cm“ occur 
in all chlorosilanes and must arise from the Si—Cl 
stretching vibrations. The band at 458 cm shows PQR 
structure which means for this point group that it is a 
parallel band and belongs to species A. It arises from 
the symmetrical Si— Cl stretching motion. The strong 
absorption at 577 cm has the shape of a perpendicular 
band, has a corresponding broad Raman line, and there- 
fore arises from the unsymmetrical Si— Cl stretching. 
There has been some disagreement about the origin?** 
of the band at 1271 cm™. This band is found in all 
compounds containing one or more methyl groups on 
silicon. The spectrum of gaseous methy] trichlorosilane 
shows clearly that this is a parallel band (see Figs. 2 
and 3). Further evidence that it is a parallel band is 
obtained by calculating the separation of the P—R 
maxima.’ This can be done quite accurately for a mole- 
cule with large moments of inertia. The calculated sepa- 
ration of the rotational wings, 14.9 cm’, agrees very 
well with the observed separation shown in Fig. 3. 
The band at 1271 cm therefore must be the result of 
the symmetrical deformation of the methyl group. 


7J. J. Fox and A. E. Martin, Proc. Roy. Soc. (London) Alv5, 
208 (1940). 

8 R. E. Richards and H. W. Thompson, J. Chem. Soc. 1949, 124 

®S. L. Gerhard and D. M. Dennison, Phys. Rev. 43, 197 (1933). 
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(b) 
Fic. 2. Infrared spectrum of MeSiCl). 


The 1417 cm~! fundamental can be assigned as the Raman shifts are average values except where otherwise 
unsymmetrical deformation. A parallel structure is noted. The assignment of the fundamentals is essentially 
shown by the band at 764 cm which may therefore be the same as that of Burnelle and Duchesne,” although 
roughly characterized as a Si—C stretching mode. it was made independently of their results. 

The perpendicular band at 804 cm is assigned as 

methyl rocking. 3. Me.SiCl, 

This leaves four vibrations to be assigned. The sym- 
metrical SiC]; deformation is the lowest: totally sym- 
metric frequency, and can be assigned to the Raman 
band at 229 cm™ by analogy with HSiCl;, which has a 
polarized Raman line” at 250 cm—. The unsymmetrical 
SiC]; deformation is also assigned to the 229-cm~ band, 
since this is a broad Raman line, and such lines arise as , 


from nontotally symmetric vibrations." The broad me ae catia, 
Raman line at 164 cm~ is the result of a motion which \ 


Dimethyl] dichlorisilane has two vertical planes of 
symmetry (point group C2,), analogous to propane. 
The molecule is an asymmetric top rotator, with the 
center of mass lying within the SiCl, triangle. Coordi- 
nate axes have been chosen such that the methyl groups 








is essentially SiCl; rocking. The twisting frequency v¢ is 

inactive in both the infrared and Raman effect, and no 

convincing assignment can be made in the absence of _ yg. 3. 84 band of 
supplementary data. There is a possibility that the MeSiCl; under high 
weak infrared band at 537 cm™ is 2v5 (which is of Tesolution. 

species A;), so that vg would have a frequency of ap- 

proximately 270 cm~!. This frequency seems rather 

high, however. All observed infrared and Raman bands 

and their assignments are given in Tables II and III. ob a 
oe cm" 


“ M. deHemptinne and J. Wouters, Nature 138, 884 (1936). aS 
" See reference 6, p. 446. 2 |, Burnelle and J. Duchesne, J. Chem. Phys. 20, 1324 (1952). 











PERCENT TRANSMITTANCE 


V 


























A. LEE SMITH 


TABLE II. Description of vibrational modes and 


TABLE III. Assignment of CH;SiCl; bands. 





frequency assignment for MeSiC];. 











Approximate 
description Ai Frequency 


CH; nonsym. str. 2990 
CH; sym. str. 2923 
CH; nonsym. deform. 1417 
CH: sym. deform. 1271 
CH; rocking 804 
Si—C str. 764 
Si—Cl nonsym. str. _ 577 
Si—Cl sym. str. 458 
SiCl; nonsym. deform. 229 
SiCl; sym. deform. 229 
SiC]; rocking ‘ 164 
Si— Me torsion ? 
Activity* I,R 











« ] =Infrared. R =Raman. 


lie in the x—z plane and the chlorines in the y—z plane. 
The moments of inertia are approximately I,=637 
xX10-", I,=218X10-", and I,=576X10-" gm cm’. 
Therefore type A, B, or C bands will arise from a 
change in moments along the y, z, or x axis, respec- 
tively. 

The spectrum is shown in Fig. 4. The CH; stretching 
and deformation bands have about the same frequency 
as they did in MeSiCl;, and the Si— Cl stretching bands 
are also easy to assign. The rather peculiar looking en- 
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Infrared Raman2:> 
Freq. Intensity Freq. Intensity Interpretation 

800 VWe vi tye 
vty 
vi+ys 
vitys 
v7 (E fundamental) 
v1 (Ai fundamental) 
ve+ve 
ve+vs3 
votvaetvs 


vot 


uni 


nueva 


2v3 

vs (E fundamental) 
ve+vio 

v2 (Ai fundamental) 


2r10 
vatvio (=1035) and/or 
vs+vo 
vo+vi2 
vg (E fundamental) 
(5) v3 (Ai fundamental) 
(va +ve6)? 
vats 
v9—Vi12 
577 (4b) vio (E fundamental) 
(2ve6?) (Impurity ?) 
450 (9) va (Ai fundamental) 
229 (9b) vs, vi1 (Ai, E fundamentals) 
163 (9b) vi2 (E fundamental) 








® Shimanouchi, Tsuchiya, and Mikawa, J. Chem. Phys. 18, 1306 (1950). 
b Goubeau, Siebert, and Winterwerb, Z. anorg. u. allgem. Chem. 259, 240 
i reference a, Table I. 
velope at about 820 cm™ contains three bands, as is 
shown by the spectrum of the liquid (see Fig. 5). The 
methyl rocking and Si—C stretching frequencies are 
expected in this region. The two bands having sharp Q 
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TABLE IV. Description of vibrational modes and WAVE NUMBERS IN CM! 
frequency assignment for Me2SiCl.. Ph ane 








ea 





Approximate 
description Frequency 





$s 





CH; nonsym. str. 2984 cm 
CH; sym. str. 2918 
CH; nonsym. deform. 1412 
CH; sym. deform. 1261 
CH; rocking (sym.) ‘ 847 
CH; rocking (nonsym.) 823 
Si-C nonsym. str. 805 
Si—C sym. str. 688 
Si- Cl nonsym. str. 553 
Si—Cl sym. str. 473 
Si— Me» rocking 2 298 
Si— Cl. rocking 2 241 " 12 13 
Si— Mes deformation 232 WAVE LENGTH IN MICRONS 


Si—Cl, twisting _ : 177 Fic. 5. Infrared spectrum of liquid Me2SiCle. 
Si- Cl. deformation 168 
Si- Me torsion 14 ? 


Activity* inactive) supports this assignment. The symmetrical 
methyl rocking is assigned as 847 cm™, and the sym- 
metrical Si—C stretch as 688 cm~. These assignments 
are consistent with the observed band envelopes, the 
mately the same type (A or C) and are therefore as- Raman intensities, and the noncrossing rule (see the 
signed to the nonsymmetrical methyl rocking and non- concluding discussion). A complete fundamental fre- 
symmetrical Si—C stretching motions, respectively. quency assignment is given in Table IV, and the over- 
The fact that combination 532+805=1337 cm-! tone and combination bands are listed in Table V. 
(By‘By=As) appears in the Raman spectrum but not The description of the vibration is, of course, very ap- 
in the infrared (vibrations of species As are infrared proximate, especially in the case of the lower frequencies. 
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branches at 805 cm and 823 cm™ must be of approxi- 
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(b) 
Fic. 6. Infrared spectrum of Me;SiCl. 





TABLE V. Assignment of (CH;)2SiCl2 bands. 





A. LEE 














SMITH 


of the other methyl chlorosilanes. Parallel vibrations 
give rise to bands showing P-Q-R structure, as ex- 
pected, except for the SiCl stretching frequency where 
the Cl*’ isotope introduces some asymmetry in the 487 
cm~ band. Also, totally symmetric vibrations (487 and 
640 cm) give the most intense Raman lines (see 
Table VII). 


5. Me.Si 


The infrared spectrum of tetramethyl silane has been 
observed, with different interpretations, by Young, 





Infrared Raman* 

Freq. Intensity> Freq. Intensity Interpretation 
~3208 Vw 232+-2984= 3216 
~3147 Vw 168+-2984= 3152 

2984 MS 2979 10b V1, 15, V22 
2918 W 2908 10b V2, V16 
2802 VW 2984— 168 = 2816 
~2750 VVW 2918— 168 = 2750 
~2650 VVW 1261+ 1412= 2673 
~2500 VW 2X 1261 = 2522 
-~2100 VVW 688+- 1412 = 2100 
~2069 W 805+ 1261 = 2066 
~1958 W 560+ 1412= 1972 
1730 Vw 473+ 1261 = 1734 
1630 VVW 805+-823 = 1628 
1540 VVW 298+- 1261 = 1559 
1475 W 1472¢ 1 688+805 = 1493 
1412 MS 1400 6b 3, V17, V23 
1335°¢ 2 532+805 = 1337 
1261 S 1267 2 V4, Vis 
1093 W 1123¢ 1 1261—168= 1093 
1016 M 168+ 847 = 1015 
847 S V5, Vi2 
823 S Vi9, V24 
805 S 803 5b 20 
760 Vw 758° 1 298+473=771 
688 M 690 8 V6 
553 S 532 4b V5 
473 M 463 10 V7 
323¢ 1 2X 168= 336? 
298 Z V13 
241 5b V21 
232 7 Vg 
177 10sb v26 
168 12 Vg 








® See references a and b, Table III. 
b See reference a, Table I. 
¢ Observed only by Goubeau, e? al. 


4. Me;SiCl 


This molecule is again a symmetric top rotator with 
a threefold symmetry axis. The approximate moments 
of inertia are I,=I,=374X10-" gm cm’, and I,=238 
<10-" gm cm?. The infrared spectrum is shown in 
Fig. 6, and the vibrational assignments are given in 
Table VI. The assignments are straightforward when 
the spectrum of Me;SiCl is considered along with those 


TABLE VI. Description of vibrational modes and 
frequency assignment for Me;SiCl. 








Approximate 


TABLE VII. Assignment of (CH;)SiC1 bands. 











Infrared Raman®-> 
Freq. Intensity Freq. Intensity Interpretation 
~3213 VW 242+-2977 = 3219 
~3145 VW 188+-2977 = 3165; 
242+-2912= 3154 
~3102 VVW 188+-2912=3100 
~3060 VW 242+-2 1415 =3072 
2977 M 2970 8b Yi, Poy 18 P14 
2912 W 2902 8b 1415+-1454= 2869 
~2857 VW 1415+-1454= 2869 
-~2800 VW 2X 1415 = 2830 
~2730 VW 1260+ 1454= 2714 
-~2660 VVW 1260+ 1415 = 2675 
~2500 VVW 2X 1260= 2520 
2114 Vw 857+1260= 2117; 
700+ 1415=2115 
2022 Vw 767+1260= 2027 
1958 VW 700+- 1260= 1960 
1900 VW 640+ 1260= 1900; 
487+-1415= 1902 
1725 VVW 330+ 1415 = 1745 
1454 VW 1451 3 V16, V17 
1415 W 1412 3 V3, V10 
1335 VW 1326 1 487+857= 1344; 
640+ 700= 1340 
1260 S 1263 2 V4, Vis 
1132¢ 1 Impurity? 
1030¢ 1 330+ 700= 1030 
998¢ 1 242+-760= 1002 
966 W 947° 1 188+ 760= 948; 
330+ 640=970 
909¢ 1 Impurity? 
857 S 848 3 V19, ¥20 
767 W 760 3 V5, V1 
700 M 700 4 v1 
640 M 636 10 V6 
519 M 188+-330=518 
487 S 470 10 v7 
330 1 22 
242 7 V8 
188 7 23 




















description Ai Ao E Frequency 
CH; nonsym. str. V1 V9 V13, Vi4 2977 cm=! 
CH; sym. str. v2 V15 2912 
CH; nonsym. deform. V16) V17 1454 
CH; nonsym. deform. V3 V10 1415 
CH; sym. deform. V4 Vis 1260 
CH; rocking (nonsym.) Vi9, 20 857 
CH; rocking (sym.) Vs Vi 767 
Si—C nonsym. str. v21 700 
Si—C sym. str. V6 640 
Si—Cl str. v7 , 487 
Si—C nonsym. deform. v2 330 
Si—C sym. deform. Vg 242 
Si—Cl bending V23 188 
Si-— Me torsion Vi2 v24 ? 

Activity* I,R I,R 








* 1 =infrared. R =Raman. 


a See reference b, Table III. 


b J. Duchesne, J. Chem. Phys. 16, 1006 (1948). 
¢ Observed only by Goubeau, e¢ al. 


Koehler, and McKinney ;" and by Rank, Sakensa, and 
Shull.“ Our interpretation of the spectrum, which 1s 
shown in Fig. 7, agrees with that of the former authors, 
and therefore no data are tabulated in this paper. It 
seems clear that Rank, e¢ al have erred in their assign- 
ment of 863 cm-! as a combination band, since this fre- 


18 Young, Koehler, and McKinney, J. Am. Chem. Soc. 69, 


1410 (1947). 


4 Rank, Saksena, and Shull, Trans. Faraday Soc. 9, 187 (195 


See also p. 216. 
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THE INFRARED SPECTRA OF THE METHYL CHLOROSILANES 
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Fic. 7. Infrared spectrum of Me,Si. 


quency fits in very nicely as a degenerate methyl rock- 
ing fundamental. 


DISCUSSION 


Raman polarization data and Raman shifts for the 
gas phase would have been helpful in interpreting the 
spectra of the methyl chlorosilane series. However, by 
considering the series as a whole, it has been possible 
to arrive at a very reasonable assignment for all the 
strong infrared and Raman bands. A condensed plot of 
the fundamentals for all members of the series, corre- 
lated according to group frequencies, is shown in Fig. 8. 
The same type of plot, correlated according to sym- 
metry species, is shown in Fig. 9. Totally symmetric 
species are joined by solid lines, and nonsymmetric 
species by broken lines. No lines of the same type may 


cross. The height of the lines is roughly proportional to 
their intensity. In almost every case, the nonsymmetri- 
cal motions of a group occur at higher frequencies than 
the symmetrical motions. 

The only frequencies remaining unassigned are those 
involving a twisting of the methyl group against the 
rest of the molecule. In Me,Si, heat capacity data!® 
gives a potential barrier of 1300-200 cal/mole, which 
corresponds to a twisting frequency of approximately 
150 cm™. It is probable that the potential barrier is 
changed upon introduction of chlorine into the mole- 
cule, so no extrapolation to the other members of the 
series can be made. It is interesting, however, that the 
value v=150 cm™ for the twisting vibrations in 
Me;SiCl would explain the Raman band at 909 cm 
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Tan Fic. 8. Frequencies of the methy] chlorosilanes correlated according to “group frequencies.” 
* Aston, Kennedy, and Messerly, J. Am. Chem. Soc. 63, 2343 (1941). 
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Fic. 9. Frequencies of the methyl chlorosilanes correlated according to symmetry species. 


(760+ 150=910 cm) which is otherwise ascribed to an 
impurity. In the absence of more convincing data, 
however, it seems best to delay calculation of thermo- 
dynamic quantities for these molecules. 

A few general observations may be of interest. The 
assignment of motions involving the methyl group 
should be valid for siloxanes also, since unlike the 
corresponding carbon compounds, the frequencies re- 


main quite constant as long as the methyl to silicon 
bond is present, regardless of what else is present in the 
molecule. It will be noted also that stretching frequen- 
cies involving atoms or groups bonded to silicon always 
occur at lower frequencies than the corresponding fre- 
quencies in carbon compounds. This is probably due not 
only to the greater mass of the silicon atom, but also to 
the greater ionic character of the bond. 
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The vibration potential functions of electronic ground and excited states of molecules of C2, and De, sym- 
metry are computed and compared. From this, quantitative characteristics of the molecular orbitals belong- 
ing to the correlated angular molecules and to a negative ion are deduced and, in this connection, the struc- 
ture of the CF; and CH: radicals is discussed. The behavior of the interaction terms is examined, and a rule 
concerned with their sign is obtained in the case of n—2* and r—>x* transitions. Various other effects, such as 
the s—7 resonance and the part played by the lone-pair electrons, are studied. 





HE aim of this paper is to extend to molecules of 

C,, and De, symmetry, such as ClOs, ClO-, 
$02, CFs, and CsH¢, the application of a method al- 
ready used by one of us! in the case of thiophosgene. 
The method consists essentially in comparing the 
general vibration potential functions characterizing 
different electronic states with a view to getting quanti- 
tative information about the molecular orbitals. In 
the present work, electronic transitions of the type 
n—r* and r—* will be considered. The angular mole- 
cules, including the chlorite ion, will be correlated from 
a diagram recently given by Mulliken. 


C10, 


If 71, 72, and @ are the bond lengths and angle at the 
equilibrium position, the most general potential func- 
tion may be written 


WV= fi(Are+Ar?) +r? foAP+ 2 fi2dridre 
+ 2rig-A0(Ari+Ar2). 


This function will be used for all the angular molecules 
dealt with in this paper, and the parameters will be ex- 
pressed in 10° dynes/cm. 

The fundamental vibrations and the OCIO angle 
corresponding to the A» excited state which results 
from the transition 1a¢.—20, are as follows: 


1=722.0 cm, v.=296.1 cm, v;=804.4 cm, 
OCIO= 104°. 
The species symbols a2, 6; are those which are now 


standard for molecules of the symmetry C2. Their 
exact meaning is to be found in a paper recently given 


_ by Mulliken.* Using a method which has been followed 
for the analysis of the ground states,’ the ellipses repre- 
_ Senting the real values of the fi, fe, and fis, in terms of 


§, have been deduced from these data. In Table I, 
Wwe report selected values of the force constants which 


_ are deduced from the inspection of the curves, and as a 


comparison, we also give the data previously obtained 
Les 
*J. Duchesne, J. Chem. Phys. 21, 548 (1953); Bull. acad. roy. 


tie Belg. (to be published). 


J. B. Coon and E. Ortiz, Phys. Rev. 82, 766 (1951); J. B. 


| Coon, Phys. Rev. 85, 746 (1952). 


iB. S. Mulliken, Revs. Modern Phys. 14, 204 (1942). 
J. Duchesne and L. Burnelle, J. Chem. Phys. 19, 1191 (1951). 


for the ground state. The value of g, has been arbi- 
trarily chosen, but in spite of that, f; and fs are satis- 
factorily determined as being rather insensitive to 
changes in g-. From the large decrease of the ClO bond 
force constant (/1) by about half its value with respect 
to the ground state, it appears that the 2; orbital has 
a strong antibonding character. The reasonable assump- 
tion that g, is positive and at least 0.2 is sufficient 
to establish the positive sign of f12, which is invariable 
for both states. The value of 0.066 is an upper limit for 
fiz, and this shows that whatever the inaccuracy, f12 is 
certainly much smaller than in the ground state, as ex- 
pected if the ae orbital is strongly O<+O antibonding. 


clo,- 


The ground state A;(q9%b;’) of the chlorite ion in 
NaClO, will now be examined. The fundamental fre- 
quencies and the OCIO angle are as follows :* 


ve=396 cm, v3;=844 cm", 


OCIO= 110°. 


In Table II the selected values of the force constants 
are reported. In spite of the arbitrariness in the choice 
of g., f: and fe are rather precise as in the former case. 
Furthermore, even for g,=0, fiz is still +0.12 which 
definitely proves its relative importance as compared 
with the A» excited state of ClO2. This may be explained 
as due to the presence in the ion of an additional elec- 
tron in the antibonding ay orbital of this state. On the 
other hand, the fact that the ground state of this ion, 


y= 797 cm", 


TABLE I. 








fi fo fir ge 


Upper state A 2(a2b;*) 3.955 0.442 +0.066 +0.6 
Ground state B;(a*b;) 7.4 0.74 +0.261 +0.8 











TABLE II. 








fi fo Siz Be 
4.597 0.563 +0.416 +0.5 





Ground state A; (a2%b;”) 








5J. Duchesne and A. H. Nielsen, J. Chem. Phys. 20, 1968 
(1952). 

6 J. P. Mathieu, C. R. Paris 234, 2272 (1952) ; Duval, Lecomte, 
and Morendat, Bull. soc. chim. France, 18, 745 (1951). 
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TABLE III. 
fi to fiz Re 
Upper state B2(a2b1) 4.297 0.426 +0.090 +0.3 
Ground state A;(a2*) 10.170 0.816 +0.187 +0.4 








and the A» excited state of the ClO2 molecule are char- 
acterized by valency-deformation forces quite close to 
one another, shows that the a» orbital is little bonding 
for ClO. 

It is to be noticed that, in the ground state of ClOz, 
the ClO bond is nearly twice as strong as in ClO;, 
where it is like a single bond. This favors a double bond, 
in agreement with the views already developed by 
Dunitz and Hedberg.’ 


SO; 


The zero-order fundamental frequencies and the OSO 
angle of the By excited state are as follows :* 


y=794 cm, v=345 cm, »3;=833 cm, 


OSO= 960°. 


The angle may not be known with great precision, 
but this would not significantly alter the results. In 
Table III, the selected values for both the excited 
Bo(aeb1) and ground A;(as?) states are given. In the 
latter case, values have been recalculated from an 
earlier work by one of us.? As for ClO, the SO bond 
force constant decreases considerably. Furthermore, 
the sign of the cross terms is positive and remains 
invariant if it is assumed that g,>0.15. This similitude 
in the behavior of both ClO, and SO2 molecules strongly 
indicates that the electronic transitions are the same 
nature, in agreement with Mulliken’s assignment.’ The 
large change in fj. shows that also in this case the 
O<0 antibonding property of the ae orbital is strong. 


CF, 


This molecule which has been shown to belong to the 
C., point group” has the following symmetrical funda- 
mental vibrations in the ground state: 


yj=1162 cm, »2.=666.5 or 344 cm. 


Using the first assignment, no satisfactory values are 
obtained for the force constants whichever the bond 
angle chosen, and the solutions become less acceptable 
for the largest angles. On the other hand, with »»-=344 
cm~!, and when @ is varied within the range of 90°-110°, 
reasonable values are deduced as shown in Table IV. 
Indeed the CF bond in molecules such as CHF, 
CF;H, and CH, is respectively 5.6," 6.2,” and 7." 


( oy Dunitz and K. Hedberg, J. Am. Chem. Soc. 72, 3108 
1950). 

8 N. Metropolis, Phys. Rev. 60, 295 (1941). 

9 J. Duchesne, Mém. soc. roy. sci. Liége 11, 429 (1943). 

1 P. Venkateswarlu, Phys. Rev. 77, 676 (1950); Laird, An- 
drews, and Barrow, Trans. Faraday Soc. (London) 46, 803 
(1950); K. Wieland, Z. Physik. 133, 229 (1952). 

1D. M. Dennison, Revs. Modern Phys. 12, 175 (1940). 
ass Meister, and Cleveland, J. Chem. Phys. 19, 784 
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On account of the increase of /; in terms of 0, the value 
of 110° must be considered as an upper limit. As a 
consequence of this, it is practically certain that CF, 
is a nonlinear symmetrical molecule with a singlet 
ground electronic state. The rather high value of the 
valency force constant indicates that there is some 
hybridization of the sf” type in which the nonbonding 
pair at the carbon atom occupies an orbit which is much 
more nearly s than otherwise. As CF; and CHz have pre- 
sumably similar normal states,” the present investiga- 
tion also favors a singlet state for CHp. If so, it may be 












































‘ nee aan 
expected that the first electronic transition of CH: is & 4 
considerably shifted towards the shortest wavelength BF dog, 
region with respect to CF, and may even reach the far 
ultraviolet in the region of 1800A. This would explain F 
why the CHp spectrum has not been discovered so far. 

In the upper state corresponding to the 3250-2400A & 7), 
band system, the fundamental frequencies are as oles 
follows :!° he 

yy=750 cm = yg = 495.5 cm“. sol 

The characteristics of the fine structure of the bands — g+= 
show that the bond angle is increased with respect to the In 
ground state. Furthermore, it may now be estimated § valu 
that the increase amounts to about 30°,* and if it is & isoto 

TABLE IV. a lea 
6 fi i) fie (assumed) ge (assumed 

90° 5.489 0.438 0 0 
5.977 0.411 0.3 0.3 The 
110° 7.001 0.343 0 0 1 per 
7.628 0.326 0.3 . Bo. 
assumed, as a working hypothesis, that the ground § wast 
state value is 90°, we may adopt 120°. In these condi- F the d 





tions, the selected values for the force constants are 
fi’ (=fit fiz) = 4.205, fo=0.591, go=0.452. Here we 





















are confronted with a new behavior of the excited J actio1 
molecular orbital as the decrease of the CF bond & § pecte 
accompanied by an increase in the FCF rigidity. The — reinfc 
band system which would result from a transition (r1 
A,B,” would therefore be due to the excitation a FF The ¢ 
an dz electron to a b, orbital, as for the other molecules F that ; 
Then, the decrease of the CF bond is quite obvious cate | 
The behavior of fs as being strengthened should, how — modif 
ever, not follow the same rule.  betwe 
' of the 
Cm » compe 
We will consider the Bz», first excited state of plant F termi, 
hexagonal symmetry due to the promotion of one of tht F state, 
six electrons to an antibonding x* orbital.'> Tht BF alread 
fundamental frequencies of the corresponding A 1, “la* F Poole! 
18 A, Monfils and J. Duchesne, C. R. Paris 236, 685 (1953). ) Would 
* A corresponding increase of the CF bond from 1.38A to 1.434 . Am 
which is compatible with the change in the CF force constant” cited 
going from the lower to the upper state, gives inertia momet By" 
which account approximately for the K structure studied 6C 
Venkateswarlu (see reference 10). ‘ ny 7 
14M. Goeppert-Mayer and A. L. Sklar, J. Chem. Phys. 6, J. Dual 
(1938). J. Duck 






15 Garforth, Ingold, and Poole, J. Chem. Soc. 1948, 491, 508. 
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ELECTRONIC STATES AND MOLECULAR VIBRATIONS 


for CsH and CeDs are as follows:® 
C.Hes Vyy= 923 vo= 3130 
CeDe y1= 879 Vo= 2325. 


It is to be noticed that v2(CsD¢) was not observed and 
that the value given at 2340 was estimated.'® We have 
slightly modified the latter in order to verify exactly 
the isotopic ratio. The most general potential function 
used is due to Manneback :'* 


2V =6[ F+Aa?+¢tAc?+ 2ptAadc |. 


aand c are respectively the CC and CH bond distances 
at the equilibrium position. The force constants are 
defined as follows: 


Ft=F+2Fo+2Fut+Fp, $*=$+2¢0+2¢6u+¢p, 
pt=potpmu+pp. 


The symbols 0, M, P designate interaction terms which 
refer to bonds in ortho, meta, and para position. From 
the frequency relations, which do not involve the mo- 
lecular dimensions, the values obtained are: F+=6.597; 
¢*=5.312; pt= —0.056. 

In the ground electronic state the experimental 
values for the fundamental frequencies do not satisfy the 
isotopic ratio, so that they have been modified through 
a least square calculation. Finally it is found: 


C,H, w= 986 vo= 3062 
C.Ds vy= 932 vo= 2293. 


The final values differ from the experimental ones by 
1 percent in one case and by only 0.4 percent on the 
average. The force constants deduced are: F+=7.660; 
¢*=5.020; pt= —0.356. The fact that a similar method 
was used for solving, in both excited and ground states, 
the difficulty arising from anharmonicity, lends support 
to the relative validity of the results. The negative sign 


| obtained in the ground state for the bond-bond inter- 
' action pt is, moreover, in agreement with what was ex- 


pected according to a rule formulated earlier,!’ and this 
reinforces confidence. Then, in this type of transition 
(r~n*) the sign of the cross term still remains invariant. 
The decrease of p+ seems to be real, in spite of the fact 


_that it could be overestimated here. This should indi- 


cate that the excitation of the z electron is able to 


_ modify to a certain extent the electrostatic interactions 


between the CC and CH bonds. In fact, a reduction 


of the repulsive forces, the nature of which is perfectly 
compatible with a negative sign for pt,!? would de- 
‘ermine a shortening of the CH bonds in the excited 
State. The corresponding strengthening of these bonds, 


already shown by the work of Garforth, Ingold, and 


Poole’ and confirmed by the present investigation, 
' Would therefore be explained. 


Among the remaining planar vibrations of the ex- 
Cited state, the E,+ class seems the best known. The 


“ C. Manneback, Ann. soc. sci. Bruxelles B55, 129, 237 (1935). 

J. Duchesne and A. Monfils, J. Chem. Phys. 19, 586 (1949) ; 

J. Duchesne and L. Burnelle, J. Chem. Phys. 19, 1191 (1951); 
J. Duchesne, Mém. acad. roy. sci. Belg. 26, 1 (1952). 


four frequencies are as follows for CsH¢:'° 


ve= 3080 cm, 
vg= 1130 cm. 


m= 521 cm", 
v3= 1470 cm“, 


v, has been estimated indirectly and may not be very 
precise. The molecular dimensions adopted are 1.43A 
and 1.07A, respectively.'® The potential function which 
we will use contains only four force constants Fs, ¢s, 
Gs, I's, where Fs=F—F )—F m+Fp, with similar ex- 
pressions for the other constants. G and I are the 
bending force constants for the CCC and HCC angles 
respectively. Several cross terms are neglected and 
in particular a bond-angle one, between CC and CCC, 
whose importance has been revealed by the work of 
Bernard, Manneback, and Verleysen for the ground 
state.!§ In these conditions no real values are obtained. 
This may depend upon the inaccuracy in v4 and also 
upon the restrictions in the potential function. It is 
found that the limit from which real values are obtained 
is given by »s= 1020 cm~. The change may not be very 
significant for the part played by other cross terms on 
account of the incertitude concerned with the value of 
vs. The following values are deduced: F,=3.958; 
G,=0.500; ¢,=5.163; T,=0.830. It is seen from the 
general expressions that F, is smaller than Ft by 
3(Fo+F mu). If we neglect F 4 on account of its relative 
smallness, it is immediately deduced that Fy is positive 
and equals 0.88. This compares favorably with the 
corresponding ground state values of 0.811 and 1.14, 
respectively obtained by Duchesne and Penney,’ and 
by Coulson and Longuet-Higgins.” The results, as far 
as the sign of Fy is concerned, would not be altered by 
taking Fy into consideration. But this and the de- 
pendence of F's upon », do not allow a satisfactory pre- 
cision in the absolute value. Similarly, ¢s is smaller 
than ¢*, and if we neglect dy and ¢p, ¢=5.212 and 
¢o=0.049 are deduced. The positive sign of ¢o is also 
the same as that obtained for the ground state.'® 
The increase of ¢ with respect to its normal value of 
5.06'8 which had already been indicated by Garforth, 
Ingold, and Poole! is now confirmed. As ¢¢ is practi- 
cally independent of v4, the value given for ¢o is ac- 
curate. G, is strongly affected with respect to the normal 
state (0.68), whereas I’, is practically unaffected (0.83).'8 
The former result is unquestionable, G, being little 
sensitive to v4, whereas the latter one seems less certain. 


GENERAL CONCLUSIONS 


It is now quite clear that the analysis of the potential 
function of the excited electronic states of polyatomic 
molecules is useful for the understanding of valence. 
It is shown, as was already anticipated in thiophosgene,! 
that the bond-bond and bond-angle interactions are 

18 Bernard, Manneback, and Verleysen, Ann. soc. sci. Bruxelles 
B59, 376 (1939) ; 60, 45 (1940). 

19 J. Duchesne and W. G. Penney, Bull. soc. roy. sci., Liége 11, 
514 (1939). 


2 C, A. Coulson and H. C. Longuet-Higgins, Proc. Roy. Soc. 
(London) 193, 456 (1948). 
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invariant in the case of n—7* and r—>a* transitions of 
a number of molecules. According to the recent work 
of Duchesne and Monfils,”” it is well-known that changes 
in the repulsive forces of the end atoms may modify 
the sign of the cross terms. Therefore, the rule which 
seems operative here might in some cases suffer excep- 
tions on account of the change of antibonding forces 
between the end atoms in the excited states. The ex- 
citation of the m electrons in benzene, which determines 
a decrease of the bond-bond interactions p*, does, 
therefore, affect the electrostatic interactions between 
the CC and CH a bonds. This effect is therefore a par- 
ticularly striking one showing the interdependence of 
the o and = electrons. This is in agreement with the 
theoretical work of Coulson, March, and Altmann,” 
who show that o—7 resonance is important even in the 

21S. L. Altmann, Proc. Roy. Soc. (London), A210, 327 (1951); 


(os March, and Altmann, Proc. Nat. Acad. Sci. 38, 372 
1952). 


DUCHESNE AND L. BURNELLE 


ground state of aromatic molecules. On the other hand, 
the great part played by the interactions between the 
long-pair electrons and the bonding ones in the determi- 
nation of the bond angles is revealed by the consider- 
able change of deformation forces and cross terms in the 
upper level, as in thiophosgene.! This is also supported 
by theoretical conclusions recently reached by Pople” 
and by Coulson, Greenwood, Danielsson, and Orgel.” 
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Data are given for the absolute intensities, in chloroform and carbon tetrachloride solutions and in the 
vapor state, of the carbony] infrared absorption bands of a number of compounds in which the carbonyl 
group is conjugated by varying amounts. The absolute intensity differs in the different solvents and in the 
vapor, but the increase in intensity of a conjugated carbonyl over that of a simple ketone or aldehyde seems 
to be independent of the state. For most of these compounds a simple relation is shown to exist between this 
increase in carbonyl intensity with conjugation and the resonance energy of conjugation. This relation is 
expected from a consideration of the electronic configurations available to the normal and distorted mole- 
cule. That such compounds as the amides do not necessarily fit this trend is attributed to the geometric re- 
quirements on the molecule of these electronic configurations. 


HE intensity of an infrared absorption band is 
proportional to the square of the oscillating dipole 
moment for that vibration of the molecule giving rise 
to the absorption band. This dipole moment change is 
given by (du)/(0Q), where uw is the molecular dipole 
moment and (Q is the normal coordinate describing the 
particular vibration. The correlation of this quantity 
(0u)/(9Q) with known or calculable molecular prop- 
erties has not as yet proven very satisfactory. The con- 
cept that the change in dipole moment with bond 
stretching might be interpreted on the basis of fixed 
electronic charges on the nuclei was immediately shown 
to be insufficient by the large values, i.e., greater than 
an electronic charge, found for (du)/(0r), where r is a 
bond length, for certain multiply bonded molecules.'~’ 
1A. M. Thorndike, J. Chem. Phys. 15, 868 (1947). 
2D. F, Eggers and B. L. Crawford, J. Chem. Phys. 19, 1554 
7 McKean, and Thompson, Proc. Roy. Soc. (London) 
A208, 341 (1951). 
4D. Z. Robinson, J. Chem. Phys. 19, 881 (1951). 


( bd _— Callomon, and Thompson, J. Chem, Phys. 20, 520 
1952). 


In fact, such measurements quickly led to the sug- 
gestion that the increased contribution of charge 
separated resonance forms expected in distorted mole- 
cules would explain the high values of the change in 
dipole moment with bond stretching. Furthermore the 
importance of nonbonding electrons in determining 
the molecular dipole, and the dependence of such 
orbitals on the hybridization, and therefore on the 
nature and length of the bonding orbitals, also leads to 
the view that the molecular dipole will vary with bond 
stretching as a result of a change in the electronic con- 
figuration. 

The dependence of the carbony] intensity on possible 
alternate electronic configurations might be expected 
to show up in a study of the intensities of the carbony! 
bands of a series of molecules with carbonyl groups 
varying degrees of conjugation. Some results of this 
type have already been reported by Richards and 

6 Thorndike, Wells, and Wilson, Jr. J. Chem. Phys. 15, 157 
(1947). 


7E. R. Nixon and P. C. Cross, J. Chem. Phys. 18, 1316 (1950). 
8D. Z. Robinson, J. Chem. Phys. 17, 1022 (1949). 
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TABLE I. Observed frequencies and intensities of carbonyl bands. 








CHCl; solution 


(cm~) A (mole liter cm~?) 


Vapor 
A (mole liter cm~?) 


CCh solution 


(cm) A (mole™ liter cm~*) 





1709 1.9X 104 


Acetone 

Methy] ethyl ketone 
Diethyl ketone 
Propionaldehyde 
Acrolein 
Benzaldehyde 
Benzophenone 
Acetophenone 
Methy! acetate 

Ethyl propionate 
Ethyl acetate 

Methyl] crotonate 
Ethyl benzoate 
Methyl carbonate 
Ethyl carbonate 
p-hydroxybenzaldehyde 
m-hydroxyacetophenone 
Acetyl chloride 
Phenyl! acetate 
Acetanilide 

Dimethyl acetamide 
Diethyl acetamide 


1710 
1730 
1696 
1702 
1659 
1685 
1738 
1726 
1734 
1717 
1711 
1756 
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1770 
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Burton.’ For a carbonyl conjugated to an electron 
donor group the most important resonating forms are 
usually considered to be, in addition to the ionic form 
inherent in the carbonyl] group itself, of the types 


0 
I 


o7 


l 

¢ 
¢ 
R \x A 

R X 
It is, therefore, to be expected that stretching of the 
carbonyl bond will lead to an electronic structure of 
the molecule with a larger contribution of the charge 
separated canonical form than in the molecule with 
equilibrium bond lengths and this increase will depend 
on the availability of such a charge separated electronic 
configuration. Intensity measurements are reported 
for the carbonyl bands of a series of compounds on 
which this type of interpretation can be tested. 


and 
+ 


EXPERIMENTAL 


_ The intensities of the carbonyl bands were determined 
in both carbon tetrachloride and chloroform solutions 
and for a few compounds. in the vapor state. For the 
solution measurements a 1-mm cell was used and the 
concentrations ranged between 0.005 and 0.02 molar. 
The materials used, mostly reagent grade, were freshly 
distilled and a middle cut used for the measurements or 
Were recrystallized. All spectra were obtained on a 
Beckman Model IR-2T instrument with rock salt 
optics and with a fixed slit of 0.1 mm. For the set of 
curves representing three or four different concentra- 
lions of a given compound, a background trace of the 
Pure solvent was run so that it was superimposed and 
es 


*R. E. Richards and W. R. Burton, Trans. Faraday Soc. 45, 
874 (1949) 


a point by point measurement of log[ (J)/J_] was made 
at intervals of about 0.025 microns. These data were 
then plotted against the wavelength, and the area 
under the curve was graphically determined. The 
bands were followed out to about 100 cm™ on either 
side of the band center. The values of 1/C] flog (Io/I 
dv, calculated from an average conversion factor from 
microns to cm~! for each band, were then plotted 
against the measured value of log[ (J»)/J ] at the band 
maximum, as suggested by Ramsay.” The true in- 
tensity was then given by a linear extrapolation to 
logl (Io)/ZIJmax equal to zero using a slope A(—0.013) 
estimated for our instrument and slit width from the 
work of Ramsay, A being the true intensity. In effect 
this extrapolation gives a value for the true intensity, 
which is only about 2 percent higher than the average 
of the measured band intensities for a given compound. 
The average deviations of the experimental points from 
the extrapolation curve was less than 2 percent. 

Table I gives the extrapolated intensities as measured 
in carbon tetrachloride and chloroform solutions and in 
the gas phase. These values are estimated to be reliable 
to about 5 percent. The vapor phase measurements 
were made in both a 1-cm and a 10-cm cell with dry 
nitrogen added to give a total pressure of one atmos- 
phere. The deviations from Beer’s Law were no larger 
than the solution spectra and it was therefore assumed 
that no incomplete pressure broadening difficulties 
existed. These data were therefore treated in the same 
way as the solutions results to obtain the true in- 
tensities. 

Also included in’ Table I are the frequencies of the. 
band maxima. These were obtained by direct com- 
parison with the overlapping 6-micron water band and 
are reliable to within about 3 cm~. 


1D. A. Ramsay, J. Am. Chem. Soc. 74, 72 (1952). 
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TABLE II. Resonance energies and additional (du)/(8Q), divided by a charge separation distance, for carbonyl conjugation. 
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Resonance energy 


Wheland 





Pauling 


























Acetone 0 
Methyl ethyl ketone 0 0 
Diethyl ketone 0 0 
Propionaldehyde 0 0 
Acrolein (3) = 
Benzaldehyde 6 4 

Benzophenone 10 10 
Acetophenone 13 7 
Methy] acetate : 18 

Ethyl] propionate 24 24 
Ethyl] acetate 25 

Methy] crotonate 32 — 
Carbon dioxide 33 33 
Ethy] benzoate 38 (28) 
Methyl carbonate 43 \ 42 
Ethy] carbonate 53 J 





































DISCUSSION 


If available electronic configurations exist such that 
the electronic structure of the molecule can shift to 
accommodate a change in length of the carbonyl bond, 
the value of du/0Q for the carbonyl vibration is ex- 
pected to be greater than for a molecule in which 
changes of electronic configuration are necessarily 
localized in the carbony] group itself. If the resonance 
energy due to carbonyl conjugation is taken to be 
some measure of the availability of such canonical 
forms it can be shown that a correlation can indeed be 
made between the intensities of the carbonyl absorption 
bands and the resonance energy. 

In Table II, the values for the resonance energies 
given by Wheland" and by Pauling” are listed. For 
compounds containing phenyl groups the resonance 
energy of benzene has been subtracted from that of the 
molecule to give the resonance energy of the carbonyl 
conjugation. The resonance energy of methyl crotonate 
was calculated from the heat of combustion data of 
Schjanberg® by Wheland’s method, while that of 
acrolein was estimated from Wheland’s value for 
crotonaldehyde. A value for ethyl benzoate appropriate 
to Pauling’s resonance energies was estimated from his 
values for benzoic acid and the esters. 

The values of (du)/(0Q) contain, in addition to the 
change in dipole moment with carbonyl stretching, 
contributions from the other bond stretchings and 
angle bendings that make up the ‘“‘carbonyl” vibration. 

‘ Although some work on “characteristic intensities” of 
groups has been reported by Ramsay” and by Francis," 
it is not well established that such intensities will be 
sufficiently independent of the nature of the rest of the 
molecule so that this approach will be as satisfactory 
for intensities as it is for frequencies, In the case of the 


1G, W. Wheland, The Theory of Resonance and its A pplication 
to Organic Chemistry (John Wiley and Sons, Inc., New York, 1945). 

2 Linus Pauling, The Nature of the Chemical Bond (Cornell 
University Press, Ithaca, 1945). 

3 FE. Schjanberg, Z. physik. Chem. A175, 342 (1936). 

4S. A. Francis, J. Chem. Phys. 18, 861 (1950); 19, 942 (1951). 
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intensity of the carbonyl band, therefore, although we his 
specifically expect contributions to the intensity of neni 
this band from forms depicted as having a formal ocet 
charge on a conjugated group, variations in the con- pa 
tribution of other bond stretchings or angle bendings ener; 
to the intensity will disturb an interpretation of the TI 
intensity in terms of only the nature of the carbony| Tabl 
group and the extent of its conjugation. Since it is not J ata 
feasible to carry out detailed normal coordinate calcu- je. 
lations on these molecules, it has been assumed that etal 
these additional contributions will not be large enough energ 
to obscure the expected relationship. thou; 
The values of (du)/(0Q) are obtained from the in- fF pha, 

tensities A of Table I by the relation and 
Ou 371000 \? differ 
<a +( 7 4) , nitros 
aQ Na expec 
where c is the velocity of light and NV is Avogadro's & the ir 
number and A is the intensity in mole liter cm~. If J Plana 
the increase in (du)/(0Q) for resonating molecules is found 
attributed to the presence of the formal charge separa- ff nilid 
tion then the increase of (du)/(0Q) over that of a non- telatic 
conjugated carbonyl must be calculated by means of of the 
a vector subtraction. The angles around the carbonyl — "ance 
carbon atom were taken to be 120° and the bond lengths JF Pheny 
were from electron diffraction data or were calculated fF ™ th 
from Pauling’s atomic radii. Furthermore, again using — Mtens 
a formal charge concept, the increase in (du)/(0Q) will hibitic 
depend on the charge separation distance, and this has B ‘nsit; 
been allowed for by dividing the vectorial increase it alkyl 
(du)/(8Q) by the distance, in angstroms, to which the It i 
charges are separated in the usually written resonating of the 
forms. For a phenyl group conjugated to the carbonyl f *For 
the charge separation distance was taken as the distance J the car 
from the carbonyl oxygen to the center of the benzene = 
ring. For compounds with two different groups CO & jo, the 
jugated to the carbonyl, as ethyl benzoate, the net J and the 
direction of the conjugation effect was calculated from Prd 
an estimate of the relative contributions of the col eater 
an for 






jugated groups. Neither the vector addition nor the 
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division by the charge separation distance are necessary 
to show the correlation with resonance energy; the 
correlation being only slightly poorer without this 
treatment. These data are shown, along with the 
resonance energies in Table II. The results calculated 
for the carbon tetrachloride and chloroform solutions 
and the vapor phase data are very similar and in Fig. 1 
a plot is shown of the average value of 1/r,—[ (u)/(0Q) ] 
conjugation against the resonance energies tabulated 
by Wheland. For compounds containing phenyl groups 
the benzene resonance energy 41 kcal was subtracted 
for each phenyl group to give a value of the carbonyl 
conjugation resonance energy. For the compounds 
considered the agreement is seen to be quite satis- 
factory. 

Furthermore, the increase in intensity for p-hydroxy- 
benzaldehyde over benzaldehyde and the lack of such 
an increase for m-hydroxyacetophenone over aceto- 
phenone, as seen in Table I, is in qualitative agree- 
ment* with the relation exhibited in Fig. 1. Likewise for 
acetyl chloride, for which a resonance energy is not 
available, the intensity data indicate a resonance 
energy of about 22 kcal, which seems reasonable. 

The alkyl substituted amides are not included in 
Table II since it is immediately apparent from the 
data of Table I that for these substituted acetamides 
the carbonyl intensities are very much greater than 
would be expected on the basis of their resonance 
energy, which is about equal to that of the esters. Al- 
though no detailed explanation is now offered for this 
behavior, we attribute it to the fact that the resonating 
and nonresonating structures of the amides require 
different geometric arrangements of the groups on the 
nitrogen atom, and a simple relation can no longer be 
expected between stretching of the carbonyl bond and 
the increase in the contribution of the charge-separated 
planar form. Some support for this general view is 
found in the fact that the carbonyl intensity of acet- 
anilide fits very satisfactorily the resonance energy 
telation of Fig. 1, and for this molecule the planarity 
of the groups on the nitrogen atom is assisted by reso- 
nance involving the phenyl group. The presence of the 
Phenyl group does not produce any unexpected effects 
on the resonance energy and the decrease in carbonyl 
Intensity can therefore not be attributed to an in- 
hibition of resonance. Furthermore, the carbonyl in- 
tensity of phenyl acetate is unchanged from that of the 
alkyl esters. 

It is interesting also to note the lack of dependence 
of the frequencies of the carbonyl vibrations upon the 


Ss 

*For substituted benzaldehyde or acetophenone coupling of 
the carbonyl vibration with a phenyl vibration appears to be 
appreciable, leading to a band, almost as strong as that of the 
carbonyl, at about 1610 cm~. The intensities listed in Table I 
or the two compounds of this type are for the carbonyl band only 
and therefore cannot be directly compared with the other inten- 
sities, for which no unusual coupling occurs. The sum of the 
Intensities for these two adjacent bands is, however, considerably 
oe for p-hydroxybenzaldehyde and p-hydroxyacetophenone 
than for m-hydroxyacetophenone. 
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Fic. 1. Average of the measured 1/r,_(du/0Q) conjugation 
versus the resonance energy from Wheland for 1—acrolein, 2— 
benzaldehyde, 3—benzophenone, 4—acetophenone, 5—methyl 
acetate, 6—ethyl propionate, 7—ethyl acetate, 8—methyl 
crotonate, 9—carbon dioxide, 10—ethyl benzoate, 11—methyl 
carbonate, 12—ethy] carbonate. 


intensities on the one hand or, on the other hand, upon 
the resonance energies. Although conjugation is 


generally said to lower the carbonyl frequency, this 


trend is reversed for conjugation with sufficiently 
electronegative groups. This effect, however, plays 
little or no part in the carbony] intensity as is seen, for 
example, in the very high frequency, but normal in- 
tensity, of acetyl chloride. 

No attempt has been made to include here any data 
on compounds with more than one carbonyl group, 
except carbon dioxide, or on cyclic compounds. Al- 
though the application of the approach used here to_ 
interpret the carbonyl intensities of such compounds 
will be of interest, it is expected that certain additional 
factors will be involved. For compounds with two 
carbonyl groups the relative orientation of these groups 
will need to be considered in cases of appreciable 
coupling, and for ring compounds the size and strain in 
the ring will affect the carbonyl intensity. In addition, 
of course, groups other than the carbonyl group can be 
studied for different degrees of conjugation and, of such 
groups, the carbon halogen bonds and the nitrile group 
appear to be most susceptible to this treatment. 


SUMMARY 


The intensities of the carbonyl absorption bands of 
compounds containing conjugated carbonyl groups can 
be considered in terms of resonating forms. The in- 
crease in the carbonyl band intensity can be inter- 
preted as due to the availability of a charge-separated 
electronic configuration. The resonance energy of con- 
jugation, being some measure of the availability of 
such configurations, is shown to be related to this in- 
crease in carbonyl intensity. This simple relationship 
does not necessarily hold, however, for compounds 
such as the amides, where the resonating and non- 
resonating forms of the molecule require a different 
geometry. 
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The Heat of Sublimation of Tin and the Dissociation Energy of SnO 
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The heat of sublimation of tin has been redetermined and found to be 70+2 kcal/mole. This value com- 
bined with the heat of formation of gaseous SnO agrees with the linear Birge-Sponer extrapolation to the 


ground-state atoms. 





REWER and Mastick! have reviewed the data in 
the literature on the heat of formation of gaseous 
SnO and have combined this value with a value of the 
heat of sublimation of tin to obtain the heat of dis- 
sociation of the SnO molecules to the gaseous atoms. 
This value was found to be in close agreement with the 
linear Birge-Sponer extrapolation? of the vibrational 
levels of SnO. Barrow and Drummond’ have recently 
reconsidered these calculations and, by use of a lower 
heat of sublimation of tin, have claimed that the data 
indicate a linear Birge-Sponer extrapolation .o an 
excited tin state rather than to the ground-state tin 
atom. 

In an effort to resolve this difference the heat of 
sublimation of tin was redetermined by measurements 
of the vapor pressure using the Knudsen method. The 
vapor pressure of tin has been determined previously 
by Wartenberg,t Greenwood,> Harteck,® Ruff and 
Bergdahl,’? and Granovskaya and Lyubimov.*® 

Table I indicates the temperature ranges used in 
some of the previous investigations, the method of 
study, and the average heat of sublimation at 298°K 
derived from these results using free-energy functions. 
Heats calculated from the vapor pressure data of Ruff 
and Bergdahl and Granovskaya and Lyubimov are 64 
and 65 kcal, respectively. Of these previous deter- 
minations, all of the methods used except that by 
Harteck and Granovskaya and Lyubimov are subject 
to a very serious error because tin forms a volatile 
oxide SnO which is much more volatile than the metal. 
Thus any method which does not completely eliminate 


TABLE I, 








Averaged AH 29s 


Temperature 
in kcal 


range °K 


1400-1640 Flow system 61 

2240-2380 Observation of 65 
boiling point 

1300-1450 Knudsen 73 


Investigator Method 





von Wartenberg 
Greenwood 


Harteck 








11. Brewer and D. F. Mastick, J. Chem. Phys. 19, 834 (1951). 

2R. T. Birge and H. Sponer, Phys. Rev. 28, 259 (1936). 

3G. Drummond and R. F. Barrow, Proc. Phys. Soc. (London) 
A65, 148 (1952). 

4H. von Wartenberg, Z. Elektrochem. 19, 482 (1913). 

5H. C. Greenwood, Proc. Roy. Soc. (London) A83, 483 (1910). 

6 P. Harteck, Z. physik. Chem. 134, 9 (1928). 

70. Ruff and G. Bergdahl, Z. anorg. Chem. 106, 76 (1919). 

8 A. Granovskaya and A. Lyubimov, J. Phys. Chem. (U.S.S.R.) 
22, 527 (1948). 


the presence of oxygen in the form of elemental oxygen 
or water or carbon dioxide is liable to give results which 
are much too high. Comparison of the results of Table I 
shows that the methods which do not rigorously elimi- 
nate oxygen do in fact give much too high vapor pres- 
sure. Hartick used an effusion method in vacuum which 
can avoid this error because the oxygen can be com- 
pletely removed by evacuation. Since the Knudsen 
method appears to be the only one which is likely to 
give reliable results it was used also in this work. 


EXPERIMENTAL 


The apparatus and procedure described by Brewer 
and Mastick! were also used for this work. The Knud- 
sen cell was made of graphite. Graphite, tantalum car- 
bide, and tantalum with varying hole sizes were used 
for the lids. The vapor pressure was determined by 
measuring the weight loss of the Knudsen cell after 
diffusion had proceeded for approximately two hours 
in the average run. The results are tabulated in Table II. 

The crucible covers in runs 1 and 2 did not have 
knife-edge holes in them, and consequently the flow of 
gas was restricted and lower pressures were observed 
with correspondingly higher heats. 

The free energy functions used for these calculations 
were obtained from Brewer.® It was assumed that 
monatomic tin was the main gaseous species. The 
recent study of tin vapor in the mass spectrometer by 
Honig” would substantiate the assumption that mon- 
atomic tin is the main species. Averaging the results of 
Table II yields AH°o93=70+2 kcal for Sn(s)=Sn(g). 
This new result agrees quite closely with that obtained 
by Harteck and is the same heat of sublimation of tin 
as that used by Brewer and Mastick.! Thus the validity 
of the linear Birge-Sponer extrapolation? for tin oxide 
is substantiated. 

Brewer and Mastick! have pointed out that the 
fourth-group oxides appear to give very satisfactory 
linear Birge-Sponer extrapolations assuming that the 
extrapolations go to the ground atomic state. The 
present work reconfirms this for SnO. Also, as pointed 
out by Brewer," recent work on GeO by Jolly and 
Latimer and work by Gilles and Wheatley on Ti 


°L. Brewer, Paper 3, National Nuclear Energy Series, Vol. 198, 
edited by L. L. Quill (McGraw-Hill Book Company, Inc., Ne" 
York, 1950). 

10 R, E. Honig, J. Chem. Phys., 21, 573 (1953). 

11, Brewer, Chem. Rev. 52, 62 (1953). 
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TABLE II. 








Hole area 
(in sq cm) 


Temperature 
“K 


AF — AH 28 
Press. —( ----—--— AH 
(atmos.) T 


(kcal) 





1556 
1621 
1753 
1713 
1548 
1688 
1583 
1688 


0.0314 
0.0314 
0.0177 
0.0177 
0.0177 
0.0177 
0.0804 
0.0804 


CONTA Une WH RO 


1,94X10~° 25.32 
4.70X 10% 25.29 
8.8310 25.23 
3.51104 25.26 
5.93X 10-5 25.32 
2.87X10~ 25.27 
3.83 X 10-5 25.31 
2.05 X 10-4 25.27 


72.94 
73.10 
68.73 
70.33 
69.14 
70.01 
72.0 

71.14 








have confirmed the validity of the linear Birge-Sponer 
extrapolations for these molecules. In every instance 


where data are available for fourth-group oxides this 
extrapolation appears to work quite well. 
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The Schroedinger equation for a particle moving in a perturbed periodic potential is transformed into a 
representation called the “Crystal momentum representation.” It is shown that by use of this representation 
previous approximate “effective mass” equations can be readily derived and extended to arbitrarily high 
approximation. A theorem concerning weak space dependent perturbations is discussed. 





I. INTRODUCTION 


ANY theoretical studies of solids are carried out 

‘4 using that form of the Hartree or Hartree-Fock 
approximation which represents the electronic wave 
function as a determinantal product of one electron 
wave functions, each of which has a definite wave 
number &. Such an approximation is particularly im- 
portant for studies of electrical or thermal properties 
because of the relatively simple way in which current 
carrying states can be described in terms of determi- 
nantal products of Bloch wave functions. In practice it 
is important to be able to assume that in the one elec- 
tron Schroedinger equation from which the one electron 
wave functions are obtained, the one electron potential 
is independent of the wave number of the Bloch state. 
Many of the most useful qualitative notions about the 
electronic structure of solids have their foundations in 
the belief that simple combinations of products of such 
Bloch functions can be used to obtain a rather ac- 
curate description of electronic behavior. 

A most important idea has been to set up a corre- 
spondence according to which an electron which occu- 
Pies a Bloch state ~pn may be spoken of as a free 
“effective” electron which occupies a state of momen- 
tum p=hk. Then given the relation between energy 
and wave number from quantum mechanical considera- 


* This work supported in part by the Chicago Midway Labora- 
tories under AF contract 33(038)-25913. 


tions, one can develop such subjects as electrical con- 
duction, magnetic susceptibility, thermal conduction,, 
etc. as classical statistical theories of the charged 
“effective” particles. 

The application of the effective particle idea has not 
been limited to problems in which the behavior of the 
effective particle is classical. Theoretical studies of, 
e.g., the exciton, show that a quantum mechanical 
theory of the effective particle is meaningful and useful. 
It is probable that several of the important current 
problems of solid state physics are best thought of in 
terms of the quantum mechanics of effective particles. 

Deductive demonstrations of the properties of the 
effective particle have had the common feature that 
they yielded equations which are only approximately 
correct.' While these equations often were entirely 
adequate for the problems to which they were applied, 
it was generally true that the manner of derivation 
provided no simple means for the progressive refinement 
of the theory to obtain higher approximation or greater 
generality. 

It is the purpose of the present paper to demonstrate 
a simple way of obtaining the quantum mechanical 
effective particle theory directly from the Schroedinger 
equation. The deduction is exact and completely gen- 
eral. It consists in showing that the representation of 


1E, N. Adams II, Phys. Rev. 85, 41 (1952). References to a 
number of such treatments can be found in this article. 
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the Schroedinger equation which is obtained using the 
Bloch functions as basic states affords a natural matrix 
representation for the general effective particle theory. 
We will call this representation the ‘‘crystal momentum 
representation” (CMR), because it is one in which an 
operator corresponding to what is called the “crystal 
momentum” or “pseudo momentum” is diagonal. 


Il. MATRIX ELEMENTS OF OPERATORS 


By the ordinary conventions of representation theory 
a state vector |A) is represented by a wave function 
(q’| A) when the basic vectors in the space are taken to 
be the eigenvectors |g’) of the operator g. What we 
need in order to express the hamiltonian in the q repre- 
sentation is the set of matrix elements (q’|0|q’’) of 
every operator o which occurs in the Hamiltonian. 
From these matrix elements we can calculate the matrix 
elements of the Hamiltonian and write the Schroedinger 
equation as 


Derg’ |H\q'"Xq"|A)=tha(q’| A)/dt. (2-1) 
We will write the Hamiltonian in the form 
H= Hot V (x, pe). (2-2) 


Hy is of the form (p2/2m)+V,(«*.) with V,p(x-) a 
periodic function having the periodicity of the three 
dimensional space lattice. The operators x., p- are the 
operators for the electron coordinate and electron 
momentum, respectively. The subscript e is used to 
avoid subsequent notational confusion. 

The well-behaved eigenfunctions of Ho are the Bloch 
functions fp» which satisfy 


Hib pn=En(b)Won- 


Here Wn denotes that function with energy in the mth 
allowed band which has the translational symmetry of 
exp(ip-x/h). We will define a quantum mechanical 
operator p which we call the “crystal momentum” and 
whose matrix elements are 


(p'n' | p| pn) =Snvd(p—p’)p’. 


Thus the Bloch function Wn, is an eigenfunction of the 
crystal momentum with eigenvalue ’. 

In order to write the Schroedinger equation in the 
CMR we need the matrix elements of x,., p. and Ho 
between various Bloch functions. These may be found 
in various places.! We will write them down here simply 
to establish a notation. 


(2-3) 


(2-4) 


(p’n' | pel pn)=5(p— p')P(p) nn, (2-5) 

(p'n’ | Ho| pn)=Snnd (p— p’)En(p), (2-6) 

(p’n’ | xe| pn) = (ht/i)b nn05(p— p’)/Ap 
+5(p—p')Xnn(p). (2-7) 


With the choice of normalization made so that 


Worn’ Vpn) =bnnd (p—- ?’), 
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This quantity « can, by a natural extension of nomen 







the definitions of matrix elements above are 





5(p—p")Parn(p) = f Pry w*(2)(2V/>ven(®), (28) 






Bp P)Xara(D)= f ery 
X La— (AV p/i) Won(x). 
It follows from the commutation rules for p., x, that 


X nn(p)= (h/mi)P wn(p)/LEw (p)—E,(p) ] 
(n’An). (2-10) 


No such relation holds for Xn», but if the lattice has an 
inversion center it seems possible by a proper choice of 
phases to arrange that the X,,, all vanish.” 

In the CMR the wave function has the argument 1 
which takes on discrete values and the argument 
which takes on all real vector values. As a regularity 
condition we must require that the wave functions be 
a periodic function of p with the period of the reciprocal 
lattice. The basis for the requirement is that the wave 
functions ¥p, have that periodicity and the wave func- 
tion W“4)(p, 2) is just the coefficient of Wp» in the ex- 
pansion of the state | A) in Bloch functions. 

For the purpose of seeing most clearly the relation- 
ships of the various effective particle approximations, it 
is helpful to think in terms of a certain matrix formalism. 
In this formalism the wave function representing a state 
| A) is given as a vector &) which has a component 
in each band. 





(2-9) 





















WA) 
Wy, (A) 






yd) = (2-11) 







The components VW,“ are functions of , ¢. If the per- 
turbing potential V(X., p.) has a Taylor series we can 
express the perturbed hamiltonian in terms of the fol- 
lowing three matrices: 

( Ex(p) 0 . | 







(2-12) 






p-P= (2-13) 





(Pulp) Pr(p) --- 
Po(p) Pe2(p) 





\ 





Xu(p) X12(P) 


apritaut a Xoa() a (2-14) 





In (2-14) we have written x for the operator ihd/0p. 






2In reference 1 it is stated that X,, can always be made 1 
vanish. However, the supposed proof given of the statement § 
incorrect. 
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CRYSTAL 


clature, be called the “crystal coordinate,” since it has 
the commutation relations of the coordinate conjugate 
to the crystal momentum p. We are using boldface type 
to indicate that an object is to be considered a matrix 
in the bands. Thus in the CMR the Schroedinger equa- 
tion for the perturbed Hamiltonian takes the form 


(E+V («+X,P)—iha/at}w=0. (2-15) 


Equation (2-15) was previously shown! by a com- 
plicated argument to be approximately correct with 
the interpretation that YW was a function of x which 
gave the perturbed wave function in terms of the un- 
perturbed by the expansion 


Y= Di nkVn(R)dnr(Xe), 


with @,2(x-) the Wannier function for the wth band and 
Rth cell. Here we see that (2-15) is exact if we regard & 
as a function of p which gives the perturbed wave func- 
tion by means of 


v=> npV n(P)Wpn (%e). 


Thus the result (2-15) is a new one, and does not in- 
volve the approximations which the old one did. 


(2-16) 


(2-17) 


Ill. PERTURBATIONS DEPENDING ONLY ON 
POSITION 


We will now examine the form which (2-15) takes if 
the perturbation V depends only on the position of the 
electron. We use the Fourier integral form. 


V(x.)= f d*xv(x) exp (ix: 2.). (3-1) 


In the CMR the exponential is replaced by the operator 
exp(ix-x-+X) which is a function of » and a matrix in 
the bands. Purely as a matter of notation we will de- 
fine the “effective charge” q(p, x) by 

q(p, x) =exp(ix-«+X) exp(--ix-x). (3-2) 


Using (3-3) we can then write the potential V as 


V= f dxv(x)q(p, x) exp(ix-x). (3-3) 


We will now investigate the nature of the operator 
q(?, x). Define g(s) by 


q(s)=q(p, sx) (3-4) 


q(s) satisfies 
4q(s)/As= exp (isk: x-+X)[ix-X(p)] exp(—isx-x). (3-5) 


Using the fact that exp(—isx-x)=exp(shk-V,) it is 
easily seen that (3-5) becomes 


dq(s)/ds=q(s)Lix- X(p— hs) ]. 


The differential Eq. (3-6) can be converted to an in- 


(3-6) 
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tegral equation 
gs)=1+i f dsyq(si)x-X(p—fixs;). (3-7) 
0 


Iteration of (3-7) yields the following expression for 
the effective charge: 


g(1) =4(p, «)=1+8 f dsx-X (p—lixs)+ (i)? 


0 


1 81 
xf as, f dsox-X (p—hxs2)x-X(p—iixs) 
0 0 


fees, (3-8) 


The expression (3-8) may be denoted as an “ordered 
exponential.’ 
1 
q(?p, mex f dse-X(p— Is) (3-9) 
0 (—) 


q(~, x) has two properties which we want to remark 
on. The first is that it has no “scattering” matrix ele- 
ments, i.e., it causes only “vertical” transitions in 
which m changes but p does not. The second property is 
that for small x, q(~, k)~6nn for all p. 

Let us adopt a pictorial language in which we consider 
the different values of the index m as denoting different 
kinds of “effective particle,” so that an off diagonal 
matrix element un’ relates to a process in which an 
effective electron of type n’ is annihilated and one of 
type created. In these terms we can say that of the 
factors in (3-3), q(~, x) describes creation-annihilation 
without scattering while exp(ix-«) describes scattering 
without creation-annihilation. 

If the factor q(p,x) in (3-3) is set equal to unity 
(2-15) reduces in each band to Wannier’s equation in 
the form described by Slater.‘ Retaining the exact form 
of q(p, x) allows one to correct Wannier’s equation for 
the virtual creation-annihilation processes. As an ex- 
ample we will carry through the procedure to eliminate 
coupling of bands to the lowest order in V. We transform 
the Hamiltonian H to H'=uHu™ with u=exp(iS|h). 
S is chosen in the following manner. 


San’ (p)= (h/t) 
x f x0 (x) qnn’(p, x)e""*/En(p+hx)—En(p) (3-10) 
Sna=0. 


It rnay be verified that St=S. 
By construction § satisfies 


G/A)[S, Elav=— f Peo ()qan(b, we, (3-11) 


( 3M. L. Goldberger and E. N. Adams, J. Chem. Phys. 20, 240 
1952). 
4J. C. Slater, Phys. Rev. 76, 1952 (1949). 
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The transformation u is thus seen to remove from H! 
all creation-annihilation terms of order V. As a conse- 
quence the new potential consists of two parts. One 
comes from the diagonal-in-bands part of q and is pro- 
portional to the first and higher powers of V. The other 
comes from the virtual creation-annihilation effects 
and is proportional to the second and higher powers of V. 

For the sake of brevity we will not give the second- 
order terms explicitly although they are easily obtained. 
The transformed potential in the mth band is 


Ve f xv (k)gnn(p, Ke**-+O(v?/AE). (3-12) 


The term O(v?/AE) is proportional to >| qnn’|?/Enn’ 
which is, in lowest approximation }° |x: Xan’ |?/Enn’. 

We will now discuss two cases when the theory yields 
relatively simple results. The first case is that the poten- 
tial is slowly varying, but not necessarily weak. The 
approximation is to set q=1. There are two conditions 
which must be met in order that the approximation be 
usable. One is the condition 


Dn’ |e Xen |PKA, (3.13a) 


which is necessary for gnn~1. This condition is the 
dominant condition when the potential strength is 
smaller than the separation between bands, AL. 

The other condition is the more restrictive one when 
the potential strength exceeds the separation between 
bands. It is 


Son’ [a> Xan |?/Enn|K1/V. (3-13b) 
When neither of the conditions (3-13) is violated the 
potential (3-12) can be approximated by 


V.= [ememr= V (x). (3-14) 


Equation (3-14) is Wannier’s approximation.* Wannier’s 
approximation requires that the potential be slowly 
varying but not necessarily that it be weak. 

There is a different kind of approximation possible, 
which requires that the potential be weak but not 
necessarily slowly varying. If the potential is weak 
(V/AE<1) we can neglect the second-order terms of 
(3-12) even for such values of « that gn, cannot be 
taken as unity. In order to see what new qualitative 
behavior may be expected let us replace the ordered 
exponential q by a regular exponential (this is equivalent 
to ignoring the p dependence of X). Then 


q(P, kK) nn=Lexp (ix: X) Jnn. (3-15) 


In many cases it is a good approximation to say that 
the even terms in the power series for (3-15) are much 
larger than the odd, especially for lattices such that 
Xnn=0. Thus if the origin of coordinates is chosen at 
the center of charge of unit cell, we may expect that 


E. N. ADAMS II 









(3-15) becomes 


Qnn(p)=Lcos(x-X) Jan 


(3-16) 


and that in any case the relation (3-16) is quite generally 
good until third or fourth power terms in the exponen- 
tial are required. 

The approximation (3-16) gives for the potential 
(3-12) the approximation 


Vane f dxv(x)[cos(x+X) Jnne****. (3-17) 


We have examined the meaning of (3-17) for a simple 
example and will state the qualitative results which 
we have found. If in (3-17) denotes an s band then 
the cosine factor describes a “cut off” of the Fourier 
components at some x, value, the precise value of which 
depends on the dipole matrix elements. For x, values 
which are not too large the cutoff is substantially iso- 
tropic in a cubic lattice. Thus (3-17) describes a poten- 
tial which differs qualitatively from the Wannier poten- 
tial in that all of the fine detail has been smeared out. 

As an illustration we consider the potential due toa 
charged interstitial or impurity ion in a lattice. We 
represent the effect of the cosx-X factor by a guillotine 
at wave number x,. Then the potential function (3-17) 
becomes 


V@)=(2e/ar) f dy(siny/y), G8) 


where 7 denotes (%;?+-2’+-;°)!. The potential (3-18) 
is a Coulomb potential for large r but is parabolic for 
small r, going to the constant value 2e%x,/m at small 
distances. 

While we do not know that such guillotine behavior 
is general, it seems plausible on the basis of the following 
argument. When the potential is weak it is not energeti- 
cally feasible to have strong mixing of states in different 
bands. In that case the electron is not able to react to 
the fine details of the perturbation since within one 
band it is not possible for the electron to achieve local- 
ization into a volume smaller than that of a single cell. 
Thus the short wavelength details of the perturbation 
are ineffective and according to (3-17) are to be ignored 
completely. 

The case of a potential which is not either weak or 
slowly varying is very difficult to treat in any general 
way. The nature of at least part of the difficulty is that 
the problem is “atomic” in nature, i.e., the solution 
to the perturbed problem involves the same kind of 
mixing as occurs for the energy levels of an atom under 
the influence of a strong perturbation. Such problems 
clearly must be treated individually. 


IV. RELATION TO THE WANNIER THEORY 


The effective mass equation derived herein differs 
from previously derived similar equations in that it 1s 
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written in a momentum representation, the CMR, 
rather than a coordinate representation. If one trans- 
forms the Eq. (2-15) to a crystal coordinate representa- 
tion (CCR) he finds that certain difficulties arise. 
These difficulties make the CCR much less satisfactory 
to use than the formulation which has already been 
presented. We will go through this briefly in order to 
establish the connection between the CMR and pre- 
vious effective mass equations. 
We transform to a CCR by the simple rule 


(4) (x) =[A/(2ah)* }* 
f dp exp(ip-x/h)a4(p). (41) 


A denotes the volume of unit cell, and the # integral 
goes over all momentum space. Because of the periodic- 
ity properties of the function V,4)(p), (4-1) can be 
written 


$,(4) (x) =[/A De 5(x—R) 


f dp exp(ip-R/AWa'(p). (4-2) 
B.Z 


The » integral now runs only over the Brillouin zone. 
The form (4-2) shows a sharp line spectrum of the wave 
function in the CCR. Thus if one calculates expectation 
values with the CCR wave function all of the contribu- 
tions come from the points of a space lattice. This situa- 
tion is to be compared with the situation which arises 
when the wave function is expanded in terms of Wannier 
functions, since the Wannier functions are labeled by 
the same label R which labels the points of the space 
lattice above. 

A close examination shows the function (4-1) is just 
the generalized Wannier function previously intro- 
duced by this writer! in an attempt to extend Slater’s 


derivation of the Wannier equation to higher approxi- 
mation. If (2-15) is transformed by the rule (4-1) one 
gets a difference-differential equation of considerable 
complexity, an equation which is not easily solved using 
standard methods. Thus we conclude that while the 
Schroedinger equation can be obtained in the CCR by 
purely formal means, the CMR is much better suited to 
the solution of problems. 

Various approximate effective mass equations can 
be obtained by neglecting X with respect to x. Doing so, 
one avoids the difficulties with the CCR but limits 
himself to a zero order approximation. This matter is 
discussed in reference (1). 


V. CONCLUSIONS 


The “effective mass” Schroedinger equation is most 
easily derived by making use of the CMR. In the form 
obtained here it can be applied to a wide variety of 
problems. The only detailed applications which have 
been made up to the present are to certain problems 
connected with motion in a magnetic field.':® How- 
ever, we shall note below another and.very important 
problem to which application is being presently studied. 

We are examining the problem of the Coulomb corre- 
lation energy in substances other than a free electron 
gas. While the general problem presents some points of 
difference from the free electron gas calculation, there 
are a number of points of similarity. No quantitative 
results exist at present. However, we have become 
convinced that by throwing the problems into the CMR 
we can gain new insights into the process of correlation 
in complicated solids. 


5 E. N. Adams, Phys. Rev. 89, 633 (1953). Most of the calcula- 
tions in connection with the magnetic problems are free of the 
approximation inherent in the Wannier theory since only com- 
mutation relations are used to get the results. Thus the principal 
results of reference (1) and (5) do not involve the Wannier 
approximation. 
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extrapolated from J. D. R. Scheffer’s data. 


There is no strict correlation between maximum, minimum, or average concentration at a crystal face and 
its rate of growth. It appears that the variations in concentration revealed by interferometer maps are to be 
interpreted as a consequence of solution depletion occasioned by the crystal’s growth. 


VOLUME 21, 


A Study in the Mechanics of Crystal Growth from a Supersaturated Solution* 


G. C. Kruecert AND C. W. MILLER 
Brown University, Providence, Rhode Island 


(Received January 8, 1953) 


An experimental investigation of the concentration field during crystallization is made using an improved 
modification of W. F. Berg’s interference technique. Na2S203-5H.,0 is crystallized at 23°C; concentrations 
between 40 percent and 55 percent. Graphing the positions of the growing faces versus time indicates, in all 
cases, a uniform rate of growth with occasional abrupt changes. These discontinuities were, in general, corre- 
lated with changes in the perfection of the growing face, the disappearance of a region of poor growth being 
associated with a decrease rate, whereas the appearance of an imperfection led to a higher rate. A minimum 
of concentration is observed near the face center, corroborating previous investigations with NaClO;. A 
diffusion coefficient of 1.26 10~° cm?/sec was calculated for Na2S2O; corresponding to 0.80 10-* cm?/sec 
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I, INTRODUCTION 


HIS experimental study deals with the mechanics 

of the crystal growth process in a supersaturated 

solution. In particular those phenomena are dealt with 

which take place in the stages of growth that follow 

nucleation and precede the very slow, approximately 

equilibrium, growth occurring later in the crystal’s 
history. 

One aspect of the problem of the growth of a crystal 
from solution is the role assumed by the solution sur- 
rounding the growing crystal. There have been a num- 
ber of studies dealing with this problem. Those of 
Lehmann are representative.' His techniques of investi- 
gation included the use of crystals which produce 
strongly colored solutions, e.g., CHI;. By observing 
changes in solution color during crystalization, a quali- 
tative picture of the concentration field could be ob- 
tained because the more concentrated salt solution was 
more strongly colored. He also used a modified schlieren 
technique designed by Toepler® for use with a micro- 
scope. Although this method was more sensitive than 
the colored solution technique, its sensitivity was still 
not great enough to yield more than qualitative infor- 
mation about the concentration field. Another technique 
employed by Lehmann consisted of introducing into 
the crystallizing solution a small amount of colloidal 
material which would not interfere with crystallization. 
The circulation of solution around the growing crystal 
could then be ascertained by following the colloidal 
particles which appeared as points of light under strong 
dark field illumination. Lehmann was able to obtain 
from these experiments a rather good qualitative pic- 


* Part of a thesis submitted by G. C. Krueger in partial ful- 
fillment of the requirements for the Ph.D. degree from the 
Graduate School of Brown University, Providence, Rhode Island. 

t Now at University of Maine, Orono, Maine. 

10, Lehmann, Molecularphysik (Tuebner Leipzig, Leipzig, 
1889), Vols. 1 and 2. 

2 A. Toepler, Nr. 157 and Nr. 158 von Ostwald’s Klassiker Der 
Exakten Wissenschaften. 


2018 








ture of the concentration field surrounding a growing 
crystal. 

A two-beam optical interference method, utilizing 
the Fizeau fringes which are formed in the film of 
crystallizing solution, has also been tried with little 
success. The interference fringes obtained were too 
broad to reveal detailed structure in the concentration 
field. 

Berg,® using a sensitive multiple-beam interference 
technique, was able to plot in detail the concentration 
field surrounding a growing crystal. His experimental 
method consisted of placing a small seed crystal in a 
thin wedge-shaped film of supersaturated solution con- 
fined between two partially silvered optical flats. The 
multiple-beam Fizeau fringes map the concentration 
field established by the growing crystal. This assumes, 
of course, that the relationship between the index of 
refraction and the solution concentration is known. 
Berg used NaClO; for which these data had been de- 
termined by Miers and Isaac.! 

In 1949 Berg’s investigation of NaClO; was extended 
by Humphreys-Owen.® The interpretation of the con- 
centration field was greatly facilitated by a modifica- 
tion of Berg’s method introduced by Humphreys-Owen. 
The geometrical thickness of the film of crystallizing 
solution is held constant. The interference fringes map, 
then, the actual contours of equal concentration, and @ 
qualitative examination of the field can be accom- 
plished quickly and easily. 

































II. EXPERIMENTAL CONSIDERATIONS 





The crystal selected for this study is the primary 
pentahydrate of sodium thiosulfate. This modification 
of the salt is stable at temperatures below 48.2°C and 
is the form always observed when crystallization occuls 








3 W. F. Berg, Proc. Roy. Soc. (London), 164A, 79 (1938). 

4H. A. Miers and F. Isaac, J. Chem. Soc. 89, 413 (1906). 

5S, P. F. Humphreys-Owen, Proc. Roy. Soc. (London) 1974, 
218 (1949). 
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CRYSTAL GROWTH FROM SUPERSATURATED SOLUTION 


at room temperature in an open vessel.® Sodium thio- 
sulfate crystallizes in the monoclinic system. Prisms 
and thin 010 plates constitute the common habits (Fig. 
1).7 From moderately supersaturated solutions (solu- 
tions which contain sufficient salt to cause saturation 
at approximately 8°C above crystallizing temperature) 
approximately two-thirds of the crystals formed are the 
010 plates, the rest are the familiar prisms. For some of 
these crystal plates, growth at certain stages is confined 
to a single face. 

Supersaturated solutions of Na2S2O; are easily pre- 
pared, and if the solution is maintained at a tempera- 
ture of from 60°C to 90°C for several hours, it will re- 
main indefinitely in a supersaturated state at room 
temperature. Even moderate agitation will not induce 
crystallization. 

The data obtained in this study are the optical inter- 
ference patterns formed in the film of crystallizing solu- 
tion. This Fizeau interference pattern maps the con- 
tours of equal optical path. Relative index of refraction 
and the index of refraction gradient may be ascertained 


TABLE I. Index of refraction as a function of 
concentration for Na2S20; at T= 20°C. 








An/AT =0.00018 per °C, in neighborhood of 20°C. 


Index of refraction 
X\=5461A A =5890A 


1.43660 1.43418 
1.43724 1.43475 
1.43817 1.43550 
1.44253 1.44008 
1.44307 1.44049 
1.44765 1.44512 
1.45125 1.44890 
1.45231 1.44975 
1.45424 1.45163 
1.45648 1.45380 
1.45848 1.45585 


% Na2S203 in 
solution 





43.5+1.0 
44.2+1.0 
44.3+0.1 
46.0+1.0 
46.5+0.1 
47.7+1.0 
49.1+1.0 
49.5+0.1 
50.4+1.0 
51.0+0.1 
52.0+1.0 





— 





for various points in the field. The index of refraction, 
during crystallization, is a maximum far from the 
crystal and attains its minimum value at the crystal 
face. The gradient is proportional to the number of 
fringes per centimeter, a large number of fringes indi- 
cating a steep gradient. The concentration field sur- 
rounding the growing crystal can be derived from the 
Interference pattern, provided the relationship between 
the index of refraction and the concentration of the 
crystallizing solution is known. These data were ob- 
tained for sodium thiosulfate and are given in Table I. 
An empirical equation expressing the concentration 
for A=5461A° at T=23°C is C=42.0+ (365.92) An for 
42 percent <C<52 percent. (An/AT) in this range of 
temperatures is 0.00018 per °C. This information was 


*S. W. Young and J. P. Mitchell, J. Am. Chem. Soc. 26, 1389 
(1904); S. W. Young and W. E. Burke, J. Am. Chem. Soc. 26, 
1413 (1904) ; 28, 315 (1906). 

A. N. Winchell, The Optic and Microscopic Characters of Arti- 


jsmnenerels (University of Wisconsin Studies in Science No. 4, 
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Fic. 1. Crystal habit of Na2S:0;-5H,0. 


obtained by measuring the index of refraction as a 
function of temperature of solutions of known density. 
We used the density versus concentration data available 
in the critical tables,*® to obtain the concentrations of the 
solutions. A concentration versus index of refraction 
curve at a particular temperature is then obtained 
directly from these data. 

The optical interference technique employed in this 
study is similar to that used by Berg, Humphreys- 
Owen, and Bunn in their studies of crystal growth from 
solution.*4 Two significant modifications have, however, 
been introduced. First, higher reflection coefficients 
have been used on the interferometer plates, and second, 
the thickness of the film of solution has been reduced. 
Optically these modifications result in sharper fringes 
with a consequent increase in precision of the measure- 
ments. Reducing the film thickness makes the process 
more nearly one of two-dimensional growth, and re- 
duces to negligible proportions the amount of evapora- 
tion of the solution. The thickness of the film of crystal- 
lizing solution was determined by using the channeled 
spectrum method.’ 

To obtain sufficient exposure to record photographi- 
cally the changing interference pattern, it was necessary 
to use (1) a high pressure mercury arc (a low-pressure arc 
was occasionally used during the slow growth stages), 
(2) a Wratten No. 77 filter, (3) Kodak Fluorographic 
film (Green sensitive, 35-mm, x-ray film), and (4) 
Kodak SD-19a high contrast developer.’ 


8 Int. Critical Tables 3, 81; 4, 236; 4, 248, 1928 and Tables An- 
nuells Int. de Constantes de Donees Numeriques 4, 16 (1910-1922). 
®H. Fizeau and L. Foucault, Ann. chim. et phys. 26 (3), 138 
(1849) ; 30 (3), 145 (1850). 
( 10 — Henn, and Crabtree, J. Phot. Soc. Amer. 12, 586 
1946). 
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Fic. 2. Displacement of growing face as a function of 
time for Crystal 1. 


The photographic records were evaluated by making 
measurements on a magnified image of the original 
negative. 


Ill. EXPERIMENTAL RESULTS AND DISCUSSION 


The distance advanced by the crystal face is plotted, 
in Figs. 2 and 3, against the time for three different 
experiments typical of many such studies made in the 
course of the investigation. The origin of the time scale 
on these graphs does not necessarily coincide with the 
instant at which the crystal first appeared, as the most 
interesting cases of growth seldom were the ones for 
which the initial appearance was even observed. 

In all cases, as the graphs indicate, the rate of growth 
is uniform, with occasional abrupt changes, usually to 
lower rates but occasionally to an increased rate. Where 
more than one face was growing at a time, abrupt 
changes were frequently although not always observed 
to occur simultaneously on all of the growing faces, 
indicating a close interaction between their growth 
mechanisms. 

Small changes in concentration which occur at the 
growing face do not appear to influence the rate of 
growth. The growing face of the crystal shown in Fig. 2 
encountered an air bubble in the solution which caused 
the face to divide into two sections. Both sections con- 
tinued to grow but at different rates. Twenty minutes 
after the face split the slower growing face settled down 
to a steady rate of growth. The rate of advance of the 
growing face was, within the precision of the measure- 
ments, exactly twice that of the slower growing face. 
There is some evidence from other experiments that 
the exact twofold ratio of the rates of growth of the two 
faces is not just a coincidence but results from the 
fundamental conditions at the surface (or corners) of 
the crystal which determine the rate of advance. It is 
not unusual, for example, when the rate of growth of a 
face changes for it to change by an amount which ap- 
proximates closely to an integral ratio (see, e.g., 
Crystal 2, Fig. 3). At no time did the average concentra- 
tion at the two faces of Crystal 1, Fig. 2, differ by more 


than 0.06 percent{ although the absolute value of the 
concentration increased by as much as 0.25 percent, 
This ability of a particular crystal face to grow at two 
different rates under substantially the same conditions, 
in so far as the concentration field is concerned, is a 
general rather than an exceptional phenomenon. 

There appears to be no strict correlation between the 
maximum, minimum, or average concentration of the 
solution contiguous to the crystal face and the rate 
of growth of this face. In general, however, the concen- 
tration is higher at the more rapidly growing faces. 

Pasteur was one the the first to report the accelerated 
growth shown by imperfect crystals.” Experiments 
performed in this laboratory afford further insight into 
this behavior. The efficient optical arrangement used 
made it possible to obtain interferometer records of the 
concentration fields even of very rapidly advancing 
crystal faces. 

In the first of two experiments to be considered 
(Crystal 2), the growing face began as an imperfect 
face and remained so throughout most of its history, 
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Fic. 3. Displacement of growing face as a function of 
time for Crystals 2 and 3. 


healing over and becoming perfect only a few minutes 
before its growth terminated at the edge of the drop of 
solution. The graph for this crystal (Fig. 3) shows that 
the rate of growth maintained by it during most of its 
history is between three and six times larger than that 
exhibited by a crystal in which the growing face is 4 
perfect face. These high rates of growth are probably 
to be attributed to the broken and therefore very im- 
perfect face. The rate of growth remains constant be- 
tween (=3X10? sec and t=3.3X10* sec, although the 
size of the break was by no means constant. However, 
when the break extended to the corner of the crystal 
the rate of growth increased to 1.6 times its previous 
value [Figures 4(a) and 4(b) show the crystal just before 
and just after the break extended to the corner ]. 

In general, the imperfect area of the growing face 
rarely centered on the face. It is usually displaced to- 


t All concentrations are given in grams of solute per 100 grams 
of solution. 
21, Pasteur, Ann. chim. et phys. 49, 5 (1857). 
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CRYSTAL GROWTH FROM SUPERSATURATED SOLUTION 


ward the obtuse-angled corner. This may well be due 
to the fact that the minimum value of concentration on 
the growing face is usually displaced toward the acute- 
angled corner of the crystal. The fact that low concen- 
tration favors perfect growth would make this side of 
the crystal less likely to develop imperfections. 

The concentration field of this crystal does not differ 
in its general character from the fields usually observed 
for a crystal of this type. The nature of the asymmetry 
of the concentration field near the face is rather clearly 
shown by the shape of the fringe nearest the face. The 
steeper gradient at the acute corner persisted through- 
out the experiment but was most marked during the 
periods of most rapid growth. A shallower gradient is 
found at the obtuse corner, i.e., the corner nearest the 
imperfect region of the growing face. This may be due 
to higher temperatures prevailing in the region where 
rapid growth is in progress. These higher temperatures 
are accompanied by a higher diffusion coefficient which 
in turn would account for the shallower gradient. As 
this crystal approached the edge of the drop, it became 
increasingly difficult to supply the volume of fresh 


Fic. 4. Two successive stages in the growth of an Na2S.03-5H20 
crystal. Figure 4(a) taken just before rate of growth changed, 
Fig. 4(b) just after rate changed. Flare spot in center of photo- 
graph is not significant and is due to optical arrangement. 


crystallizing solution needed to maintain the existing 
tate of growth. The fringe nearest the crystal moved 


_ further from the face indicating that the concentration 


there was decreasing. An examination of the advancing 


face shows that the break is beginning to heal. This 


must certainly be due to the decrease in concentration. 


_ It is important to note that the rate of growth has not 


yet changed. About a minute later the rate of growth 
abruptly decreased by approximately 300 percent, al- 


: though the concentration during the preceding period 


of steady growth (lasting about 10 minutes) decreased 


» by only 0.5 percent. This 0.5 percent decrease in concen- 
_ tration has permitted the new material to deposit as 
| Perfect crystal. 


The crystal of the second experiment (Crystal 3) also 


_ Stew from a solution in which initially the concentra- 
_ “on was not quite low enough to sustain perfect growth. 
During the periods of imperfect growth the well-formed 
» Portion of the face is an 010 face; after healing over, 
; the face was still an 010 face. The crystal’s rate of growth 


during the first two stages of its history changed several 


Fic. 5. Detailed fringe pattern at the growing face of Crystal 3. 
Fringes indicate that the concentration attains a minimum near 
the face center. Note slight imperfections within the body of the 
crystal. Rate of growth is the same for both Figs. 5(a) and 5(b). 


times. To each change in rate it was possible to corre- 
late a change in the perfection of the growing face, i.e., 
each time a break appeared on the face the rate in- 
creased, and when the break healed over the rate 
dropped. Once the crystal face attained the degree of 
perfection shown in Fig. 5(a) it maintained a uniform 
rate of growth for nearly two hours, after which the 
experiment was terminated. Both Figs. 5(a) and 5(b) 
were taken during this long period of uniform rate of 
growth. 

In Figs. 5(a) and 5(b) the three innermost fringes 
terminate on the crystal face and so give evidence of a 
decrease in concentration at the surface of the crystal, 
as one moves from either corner toward the center of 
the face. This phenomenon is also apparent, though in 
much less detail, in the earlier photographs of Hum- 
phreys-Owen. The improved detail is a direct conse- 
quence of the refined multiple-beam technique. 

In the graph in Fig. 6 the minimum value of the con- 
centration at the growing face is plotted as a function 
of time. The vertical broken lines indicate the times at 
which the rate of growth changed. In general, the ap- 
pearance of an imperfect area is accompanied by an 
abrupt decrease in concentration, whereas an increase 
in concentration attends the healing of an imperfect 
area. During the final interval, 40 minutes</<120 
minutes, the rate of growth remains constant at 
2X10-° cm/sec, whereas the minimum concentration 
at the growing face varied by as much as 1 percent. 
This behavior indicates that the rate of growth is 
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Fic. 6. Variation in concentration with time for Crystal 3. 
These variations can be correlated with the appearance and dis- 
appearance of the slight imperfections shown in Fig. 5. 
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stabilized to a constant value by phenomena occurring Then 
at the crystal face, even though the concentration con- I 





















tiguous to the crystal surface varies by as much as ci” sia 
1 percent. There can be no doubt, however, that suffi- 

ciently large deviations in concentration do change M,= Cs; 
this rate. therefore, 

It is appropriate to point out the extent to which the T pe 
concentration field represented by the fringe system a 
shown in Fig. 5 is able to account for the observed rate Similarly, 
of growth. There seems to be no reason to doubt that W pe 
the material which enters into the growing crystal is a 
supplied by diffusion, particularly during the long but M cw 
periods of constant rate of growth. It is possible from Co=Pr—C; 
rather fundamental considerations to obtain the condi- _ therefore, 
tion which should be satisfied at the boundary of the W pe 
crystal for a steady state of growth. Consider a system Y= uM me 
of coordinates which is fixed with respect to the crystal sillied 
face. The velocity of the solute ions with respect to the water 







(v,), which is the significant velocity for the diffusion of 
ions relative to a solvent, is then given by the relation- 
ship 





Let M=molecular weight of crystal, 
I=molecular weight of crystal minus water of 
crystallization, 
W =molecular weight of water of crystallization, I Ww 
v= velocity of advance of crystal face, 1,= “|-— I: 
m,= mass of solute deposited per second per cm’, Mic ps—-c 
m= mass of water deposited per second per cm”, 
p-= density of crystal, 
ps=density of solution at crystal face, de 
c=concentration of solute (gm/cm*), 
Cw= concentration of solvent (gm/cm*), _ Pe I cW 
v,=Vvelocity of solute relative to crystal, MM = ” 
Y= velocity of water relative to crystal, 
D= diffusion coefficient. where 





























(Change in concentration between two successive fringes) 


















dx (Distance between two successive fringes) 





Substituting the values appropriate to Crystal 3 at the concentrations of the solutions used were 15.2 per- 
t=42.6; cent and 3.6 percent. If we assume a temperature 
coefficient of diffusion of 0.026," which is appropriate 
dc 00466 gm = 168 = for salts of this type, the diffusion coefficient extra- 
i 0078 ail” — ee polated from Scheffer’s data and reduced to T=23°C 
and a concentration of 49.7 percent is found to be 
M=248.2, I=158.1, W=90.1, 0.80X10-> (cm/sec). The value of D computed fo! 
Crystal 3 exceeds this extrapolated value by approx: f 
c=0.497 gm wi il >= 210-5 —— mately 50 percent, an amount considerably greattt 
at” cat sec than could be accounted for by errors in the experi 
mental measurements. This calculation assumes the! F 
yields a diffusion coefficient of the growing crystal face is sufficiently large so that the F 
influence of the corners may be neglected. It is not yel 
possible to assess with any certainty the limitation 
imposed by this assumption. ; 


IV. SUMMARY 


An improved technique is described for mapping tht F 
concentration field surrounding a growing face of ! 


4W. Nernst, Theoretical Chemistry (Macmillan Compaty: 
New York, 1916), fourth English edition, p. 403. 





cm? 
D=1.26X 10-5 —. 
sec 


The only diffusion coefficient for NazS,O; which is 
available in the existing literature is that due to 
Scheffer.!* His measurements were made at 10.5°C and 





8 J. D. R. Scheffer, Z. physik. Chem. 2, 397 (1888). 
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CRYSTAL GROWTH FROM SUPERSATURATED SOLUTION 


crystal. This technique is applied to the study of 
Na2S.03:5H,O growing at temperatures of approxi- 
mately 23°C, from supersaturated solutions ranging in 
concentration from 40 percent to 55 percent. Certain 
of these crystals exhibited growth on a single face, 
whereas others grew simultaneously on two or three 
faces. Photographs of the growing crystals with asso- 
ciated Fizeau fringes, which mapped their concentra- 
tion field, were made at frequent intervals. Graphs 
plotted to show the positions of the various growing 
faces as a function of time indicated, in all cases, a 
uniform rate of growth with occasional abrupt changes. 
Where more than one face was growing at a time abrupt 
changes were frequently, although not always, observed 
to occur simultaneously on all of the growing faces. 
These discontinuities were in many cases correlated with 
obvious changes in the perfection of the growth, the 
disappearance of a region of imperfect growth being 
generally associated with a decreased rate of growth, 
whereas the appearance of an imperfection usually led 
toa higher rate of growth. An analysis was made of the 
fringe pattern with one of the slower growing crystals. 
This study corroborated previous similar work done 
with NaClO; in showing that the concentration is a 
minimum at some point in the central region of the 
growing face and increases toward both corners. A 
diffusion coefficient, D= 1.26 10—> cm?/sec at T= 23°C 
was calculated from these interferometer maps. 
Scheffer’s experimental data extrapolated to the same 
temperature and concentration yield a value of 0.80 
X10-° cm?/sec. 

The rate of growth is not a sensitive function of the 
concentration at the growing face, e.g., at any one time 
the difference in concentration between face center and 
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face corner was approximately 1 percent, and during a 
period of constant rate of growth the minimum concen- 
tration at this face varied by as much as 1 percent. In 
fact, it would appear that the variations in concentra- 
tion which the interferometer maps display are to be 
interpreted as a consequence of solution depletion 
occasioned by the growth of the crystal. 

A number of investigators have suggested that the 
rate of growth of a crystal face is a function of the de- 
gree of supersaturation at that face.!® This study indi- 
cates that diffusion may set an upper limit to the rate at 
which a crystal face grows, but that when the face 
grows at a lower rate, this rate is determined by condi- 
tions existing at the growing face. If the centers of 
growth are identified with dislocations, as suggested by 
Frank,'® the general picture becomes clearer. Long 
periods of constant rate of growth would be a conse- 
quence of the domination of a particular dislocation. 
Abrupt changes in rate of growth suggest the over- 
running of the principal dislocation and its replacement 
by another dislocation which then assumes the domi- 
nant role. Large fluctuations in concentration which 
occur during a period of constant rate of growth (Fig. 6) 
further strengthen the impression that it is the disloca- 
tion which is the rate controlling factor during this 
stage of growth. It appears that a structure-sensitive 
theory of crystal growth such as Frank’s is required to 
explain the phenomena observed during a crystal’s 
growth. 


1465C. W. Bunn, Discussions Faraday Soc. No. 5 (Crystal 
Growth), 132-144 (1949) reviews this approach. S. P. F. Hum- 
phreys-Owen, Discussions Faraday Soc. No. 5 (Crystal Growth), 
144-149 (1949). 


16F,. C. Frank, Discussions Faraday Soc. No. 5 (Crystal 
Growth), 48-54, 66-67, 76-77, 189-191 (1949). 
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In order to study further the molecular vibrations of tetramethylmethane and of hydrocarbons in general, 


tetramethylmethane-di2 was synthesized, and its Raman and infrared absorption spectra were obtained. 
The missing nondegenerate mode, v2(a:), in ordinary tetramethylmethane was predicted by the Teller- 
Redlich product rule to lie at about 1430 cm™ where it would be obscured by a strong depolarized Raman 
band at 1451 cm™. A unique narrowness in the 1200 cm™ infrared absorption bands of tetramethylmethane 
and tetramethylmethane-d,. and double maxima of small separation in the band of tetramethylmethane 
resulted in assigning these frequencies to methyl wagging modes of unsymmetrical character. The over-all 
results of this investigation cast doubt on the validity of extending theoretical considerations of tetrahedral 
XY, systems to the tetrahedral tetramethyl molecules with the assumption of the methyl groups as point 


masses. 











HE molecule tetramethylmethane because of its 

highly symmetrical character has received a 
great deal of attention in discussion of the vibrations 
of the paraffins. Certain problems with regard to the 
assignment of the molecular vibrations of this molecule 
still remain to be solved. Rank, Saksena, and Shull! 
have prepared monodeutero tetramethylmethane and 
also monodeutero silicon tetramethyl. The Raman and 
infrared spectra of these molecules were obtained in an 
attempt to clear up some of the uncertainties concern- 
ing the assignment of the vibrations of the tetramethyl- 
methane molecule. A rather complete bibliography of 
the previous work on tetramethylmethane is contained 
in the above mentioned paper. Sheppard, Simpson, and 
Sutherland? have raised certain questions with regard 
to the assignments of Rank, Saksena, and Shull. 
Because of the fundamental nature of this problem with 
regard to the assignment of vibrational frequencies of 
the paraffins, it was thought desirable to prepare tetra- 








(1) Mg, ether; CD; 






methylmethane-d 2 and study its infrared and Raman 
spectra. 

The totally deuterated tetramethylmethane molecule 
because of the simplicity of its spectrum might, among 
other things, throw light upon the limitations of making 
the assumption that the CH; group can be treated asa 
single atom in calculation of the so-called “framework” 
vibrations of the paraffins. 


SYNTHESIS 


Preparation of a deuterated molecule containing 12 
deuterium atoms in its structure will require a very 
high degree of deuteration of the reagents used in effect- 
ing the synthesis. The percentage of the deuterated 
molecule containing one hydrogen, in general, will be 
12 times as great as the over-all hydrogen percentage. 

The synthesis of tetramethylmethane-d,,. was carried 
out by means of the following well-known reactions: 






CD; CD; 


(2) CDsCOCD; | conc. HCl | CD;MgBr | 
CD;Br — CD;—C—OH ———— CD;—C—Cl —————> CD;—C—CD,. 





(3) H,0 | 
CD; 


The first Grignard reaction was carried out in an- 
hydrous diethyl ether as solvent. The Grignard com- 
plex was decomposed with ordinary water. The second 
Grignard reaction was carried out in dry toluene as 


solvent.’ 
For reasons which will appear later, isobutane-djo 
was prepared by the reaction 


(CD;)sCMgCl+D,0—(CD;);CD. 


* This research was assisted by support from Contract N6onr- 
269, Task V of the U. S. Office of Naval Research. 

1 Rank, Saksena, and Shull, Discussions Faraday Soc. No. 9, 
187 (1950); D. H. Rank, ibid No. 9, 219 (1950). 

2 Sheppard, Simpson, and Sutherland, Discussions Faraday Soc. 
No. 9, 216 (1950). 

3G. H. Fleming, Ph.D. dissertation, The Pennsylvania State 
College, June, 1933; F. C. Whitmore and G. H. Fleming, J. Am. 
Chem. Soc. 55, 3803 (1933). 
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| toluene 


CD; CD; 








The above reactions are common organic preparative 
reactions which all proceed with reasonably good yields. 
Our experiments demonstrate conclusively that no ¢x- 
change between deuterium and the hydrogen present in 
the solvents and reagents takes place in any of these 
reactions. Thus it is apparent that the percentage of 
deuteration of the final product depended upon the 
completeness of the deuteration of the acetone-ds 
and the methyl-d; bromide used in the synthesis. 


EXCHANGE REACTIONS 


Acetone-ds was prepared by the well-known method 
of exchanging acetone with D,0.* The CD3Br was pre 


4 Halford, Anderson, Bates, and Swisher, J. Am. Chem. Soc. 57, 
1663 (1935). 
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INFRARED AND RAMAN SPECTRA: TETRAMETHYLMETHANE-di:2 


pared from CD;COOD which had been prepared by 
exchanging malonic acid with D,O and subsequently 
heating the heavy malonic acid, which process pro- 
duces the heavy acetic acid® in quantitative yields. 

The acetone exchange was carried out by mixing ace- 
tone with D,O, making a solution slightly alkaline with 
a very small amount of anhydrous K2COs;, refluxing 
for about one half hour and then separating the acetone 
from the water by fractional distillation by means of a 
suitable fractionation column. Malonic acid was put 
into solution in D,O and a good vacuum produced in 
the apparatus. The water was separated by vacuum 
distillation condensing the water in a liquid air trap. 
In the final stages the solution was heated on a water 
bath to remove the D,O from the malonic acid as com- 
pletely as possible. 

We have followed the course of the exchange reac- 
tions by determining the density of the water removed 
from the solution after each exchange. In calculating 
the progress of the exchange process step by step, we 
have made the assumption that statistical distribution 
of H and D atoms among the two components of the 
solution takes place.* The results of our density de- 
terminations on the recovered water showed that this 
assumption was valid to a high degree of approximation. 
Furthermore, the spectroscopic evidence showed that 
the assumption of statistical distribution was com- 
pletely justified. 

The production of nearly completely deuterated 
material by exchange processes is very extragavant in 
the use of DxO when compared to direct synthesis, if 
synthesis is possible. However, it should be pointed 
out that this extravagance only occurs in the prepara- 
tion of the first batch of highly deuterated material. 
Successive batches can be produced by only expending 


ae O. Halford and L. C. Anderson, J. Am. Chem. Soc. 58, 736 
(1936). 

° For the benefit of other investigators, it might be in order to 
write out the elementary general theory for the quantitative 
progress of such an exchange reaction when the process is stepwise 
and statistical distribution is assumed. 

Let A and B be the number of moles of H2 and Dz respectively 
present in the material to be exchanged with heavy water. C and D 
represent the number of moles of Hz and Dz contributed to the 
mixture A+B+C+D by the heavy water component of the 
mixture. If statistical distribution of H and D in the mixture is 
achieved, the fractional deuteration Kp is obviously 


Kp=(B+D)/(A+B+C+D) ; Kyo+Ku=1. 


It can easily be seen that repetitive operation of such a stepwise 
process to achieve large values of Kp is a powerful method of 
testing the assumption of statistical distribution of H and D in 
the process. Our results have shown very conclusively that such 
Statistical distribution is achieved in the acetone and malonic 
exchange processes. Furthermore, after the completion of the 
synthesis of tetramethylmethane-di2, a very sensitive test of the 
completeness of deuteration in the absence of further exchange of 
Teagents is available. The statistical distribution of isotopic 
molecules of the various species present will be proportional to 
the terms of the expansion of (Kp+Ku)" where n is the number 
of hydrogen atoms present in the molecule. In all probability the 
expression just given is strictly valid only for equal Kp in the 
acetone and the methyl bromide reagents. The relative abundance 
of the species containing one hydrogen (nKyKp”"), can easily 
€ estimated from the spectrum with considerable certainty. 
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amounts of high purity D.O equivalent to the highly 
deuterated product removed from the process. 


METHYL-d; BROMIDE PREPARATION 


The methyl-d; bromide in good yield was prepared by 
a modification of Béckemiiller and Hoffman’s method of 
preparing the ordinary compound.’ Bromine in carbon 
tetrachloride was added to a suspension of finely ground 
silver acetate-d; (prepared by the reaction of silver 
oxide with acetic-d; acid-d) in carbon tetrachloride in 
the presence of light. The product was recovered by 
careful fractional distillation of the reaction mixture. 
Anhydrous conditions were strictly observed. 


EXPERIMENTAL 


The Raman spectrum of tetramethylmethane-d;, in 
the liquid phase was obtained using 2 ml of a sample 
which had been vacuum distilled and sealed off in a 
suitable scattering tube. Excitation was effected by 
means of the mercury blue line, Hg \4358A, produced 
by a pair of low-pressure mercury arcs® using a filter 
consisting of saturated aqueous sodium nitrite solution 
in two cylindrical condensers. Spectrograms were ob- 
tained with a three-prism spectrograph.’ A comparison 
spectrum using a stainless steel arc was obtained with a 
20-inch {/8 camera which gave a linear dispersion of 
19 A/mm at \4600A. Qualitative depolarization meas- 
urements were obtained photographically by the method 
of polarized incident light!-”” using a 5-inch {/2 camera." 

The infrared absorption spectra of tetramethyl- 
methane and tetramethylmethane-d,2 were obtained in 
the gas phase with a Perkin-Elmer infrared spectrom- 
eter Model 12C, modified to the Walsh double-pass 
system,” and equipped with prisms of lithium fluoride, 
sodium chloride, and potassium bromide. A 10-cm path 
gas cell of Pyrex glass was cemented silver chloride 
windows was used. The vapor pressure of the gas was 
varied according to the degree of absorption required to 
best define the respective bands. 

The Raman and infrared absorption spectra of iso- 
butane-di9 were obtained in a similar manner. 


RESULTS AND DISCUSSION 


The spectroscopic results are shown in Figs. 1-3. 
Figure 1 presents the comparison spectrograms of the 
Raman spectrum of (CD;)s4C with those of (CH3)sC 
and (CH;)4Si for comparison. Figure 2 presents the 
polarization spectrograms of these compounds. Trans- 


7W. Boéckemiiller and F. W. Hoffman, Ann. d Chem. 519, 165 
(1935). 

8D. H. Rank and J. S. McCartney, J. Opt. Soc. Am. 38, 279 
(1948); Rank, Sheppard, and Szasz, J. Chem. Phys. 16, 698 
(1948). 

9 Rank, Scott, and Fenske, Ind. Eng. Chem. Anal. Ed. 14, 816 
(1942). 

1 A, E. Douglas and D. H. Rank, J. Opt. Soc. Am. 38, 281 
(1948). 

1 —. H. Rank, J. Opt. Soc. Am. 40, 462 (1950). 

12 A, Walsh, J. Opt. Soc. Am. 42, 96 (1952). 
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butane-d,o and isobutane, respectively. 


mission curves of their infrared absorption spectra are 
shown in Fig. 3. 

With regard to the hydrogen content in the tetra- 
methylmethane-d,2, it should be pointed out that a 
polarized Raman line, Av=663.7 cm™, attributable to 
the totally symmetric vibrational mode of the mono- 
hydrogen species, was observed. The intensity of this 
line approximated that of the totally symmetric fre- 
quency of the completely deuterated molecule excited 
by Hg\4347A, which is about 1/50th as intense as the 
primary exciting line, Hg\4358A.° The results of Rank 
and Bordner'™ showing that the totally symmetric 
Raman lines of the ordinary and monodeutero tetra- 
methylmethanes were of approximately equal intensity 
in a 1:1 mixture of the two molecules suggest the rela- 
tive abundance of the monohydrogen species considered 
here to be about 2 percent. 

Because of previous observations of isobutane lines 
in the Raman spectrum of tetramethylmethane and the 
observation of suspicious lines in the Raman spectrum 
of the tetramethylmethane-d,. sample, the spectrum 
of a sample of isobutane-di» was obtained. It was found 
that the Raman lines Av=688 and 2154 cm™ as well 
as “wings” on Av=764, 1048, and 1212 cm™ could be 
discounted as arising from vibrations of this molecule. 
Also, re-examination of the comparison plate of the 
Raman spectrum of tetramethylmethane revealed the 
totally symmetric frequency, Av=795 cm™, of iso- 
butane was present but very weak. 

As in tetramethylmethane, the assignment of the 


13P. H. Rank and E. R. Bordner, J. Chem. Phys. 3, 248 
(1934). 
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Fic. 1. Reproductions of comparison spectrograms of Raman spectra. The Raman lines Av=688 and 2154 cm™ 
from the tetramethylmethane-d;. sample and Av=795 cm™ from the tetramethylmethane sample arise from iso- 
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observed frequencies to the respective symmetry types 
in the completely deuterated molecule can be made on 
the basis of selection rules requiring three polarized 
Raman active A; modes, one spectroscopically inactive 
Az mode, four depolarized Raman active E modes, four 
spectroscopically inactive F; modes, and seven de- 
polarized Raman active and infrared active Ff: modes. 
The vibrational assignments of the active modes of 
tetramethylmethane-d,. together with those for tetra- 
methylmethane and tetramethyl silicon based on the 
experimental results of this investigation are presented 
in Table I. 

The Teller-Redlich product rule predicts the follow- 
ing relationships between the zero order frequencies of 
tetramethylmethane and its diz analog for the spec- 



















Fic. 2. Reproductions of polarization spectrograms 
of Raman spectra. 


14 See G. Herzberg, Infrared and Raman Spectra of Polyatomit 
Molecules (D. Van Nostrand Company, Inc., New York, 1947); 
p. 231. 
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Fic. 3. Transmission curves of infrared absorption spectra. 


troscopically active modes: 
Ai modes 1 (ws'/ws) = [ (mu/mp)? b= 0.5000 ; 
T (ws*/ws) = [ (mu/mp)* |} = 0.3536 ; 


™ (ws*/ws) 
=[(mu/mp)*(M p/Mx)* }!=0.2228, 


where x signifies the product of the frequencies /, mu, 
and mp are the masses of the H and D atoms, respec- 
tively, and My and Mp are the molecular weights of the 
respective isotopic molecules. 

All three A; modes for tetramethylmethane-d,., 

= 648, 1104, and 2128 cm™, were observed. The ob- 
servation of 1104 cm™ as well as the two more easily 
observable frequencies permits the calculation of the 


E modes 


F. modes 


frequency of the missing A; mode in the ordinary com- 
pound by the Teller-Redlich product rule.‘ The pre- 
dicted frequency for v2(a;) at 1430 cm would place the 
Raman line at a position where it would be obscured by 
the broad depolarized Raman band at 1451 cm. 

As in tetramethylmethane and tetramethyl silicon, 
only two of the four doubly-degenerate E modes are 
observed, Ay= 276 and 1048 cm“. Although our present 
infrared facilities do not permit study of the region 
below 400 cm, it is felt certain that the choice of the 
depolarized Raman frequency at 276 cm™ is justified. 
Similar to the analogous situation in tetramethyl- 
methane and tetramethy] silicon, only one depolarized 
Raman band, Av=2211 cm™, was observed in the 
2000-cm— “C—D” region. Although an £ mode is to 


TABLE I. Vibrational assignments for the active modes of the tetramethyl molecules.* 








(CDs3)4C (CH3)4C 
Raman (1) Infrared (g) Raman (1) Infrared (g) 
Int Pol Int Av Int Pol v Int 


(CHs)4Si 
Raman (1) Infrared (g) 


vi/p Av Int v Int Assignment 





p _ /— 733 25 p In. 
p : (1430) — — In. 
p a 2009 100 p In. 


dp In. 22 dp 


dp ; dp 


lll 


oo - 
dp 765 POR 921 


_ dp 418 
Ww 

dp 1218 s “Q” 
Ss 
F 


dp 

dp 1256 
— 1372 
— 1475 
— 2876 
dp 2959 


=~ a 
— 1066 POR — 
— 2058 ws POR 


dp 2218 vs POR 2955 


8111885 
2°°"%*%*e8e se 


POR 
dbl 

POR 
POR 
POR 
POR 


V1 (a) Skel. 
v2(a1)6,(CH) 
v3(a;)v4(CH) 


dp , vi(e) Skel. 

— ° vo(e)y (CH) 
dp : v3(e)5_(CH) 
— v4(e)v_(CH) 


= v1(f2) Skel. 
dp 696 POR  v2( fa) Skel. 
dp 1253 POR v3(f2)y (CH) 
— 1285 ? 4 f2)54.(CH) 
— 1430 POR  vs(f2)64(CH) 
dp 2957 ws ? 


0.8840 593 40 p_ In. 
(0.7731) 1263 Sp) mk. 
0.7315 2900 100 p_ In. 


0.8239 199 
0.7223 


l518 


0.8241 

0.8295 694 
0.9697 

0.7536 — 
0.7227 —_ 
0.7156 — 
0.7482 2957 


S11 | oS 


ve( f2)v_(CH) 
v7(f2)v_(CH) 








* Notation: p= 


= polarized ; dp =depolarized; s =strong; m =medium; w =weak; b = broad; dbl =double-headed ; 6 =deformation; v =stretching; y =bend- 


ing; Subscripts (+) and (— ) indicate symmetrical and antisymmetrical respectiv ely. Frequencies i in cm~}, The Raman intensities for (CHa3)4C and (cH 3)4Si 
are integrated intensities obtained photoelectrically and reported previously. (See reference 1.) 
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TABLE II. Results of “‘skeletal’? mode calculations.* 








Assignment of observed fundamentals to “‘skeletal’’ modes 


Calculations based on simple valence force field 
considerations of X Y4 systems>-¢ 





n3 


Molecule m1 ne I II ns 
Np-/i2 733 335 921 1249 415 
Np-d12 648 276 764 1212 342 
SiMe, 593 199 694 862 245 

Isotope shifts 
Isotopic mii —m1 Choice of 3 nai —n3 
molecule Calc.* Obs. assign. Calc.4 Obs. 

Np-d12 — 63.8 —85 I +80 —157 

II +115 —37 
Np-di — 58.3 —69 

Np-di =—§Z 132 

SiMey-d, —4.7 —23 








wo A por les (msn?) — (ws? +42) 
Molecule mine w1 "wa X19~5 10-5 
I 1.557 10.20 
oe f SS ws elm 
: I 1.441 5.42 
SiMe, TI 1.790 1.448 8.03 6.67 
Choi a 
aie nii/ni ni/ne wit/or —_ a Slo 
assign. =wei/w2 msn w3"w4 
Np-diz ;} 0.884 0.824 0.9129 O84 a.9001 








® Except in the block listing Isotope Shifts, the columns headed by expressions of ” pertain to the results from the experimental data, while those headed 
by expressions of w give the results from the theoretical equations. Calculated isotopic shifts of m1 were obtained from simple valence force field considera- 
tions (see references 14 and 16), while those for m3 are from Rosenthal’s more general force field expressions (see reference 17). Np =neopentane (tetra- 
methylmethane) ; Me =methyl; I and II refer to alternative assignments of m3; the superscript 7 refers to the heavier isotopic molecule. 


b See reference 14. ¢ See reference 16. d See reference 17. 


be expected in this 2000-cm™ region, none is found with 
certainty since an infrared band at 2218 cm™ is ob- 
served which definitely shows that this frequency is 
F; in character. Whether an £ mode is superimposed 
upon the F, mode cannot be decided from the spectrum, 
and thus the product rule is completely useless for 
dealing with the E modes. 

The infrared activity of the F: modes permits their 
distinction from the doubly-degenerate modes which are 
likewise depolarized in the Raman effect. The observa- 
tion by Fitz! of an infrared absorption band for tetra- 
methylmethane at 418 cm™ has definitely established 
the degree of degeneracy of the 415-cm™ frequency.! 
The 342-cm™ depolarized band is taken as the analogous 
mode in the deuterated compound. On the basis of the 
infrared band character in the Raman effect, 764 cm™ 
is the analogous band to 921 cm in tetramethyl- 
methane. The 1050-cm™ region is complicated, and two 
frequencies are chosen at 1037 and 1066 cm~ on the 
basis of the behavior of the absorption with decreasing 
vapor pressure. Although no corresponding depolarized 
Raman band is observed in the 2000-cm™ region, the 
infrared absorption band at 2058 cm™ is taken as 
ve'(f2) and, similarly, y= 2876 cm™ is chosen as v¢(f2) 
in tetramethylmethane. 

The character of the respective infrared bands circa 
1200 cm in both the ordinary and deuterated com- 
pounds is unique. Both are strong, narrow bands but 
definitely broader than unequivocally observed Q 
branches, and depart from the expected envelope with 
definite POR branches. (A separation of about 18-20 
cm™ between the P and R branches in the other bands 
in the spectra was observed.) Because of the unique ap- 
pearance of these two 1200-cm™ bands, it must be 
assumed that they arise from analogous vibrations. In 
addition, the 1251-cm™ band of tetramethylmethane 
has two definite maxima with a separation of about 4 


15 E. D. Fitz, M. S. thesis, The Pennsylvania State College, 
August, 1951. 





cm~ and a definite minimum separating them. This 
anomalous character could conceivaly arise from a 
vibration in the molecule which transforms it into an 
asymmetric rotor when executing the vibration. It 
can be seen upon inspection that the skeletal F2 mode, 
namely “y;” (Herzberg," p. 100), would be expected to 
yield an excellent spherical top pattern (PQR branch- 
ing). The anomalous character of the 1200-cm~ infra- 
red bands in tetramethylmethane and the d1» derivative 
forces us to assign these frequencies to methyl wagging 
modes of unsymmetrical character. An apparent diff- 
culty to the above assignment is the small isotope effect. 
However, the dynamic situation is so complex when one 
must treat the molecule as a whole that even a qualita- 
tive estimate of the isotope effect enters the realm of 
pure speculation. 

Application of the Teller-Redlich product rule’ to 
the F, modes does not help in choice of frequency assign- 
ment of v2°-°(fz) since both questionably assigned 
bands (921 and 1249 cm7) belong to the F, class. It 
is felt that the experimental evidence presented by us 
earlier,! i.e., very weak infrared absorption of v=929 
cm~! of tetramethylmethane compared to that of the 
analogous band, v=696 cm=', in tetramethy] silicon, 
gives strong support to our assignment. (The substitu- 
tion of a silicon atom for a carbon atom in the tetra- 
methyl framework greatly enhances the intensity of the 
infrared bands arising from indisputable “framework” 
vibrations, relative to bands arising from known 
“hydrogen” vibrations.) As we have pointed out pre- 
viously,! the appearance of the polarized lines 815 cm™ 
and 609 cm~ in the monodeutero derivatives of tetra- 
methylmethane and tetramethy] silicon seem to demand 
the present assignments of the highest skeletal mode. 

Our present results again raise the question posed 
previously! as to the validity of extending theoretical 
considerations of tetrahedral XY, systems to the tetra- 
hedral tetramethyl molecules with the assumption of 
the methyl groups as point masses. As can be seen in the 
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tabulated isotopic frequency ratios (v‘/y) in Table I, 
the isotope effect on the frequencies which are well ac- 
accepted as carbon “skeletal” modes is much greater 
than would be expected a priori. In Table II, the results 
of a number of calculations based on theoretical treat- 
ments of tetrahedral X Y, systems'*® are summarized. 
The closer agreement of the results of the simple theory 
calculation on the triply-degenerate modes with the 
1200-cm—! frequencies for m3 and ;‘ is felt to be fortui- 
tous in view of the disagreement, except for the hy- 
drides, for the tetrahedral pentatomic molecules'*® 
(Herzberg, p. 183). The results of calculation of isotope 
shifts on the totally symmetric modes for various iso- 
topic molecules and of the isotopic ratios for the totally 
symmetric and doubly-degenerate modes of tetra- 
methylmethane and its deuterated molecules are in 
poor agreement wish experiment. It is felt that the 


16 F, Lechner, Wien Anz. (1933), No. 14; quoted by Herzberg 
(reference 14) p. 182. 

17 J. E. Rosenthal, Phys. Rev. 45, 538 (1934). 

18 J, E. Rosenthal, Phys. Rev. 46, 730 (1934). 


inability to obtain more reliable agreement between 
experiment and theory is a real indication that the 
methyl group cannot be considered as a single point 
mass in theoretical considerations. 


t Note added in proof.—Since this paper was written, one of us 
(D. H. R.) has had the benefit of discussion and correspondence 
with Dr. D. M. Simpson with regard to the general subject of 
this paper. Miss Simpson very helpfully pointed out several 
errors in our manuscript for which we are grateful. It appears 
that the authors and the Cambridge school still have some slight 
disagreements with regard to the interpretation of the vibrational 
spectra of this type molecule. Unfortunately our experiments are 
not as conclusive as might have been hoped since total deuterium 
substitution still leaves certain points without a specific and 
direct answer. Miss Simpson has pointed out to us three papers by 
Hans Siebert [Z. anorg. Chem. 263, 82 (1950) ; 268, 177 (1952); 
271, 75 (1952) ] which tend to show on semitheoretical grounds 
that resonance between the F:CH;y and skeletal » frequencies 
makes it impossible to distinguish between them in tetramethyl- 
methane (this coupling is also shown to be significant in tetra- 
methylsilicon). It is not surprising that these complications to 
first-order theory arise in the case of molecules as complex as 
those considered here. During the past year, our experience in 
dealing with the rotation-vibration spectra of very simple mole- 
cules has been as follows. Various perturbing phenomena appear 
which make interpretation of these molecules less satisfactory 
than might be desirable. 
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A simple method of calculating the heats of formation of gaseous free radicals and carbonium ions is pre- 
sented, and a number of examples are given which show good agreement of calculated values with experi- 
ment. It is shown that the method permits ready calculation of bond strengths, including the strength of 
bonds in alicyclics, and the ionization potential of olefins, aromatics, and other unsaturates. The method is 
not directly applicable to the calculation of the ionization potentials of saturates. 





N an earlier paper! an empirical method was described 
by which various thermodynamic properties of 
organic compounds could be computed quite simply. 
It was shown that a thermodynamic property such as 
the heat of formation can be represented as the sum of 
a set of values or group equivalents characteristic of the 
various groups that make up the molecule. In this paper 
it will be shown that this method may also be employed 
to calculate the heat of formation of gaseous free radi- 
cals and positive ions. The principle is expressed mathe- 
matically in Eq. (1) 


YAH; +AH,-+AH,*++R=AH,/, (1) 


where AH; is that part of the heat of formation assign- 
able to the ith group, and AH,° and AH¢* are, respec- 
tively, the group equivalent values for groups to which 
an unpaired electron and a positive charge are formally 
assigned. R is resonance energy. As was the case for 
molecules, a value for AH,- or AH,+ for a group has to 





. Presented at the Southwest Regional Meeting of the American 
emical Society, Austin, Texas, December, 1951. 
‘J. L. Franklin, Ind. Eng. Chem. 41, 1070 (1949). 


be calculated from the known heat of formation of a 
radical or ion containing that group. 


FREE RADICALS 


Table I gives AH, values for several groups having 
an unpaired electron. With these and the values for 
AH, in Table II, AH,° for radicals containing any of 
these groups is readily calculated provided the radical is 
not capable of z-electron resonance. If w-electron reso- 
nance is possible, it is necessary, as is to be expected from 
Eq. (1), to include a value for the resonance energy, 
R. The technique of calculating such resonance energies 
has been developed by Wheland,? and others. The res- 
onance energies for a number of free radicals involving 
m-electron resonance have been calculated by Field and 
Franklin® and by Roberts, Streitweiser, and Regan.‘ 

The heats of formation of several radicals have been 
calculated and are compared in Table III with measured 

2G. W. Wheland, J. Am. Chem. Soc. 63, 2025 (1941). 

983) Franklin and F. H. Field, J. Am. Chem. Soc. 75, 2819 


4 Roberts, Strietweiser, and Regan, J. Am. Chem. Soc. 74, 
4579 (1952). 
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TABLE I. Group equivalents for radicals at 298°K. 











AH, kcal/mole- 
group Calculated from 
— CH. 34 nC;H;* 


CH 34 2C;H;* 


C,H," 


. oF 
—O 7.5 CCO» 
Cc 


= 
CCO—O>» 
Cc 


CH;,S¢ 


-S 43 








a J. S. Roberts and H. A. Skinner, Trans. Faraday Soc. 45, 339 (1949). 
b Murowski, Roberts, and Szwarc, J. Chem. Phys. 19, 698 (1951). 
e J. L. Franklin and H. E. Lumpkin, J. Am. Chem. Soc. 74, 1023 (1952). 


values as taken from the compilation of Szwarc.' The 
agreement is generally quite good and in all cases it is 
within the accuracy of the measurements. 

The application of heats of formation of radicals to 
the calculation of bond strengths is readily apparent 
for the common situation in which the breaking of a 
bond results in the formation of two separate molecular 
fragments. The measurement of the strength of a 
single bond in a cyclic compound is less readily de- 
termined and, indeed, the author knows of no such 
measurement. It is of interest that, with the aid of the 
group equivalents shown in Tables II and I, some quite 
reasonable values for the strength of bonds in certain 
ring compounds are readily calculated. Consider, for 
example, the case of cyclohexane. If a single bond is 
broken symmetrically, we write the following equation: 


Cyclo CeHi2 —> CH, (CH2)4CH2 
AH ? (cyctohexane) = AH ¢(CH12(CH:)«CH:) — De -c 
= 40H, Seu + 20H -~cH») —De-c 


De —c=78 kcal/mole. 


Cyclohexane is an unstrained ring, and so we would 
expect the energy required to rupture a single bond 
to be comparable to that required to rupture the bond 
joining the two ”-C;H; groups in -hexane. Szwarc® gives 
the strength of this bond as 76 kcal, which compares 
closely with that calculated for cyclohexane. Table IV 
gives the strengths of single bonds in several ring 
compounds calculated by the above method.f 

5M. Szwarc, Chem. Revs. 47, 75 (1950). 

ft In order to employ the group equivalent method with cyclic 


compounds, a correction factor characteristic of the ring must be 
employed. Subsequent to the publication of the original paper 
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It is of interest that Genaux and Walters® found that 
cyclobutane decomposes to two ethylene molecules with 
an activation energy of 61 kcal/mole. This agrees 
closely with our calculated Dc-c in cyclobutane of 61 
kcal/mole, and suggests that the thermal decomposi- 








TABLE II. Group equivalent values at 298°. 
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Group AH; kcal/mole group 
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—C=C-— (cis) 19 
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ee 
H 
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C=C 20 
a 
ea 
C=C 24 
ri ™ 
—OH (primary) —41.9 
—Cl —10 
™ 
C=O —31.6 
rl 
—SH 6 
Ga 11 
Corrections for various rings: 
Cyclopropane 28 
Cyclobutane 18 
Thia Cyclopropane 16 
Ethylene Oxide 22 








(reference 1) on this subject, new and probably more accurate 
values for the heat of combustion of cyclopropane, cyclobutane, 
and several of their derivatives have been obtained by G. W 
Knowlton and F. D. Rossini [J. Research Natl. Bur. Standards 
43, 113 (1949) ] and by G. L. Humphrey and R. Spitzer [J. Chem. 
Phys. 18, 902 (1950) ]. From these correction factors for cyclo- 
propane and cyclobutane, rings have been calculated. The new 
corrections for AH; are +28 and +18, respectively, for the cyclo- 
propane and cyclobutane rings. Heats of formation of cyclic 
sulfur compounds have been taken from S. Sunner (thesis, Uni- 
versity of Lund, Sweden, 1949) and that of ethylene oxide from 
Selected Values of Chemical Thermodynamic Properties (Circ. 50, 
U. S. Bureau of Standards, Washington, D. C., 1952). 

wai” Genaux and W. D. Walters, J. Am. Chem. Soc. 73, 4497 
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tion of cyclobutane may be initiated by rupture of the 
c-C bond. Further, the values for the strength of ring 
C-—C bonds agree qualitatively with our experience 
that the extent of strain in the ring increases as the 
ring becomes small. It may be that the values shown 
represent upper limits of the strength of individual 
bonds since it is quite possible that some interaction 
may occur between the electrons formally assigned to 
atoms that are separated by only one or two CH» 
groups. Such interaction would reduce the heat of 
formation of the diradical and thus the strength of the 
bond in the ring. 


CARBONIUM IONS 


Almost the only information available on the ener- 
getics of organic positive ions derives from the measure- 
ment of their appearance potentials under electron im- 
pact in a mass spectrometer. Such measurements are 
made by subjecting a suitable compound to bombard- 
ment by electrons at various energies and determining 
the lowest energy at which a certain ion fragment from 
the molecule appears in the mass spectrum. This tech- 
nique has been employed by Stevenson and Hipple,’ 
Honig,® and others. The appearance potential of an 
ion measured in this way can be considered as the endo- 
thermicity or heat of reaction for the process. If the 
appearance potential is employed in the thermochemical 


TaBLE III. Comparison of measured and calculated heats of 
formation of radicals AH pr, kcal/mole at 298°K. 








Calc Meas® 





24 26 


14 


H 
H.C=C—C: 31 
H H 








*M. Szwarc, Chem. Revs. 47, 75 (1950). 
Se 


"(a) D. P. Stevenson and J. A. Hipple, J. Am. Chem. Soc. 64, 
1588 (1942) ; (b) 2766 (1942); J. A. Hipple and D. P. Stevenson, 
hys, Rev. 63, 121 (1943). 
R. E. Honig, J. Chem. Phys. 16, 105 (1948). 
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TABLE IV. Calculated bond strengths in cyclic compounds. 








D, kcal/mole 


er: : 











equation for the process, the heat of formation of the 
ion can be calculated if that of the nonionized fragment 
is known. For example, the appearance potential of the 
C.H;+ ion from ethane is given by Stevenson and 
Hipple”* as 12.84 volts or 296.1 kcal, 


e+ C.oH,-C.H;t+H+ 2e— 296.1. 


If we use — 20.2 and 52 as the heat of formation of C2H¢ 
and H, respectively, we calculate a value of “AH,” for 
CoH;* of 223.9 kcal/mole. 

Where the ion formed has its charge at the most 
stable position as in the case of the /-butyl and i-propyl 
ions, it seems clear that the value calculated in this 
way is a true heat of formation. However, carbonium 
ions rearrange very rapidly, and it is possible that ions 
such as #-propyl and isobutyl would, respectively, re- 
arrange during the process of ionization to the more 
stable i-propyl or /-butyl isomers. If this be true, the 
activation energy for the rearrangement is such that 
the nominally primary ions above ethyl are formed with 
approximately the same amount of energy. Conse- 
quently, pseudo-group equivalents can be employed 
with primary ions that are capable of rearrangement. 
Data are not available on secondary ions capable of 
rearrangement. 

Group equivalent values have been computed for 
several groups to which a positive charge is formally 
assigned. Table V gives these group equivalents. 

One would expect from Eq. (1) and from the experi- 
ence with free radicals that it would be necessary to 
include a term for 7-electron resonance in ions where 
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TABLE V. Group equivalents for ions at 298°K. 








““AHys" kcal/mole- 


Group group From 





212 nCsHio* 


209 iC 4Hi0* 


IC,H,Cl> 


240 t-C,Hs° 


H + 
245 butene-24 


-S+ 232 CH;SH®* 








. P. Stevenson and J. A. Hipple, J. Am. Chem. Soc. 64, 1588 (1942). 
. P. Stevenson and J. A. Hipple, J. Am. Chem. Soc. 64, 2766 (1942). 
. P. Stevenson and J. A. Hipple, J. Am. Chem. Soc. 64, 2769 (1942). 
. H. Dibeler, J. Research Natl. Bur. Standards 38, 324 (1947). 

J. L. Franklin and H. E. Lumpkin, J. Am. Chem. Soc. 74, 1023 (1952). 


such resonance is possible. Franklin and Lumpkin’ have 
shown that the appearance potentials of the -propyl, 
allyl and benzyl ions from the corresponding chlorides 
are equal and further, that the appearance potentials of 
the dimethyl-cyclohexyl carbinyl and the dimethyl- 
phenyl carbinyl ions from ¢-butyl cyclohexane and 
t-butyl benzene, respectively, are equal. Franklin and 
Lumpkin? concluded, on the basis of this information, 
that no resonance energy results from the interaction 
of a bond and a vacant orbital on an adjacent atom. 

From the values for the group equivalents given in 
Table V, and assuming that resonance energy does not 
stabilize ions such as allyl and benzyl, the heats of 
formation of several ions have been calculated and are 
compared with measured values in Table VI. The 
agreement is well within the accuracy of experiment in 
all cases except the C:H;* ion, where the predicted value 
is much too low. This is attributable to the fact that 
n-alky] ions are stabilized by the addition of a CH; or a 
C.H;, group but that further increases in the length 
of the alkyl chain gives no added stability. The reason 
for this behavior is far from clear and is the subject of 
investigation in this laboratory. 


IONIZATION POTENTIALS OF UNSATURATED 
MOLECULES 


The ionization potential of unsaturated compounds 
presents certain interesting aspects and perhaps throws 
some additional light upon the question of resonance 
in ions. Suppose we consider the ionization of butene-2. 
Since the z electrons are more loosely held than any of 
the others in the molecule, it would seem reasonable 
to expect that ionization would occur by the release of 
a m electron. This is borne out by the fact that the 


( 9 J. L. Franklin and H. E. Lumpkin, J. Chem. Phys. 19, 1073 
1951). 


ionization potentials of olefins are considerably lower 
than that of the corresponding paraffins. For example, 
Honig* gives the ionization potential of 2-butene as 
9.3 electron volts as compared to 10.8 volts for n-bu- 
tane. In the case of the ion resulting from 2-butene, 
one would expect the possibility of resonance between 
the two forms shown below: 


. + + . 
CH,—C—C—CH,—CH,—C—C-—CH,. 
H H H H 


Suppose, now, that we calculate the heat of formation 
of the ion using the group equivalents chosen from 
Tables I, II, and V. The resulting value is 221 kcal/mole. 
If this value, together with the heat of formation of 
butene-2 is used to calculate the ionization potential, 
we obtain a value of 9.6 electron volts which is to be 
compared with a value of 9.3 electron volts obtained 
by Honig.® 

Table VII compares calculated and.measured values 
for the ionization potentials of several olefins and oxy- 
gen compounds, and it will be noted that the agreement 
is rather good in all cases except ethylene where the 
calculated value is somewhat low, as was true with the 
C.H;* ion. The reason for this discrepancy is no doubt 
the same as that for C.H;*. If we recall that the group 


TABLE VI. Comparison of calculated and measured 
heats of formation of ions at 298°K. 








“Hy” ion, kcal/mole 
Ion From calc meas 


CCCC+ CCCCBr 192 196* 





CoH¢ 202 224» 
Br 


CC+ 


| 
cccccec cecccccc 169 1698 


C 
—CC 
Cc 


(CyHs)oCH (C.H;);CH 253 


en 








«® F, H. Field and J. L. Franklin, unpublished value. 

b D. P. Stevenson and J. A. Hipple, J. Am. Chem. Soc. 64, 1588 (1942). 
e J. L. Franklin and H. E. Lumpkin, J. Chem. Phys. 19, 1073 (1951). 
4C. S. Cummings and W. Bleakney, Phys. Rev. 58, 787 (1940). 

e J. L. Franklin and H. E. Lumpkin, J. Am. Chem. Soc. 74, 1023 (1952): 
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equivalents used were determined from free radicals 
and carbonium ions in which no z-electron resonance 
could occur, it would appear from the close agreement 
between calculated and measured values, that the ions 
in question are not stabilized by resonance. Now an 
olefin ion can be produced by removing a hydrogen from 
a position adjacent to the charged carbon in an alkyl 
ion, thus 


+ . 4 
CH;CH,—CH—CH;—CH;CH— CH—CH;+H. 


The C—C bond in the olefin ion is probably shorter than 
that in the alkyl ion. The o bond is thus compressed and 
its energy raised. On the other hand, resonance of the 
electron between the two carbons would tend to lower 
the energy. Quantitatively, the effects tend to offset 
each other, and it may be that over a quite extended 
range the offsetting tendency is nearly quantitative. 

When an electron is removed from benzene, the re- 
maining ion consists of a system of 5z electrons and 6 
carbon atoms. The single unpaired electron is capable 
of resonance with the two remaining double bonds with 
a resonance energy similar to that of the cyclopenta- 
dienyl radical. The heat of formation of the benzene ion 
is readily calculated with the aid of this resonance en- 
ergy and the pertinent group equivalent values. 
Franklin and Field* have calculated these resonance 
energies and shown how they could be used to calculate 
the ionization potential of aromatics. 

From the results presented so far, it is quite apparent 
that the method of group equivalents is applicable to 
calculation of ionization potentials and the heats of 
formation of ions and free radicals. It should be pointed 
out, however, that some caution must be observed in the 
application of this technique. For example, it does not 
seem to apply in the case of the ionization potential of 
saturated compounds such as paraffins, alkyl halides, 
and the like. At least in the case of parent ions of this 
kind, we have no way of knowing which electrons are 
removed, and so we cannot formally locate the charge on 
the molecule. As a consequence, we are not in a position 
to calculate group equivalents. Indeed, the recent work 
of Lennard-Jones" and his colleagues shows that the 
ionization potential of such compounds is a function 
of the entire molecule and not of any single group in it. 
| This is probably true also in the case of the ionization 
potential of olefins, but the reduction in ionization 
Potential of olefins with increasing molecular weight 
Is fairly small, and so we can assume that the method 
of group equivalents gives quite satisfactory values. 

The method of group equivalents must be used with 
reservation also when strongly electrophyllic groups are 
Present in the ion near the point where the charge is 
es 


Aggy part Jones and Hall, Discusssions Faraday Soc. 10, 18 
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TABLE VII. Ionization potentials of unsaturates. 








Ionization potential, volts 
calc meas 


10.2 10.5* 
9.8 9.8> 
9.6 9,3» 


Compound 





9.2 9.4>-8.9¢ 








aW. C. Price and W. T. Tutte, Proc. Roy. Soc. (London) A174, 207 
(1940). 

b> R, E. Honig, J. Chem. Phys. 16, 105 (1948). 

e D. P. Stevenson and J. A. Hipple, J. Am. Chem. Soc. 64, 2769 (1942). 

4A. B. F. Duncan, J. Chem. Phys. 3, 131 (1935). 

e J. D. Morris and A. J. C. Nicholson, J. Chem. Phys. 20, 1021 (1952). 


formally located. For example, the heat of formation of 


oo 
the H;C—C—Cl ion may be calculated from the data of 
| 
CH; 
Stevenson and Hipple” to be 174 kcal. If we use the group 
equivalents given in Tables I and VI, we would calcu- 
late this value to be 165 kcal. McDowell and Warren" 


-f 

found the appearance potential of the CH,.—C=N ion 
from CH;C=N to be 14.3 volts from which the heat of 
formation of the ion is computed to be 297 kcal/mole. 
The method of group equivalents gives only 242 kcal/ 
mole for the heat of formation. The measured values 
are higher than the calculated ones as would be ex- 
pected from the presence of the electrophyllic chlorine 
atom and —C=N groups. One must infer then that to 
use the method of group equivalents in such cases it 
would be necessary first to determine the characteristic 

Cl 

| 
values for groups such as C+. Unfortunately, enough 
data are not available in the literature to permit this 
and so this conclusion must be tentative pending fur- 
ther experiment. 
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Exchange Between Rotational and Translational Energy in Gas Molecules* 
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Rotational relaxation times for the gases H2 and Dz have been calculated with the quantum mechanical 
method of distorted waves using a one-dimensional collision model and an exponential repulsive interaction 
potential. The potential constants were determined by fitting to the data of Hirschfelder, et al. and certain 
theoretical potential calculations for Hz by Margenau. 

The calculations indicate that more than one relaxation time is required to describe rotational relaxation 
phenomena in these gases. The theoretical relaxation times are 15 to 35 times shorter than the experimental 
values when one averages with the velocity distribution for a Maxwellian beam of particles. The relative 
values of the calculated relaxation times compare favorably with those obtained from experiments. 
Averaging with a one-dimensional velocity distribution instead of that of a Maxellian beam of prticles at 
temperature T yields calculated values of the relaxation times that are a factor 7 to 19 shorter than the 
experimental values. One expects the calculated values to be shorter than the experimental values in view 
of the one-dimensional collision model. 

The method used in treating H: collisions is not applicable to Nz and Oy. Results of another approximation 


method for these gases indicate that more complicated techniques must be used. 





INTRODUCTION 


HE study of the dispersion and absorption of 
ultrasonic waves in gases has led to increased 
interest in calculations of the probability of energy 
exchange between internal and translational degrees of 
freedom of colliding molecules. According to the ther- 
modynamical treatment of ultrasonic dispersion and 
absorption in a gas, a relaxation equation relating the 
time rate of change of energy of internal degrees of 
freedom with energy of translational degrees of freedom 
is required in addition to the usual conservation equa- 
tions and equation of state of the gas. The relaxation 
equation contains time constants associated with the 
different degrees of freedom of the gas molecules, and 
these are referred to as relaxation times. Since energy 
transfer occurs only through collisions, these relaxation 
times have values proportional to the time between 
collisions. Their proportionality factors are the proba- 
bilities of certain energy transfers during collisions. 
Most ultrasonic velocity and absorption measure- 
ments in diatomic and polyatomic gases have been 
attributed to vibrational relaxation phenomena.! Lan- 
dau and Teller? have shown from theoretical considera- 
tions of the transfer between vibrational and transla- 
tional energy in pure diatomic gases that ultrasonic 
dispersion resulting from vibrational relaxation is the 
effect of a single vibrational relaxation time. Recently, 
attempts have been made to calculate vibrational re- 
laxation times in gaseous mixtures using quantum 
mechanical methods.’ Experimental work performed at 
The Catholic University of America and elsewhere 


* A dissertation presented to the Faculty of the Graduate 
School of The Catholic University of America in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 

t Now at Bell Telephone Laboratories, Whippany, New Jersey. 

1L. Bergmann, Ultrasonics (John Wiley and Sons, Inc., New 
York, 1938), p. 154. 

2 L. Landau and E. Teller, Physik. Z. Sowjetunion 10, 34 (1936). 

3 Schwartz, Slawsky, and Herzfeld, J. Chem. Phys. 20, 1591 
(1952). 


seems to indicate that more than one relaxation time is 
required to describe rotational relaxation phenomena, 
However, there have been only a few attempts to con- 
pute rotational relaxation times using quantum me. 
chanical methods. 

Zener‘ (1931) discussed quantum mechanical pro- 
cedures for calculating the probability of energy trans- 
fer between rotational and translational degrees of 
freedom of diatomic molecules. Using a simplified inter- 
action energy, he made estimates of the order of mag- 
nitude of the collision cross sections for some diatomic 
molecules. 

In 1935, Roy and Rose® applied quantum theory to 
estimate the probability of rotational energy transfer 
between colliding H,. molecules. Their calculations, as 
was pointed out by Massey,® indicate that the rota- 
tional relaxation time for Hz at room temperatures is 
of the order of 10~* seconds. As more information about 
the angle dependence of the interaction energy between 
He molecules is now available, further calculations of 
rotational transition probabilities for colliding H» mole: 
cules are presented in this paper. The results permit 
interpretation of recent ultrasonic experiments. 

While the present paper was being readied for publi- 
cation, Takayanagi’ published a quantum mechani 
cal calculation of the rotational relaxation time for 
H, gas at the temperature T=197.7°K. His calcula- 
tion yielded a result in close agreement with the ex 
perimental value. 

The validity of the application of the method em 
ployed in treating H» to the heavier molecules O: and 
N» is doubtful because information about the angle 
dependence of the interaction energy for these molecules 


4C. Zener, Phys. Rev. 37, 556 (1931). y 
5R.S. Roy and M. E. Rose, Proc. Roy. Soc. A149, 511 (1939). 
6H. S. W. Massey, Reports on Progress in Physics (Cambridgt 
University Press, Cambridge, 1949), Vol. XII, p. 248. 
7K. Takayanagi, Progr. Theoret. Phys. (Japan) 8, 497 (1952) 
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is vague. For this reason the treatment of O2 and Ne 
collisions is presented in the latter part of this paper. 


PROCEDURE IN TREATING COLLISIONS OF 
H. MOLECULES 


In order to compute rotational transition proba- 
bilities, one first sets up a collision model that renders 
the calculations mathematically feasible and yet which 
contains the essential features of the actual collision. 


Information concerning the interaction energy must be 


put into a form suitable to the collision model. An in- 
vestigation based on this information leads one to ex- 
pect that Zener’s* quantum mechanical method of dis- 
torted waves should give reasonable results in the case 


_ of H, collision at room temperature and at 90°K. Using 


this method, the probability of a rotational transition, 
Pum’ (v, 0’), from rotational state m to the lower state 


| m' as a function of initial and final relative velocities v 
and v’ is calculated. These relative velocities are related 

by energy conservation. The expression Pmm’(v, v’) is 
then averaged over the appropriate velocity distribu- 


tion of the gas to obtain the probability of rotational 
energy transfer to translational energy Pmm’, involving 
the rotational states m and m’ on collisions in the gas. 
The probability Pn'm for the opposite process is related 
to this by equilibrium considerations. The relaxation 
time associated with the pair of rotational states m and 


' m' is then given by 


Te 


Onn + Rina 


Tmm' 


where 7, is the time between collisions. The time be- 
tween collisions can be computed using the kinetic 
theory relation »=1.27p7., developed by Kohler,’ 
where » is the viscosity in poise and the pressure p 
is in dynes per cm?. 

When the equilibrium population of rotational states 
is only slightly altered in the presence of a disturbance, 
such as an ultrasonic wave, the expression for the re- 
laxation time can be written 


Te 
 Pnm (1+ Nn9/ Now] 


where V,,° and N° are the equilibrium numbers of 


(1) 





Tmm!' 


- molecules in the rotational states m and m’, respec- 


tively. 


SIMPLIFIED COLLISION MODEL FOR 
H, MOLECULES 


The mathematical difficulties encountered by Roy 


' and Rose® in their attempt to use the quantum me- 
chanical method of distorted waves to calculate rota- 

» tonal transition probabilities for colliding Hz molecules 

» Suggest that one should seek a simpler model for the 

' collision. The collision model chosen here is one-dimen- 
ee 


*M. Kohler, Z. Physik 5, 715 (1949). 
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sional. Two molecules having their axes lying in the 
same plane are pictured as approaching each other 
along the line joining their centers of mass. One is 
rotating, its orientation measured by an angle ¢ be- 
tween the line of approach and the line joining its 
nuclei; the other is taken to be not rotating, and its 
axis lies coincident with the line of approach. This 
second molecule may be thought of as spherical in 
shape since no dependence on its orientation is included 
in the interaction energy that is used in the calculations 
in this paper. One should expect rotational transition 
probabilities to be greatest for this kind of impact. 


INTERACTION ENERGY BETWEEN H, MOLECULES 


An interaction potential between two Hy» molecules 
appropriate to the collision is required. Some informa- 
tion about the interaction potential has been obtained 
by Hirschfelder, et a/.° from analysis of viscosity experi- 
ments. Their results have been expressed in terms of 
the parameters x» and €9 of the Lennard-Jones Potential, 


Xo 12 Xo 6 
B()=4e] (=) -(*) | 

x x 
These constants are x»=2.968A and e=33.3k. How- 
ever, very little experimental information about the 
angle dependence of the interaction energy is available. 
De Boer" (1942) and Margenau! (1943) independently 
evaluated Coulomb exchange integrals to obtain the 
interaction potential between Hy» molecules. Their re- 
sults indicate that an exponentially decreasing de- 
pendence on the distance between the centers of mass 
of the molecules, in which the angle dependence is 
principally contained in the multiplying factor of the 
exponential, should be a good approximation of the 
interaction energy for positions near the classical dis- 
tance of closest approach. 

The form of the interaction energy chosen for calcu- 

lations in the present paper is 


V(x, ¢)=Voe-*/* cosh(b cos¢g), 


where V» and a are constants obtained by curve fitting 
to the Lennard-Jones potential and 6 is obtained from 
results of certain calculations by Margenau." This has 
the same form as the interaction energy employed by 
Jackson and Howarth” in their calculation of energy 
transfer of molecules to a crystal lattice, except that 
they took b=L/2a, where L is the equilibrium separa- 
tion of the diatomic molecules considered. This choice 
follows from their assumption that the exponentially 
repulsive interaction energy acts along lines parallel to 
the line of approach from each nucleus of the diatomic 

® Hirschfelder, Bird, and Spotz, J. Chem. Phys. 16, 968 (1948), 
see Table IV, p. 974. 

10 J. de Boer, Physica 9, 363 (1942). 

1H. Margenau, Phys. Rev. 64, 131 (1943), see Table IV, 
p. 143, and Fig. 2, p. 145. 


#2]. M. Jackson and A. Howarth, Proc. Roy. Soc. (London) 
A152, 515 (1935). 
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molecule to the position of the vibrating atom of the 
wall. As will be shown later, their choice leads to a 
stronger angle dependence than is appropriate to the 
collision model'used here. 

Hy, gas at room temperature or below has practically 
no vibrational states excited in view of the high char- 
acteristic temperature for vibration of He, viz., 6140°K. 
For this reason one can safely treat rotational energy 
transfer in Hy gas at room temperature without in- 
cluding a dependence of the interaction energy on the 
vibrational state of the molecule. 


EVALUATION OF THE CONSTANTS IN THE H, 
INTERACTION ENERGY 


The parameter a of the interaction energy was deter- 
mined by equating the partial derivative of V(x, ¢) 
with respect to x, to the derivative of the Lennard- 
Jones potential, E(~), at the classical turning point for 
the collision. When the parameter ¢€9 of the Lennard- 
Jones potential is not small compared to the average 
relative kinetic energy of the collision, it is important 
to require during the curve fitting that the interaction 
energy, V(x, ¢), tend to —€» at large separation." This 
will usually result in a smaller value for the parameter 
a such that the potential V(x, g) will best represent 
the repulsive portion of the Lennard-Jones potential 
near the classical distance of closest approach. 

Since the average kinetic energy of a Maxwellian 
beam of particles at temperature T°K is 2kT, where k 
is the Boltzmann constant, the classical turning point 
was defined as x’ by the condition that E(«’)=2kT. The 
values of a for Hy gas at temperature 290°K and at 
90°K are 0.162A and 0.141A, respectively. The addi- 
tional requirement that V(x, ¢) tend to —e at large x 
was significant in determination of a for Hz at 90°K. 
These values show clearly that the interaction energy 
rises rapidly in a distance that is very small compared 
to the distances of closest approach which were x’ 
=2.52A at 290°K and x’=2.70A at 90°K. The param- 
eter a will be referred to as the interaction distance. 

The form of the interaction energy that can be put 
into good numerical agreement with the results of 
calculations by Margenau for values of x near the dis- 
tance of closest approach is: 


V(x, ¢, 9’) = Voe-*!* cosh(b cosg) cosh(d cos¢’), 


where ¢’ is the angle that specifies the orientation of 
the second H: molecule just as ¢, the angle used previ- 
ously, measures the orientation of the first H, molecule. 
This interaction energy has the properties of Mar- 
genau’s potential calculations, i.e., for the orientation 
y= y’=0 the potential energy is strongest, while for 
the orientation g= g’=7/2, it is weakest. The inter- 
action energy lies between these extremes for the 
orientation g¢=0, g’=2/2, or g=7/2, ¢’=0. 

The parameter 5 in V(x, ¢, ¢’) was obtained after 


13 This additional condition on the determination of a is dis- 
cussed by R. Schwartz, et al., reference 3, p. 1594. 
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noticing in Margenau’s paper! that the ratio of the 
repulsive potential energy for the two extreme orienta- 
tions g=0 and g=72/2, with g’=0 does not vary much 
with separation for energies around 2kT, T=290°K 
and T=90°K, and has a value of about 1.7. One ex- 
pects that the relative magnitudes of Margenau’s re- 
sults should be more accurate than the absolute values, 
His calculations for the mean potential are in satis- 
factory agreement with what one expects from the 
Lennard-Jones potential between Hy molecules as ob. 
tained from experiments. One finds the constant b by 
requiring that 


V (x, e=0) 
V(x, g=1/2) 





=cosh(b) = 1.7, 


where x is near the classical turning point. This leads 
to a value of b=1.13. Equating >=L*/2a and using the 
value of a=0.162A which was previously found, one 
finds L*=0.366A, which is 0.488 of the internuclear 
separation of H». If one uses a2=0.141A, obtained for 
T=90°K, a smaller value of L* results indicating that 
the parameter 0 is not given merely by a fixed fraction 
of L/a. 

Margenau also calculated the interaction energy for 
the case wherein both H» molecules have their axes 
perpendicular to the line of approach. This potential 
was not used in computing b because this orientation 
is not appropriate to the collision model used here. It 
would have to be considered in a collision description 
using more than one dimension or involving the possi- 
bility of interchange of rotational energy without 
change of relative translational energy. The mathe- 
matics of such collisions becomes considerably more 
difficult than the one-dimensional case treated in this 
paper. 

Using the potential V(x, y, ¢’), one finds that the 
same parameter )=1.13 can be used equally well to 
fit the three curves of Margenau which represent 
g=¢'=0; g=n/2, ¢'=0; and g=2/2, y’=7/2, as 
when one omits the last. 

It is reasonable to suppose that the interaction 
energy, V(x, ¢), using the same values of the param- 
eters a and b determined above, would be approxi- 
mately correct for the potential between an H: molecule 
and an atom of about the same size. 

It was shown that the parameter b is about half of 
L/2a in the case of Ha. L/2a was used by Jackson 
and Howarth for the parameter 6 in the case of a one- 
dimensional collision of diatomic molecules with surface 
atoms of a wall. Their value clearly would lead to 4 
stronger angle dependence than is appropriate for the 
case of an H, molecule striking a free atom. Probably 
L/4a would also be a better choice for the parameter 
b when treating the collisions of diatomic molecules 
other than H, with free atoms. 

The change in the distance of closest approach de- 
fined by energy 2kT, for a fixed orientation which will 
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produce a change in the repulsive potential by the 
factor 1.7 is only 0.53a. This indicates that the Hz mole- 
cule is only slightly nonspherical in shape when it 
strikes an atom of about the same size or another He 
molecule oriented so that its axis lies along the line of 
approach. In fact, even for the case wherein both Hy, 
molecules rotate, the change in the distance of closest 
approach that would produce a change of potential 
equal to that resulting from the rotation of the molecules 
is approximately equal to the interaction distance. 
Since a is only 0.162A, while the distance of closest 
approach is about 2.52A at T=290°K, the Hz molecule 
is almost spherical in shape. 


PRELIMINARY INVESTIGATION RELEVANT TO 
METHODS SUITABLE FOR THE H:, 
COLLISION 


Since the interaction energy between H:2 molecules 
appropriate to the collision model chosen has been 
obtained, it should now be possible to decide what 
method is suitable for the calculation of the probability 
of rotational energy transfer during collision. One finds 
that the de Broglie wavelength associated with the 
reduced mass of the Hy system having as an average 
relative kinetic energy of 2kT, T=290°K is Arms=7.9a. 
Also, during the collision the interaction energy surely 
reaches a value around the relative translational energy. 
A classical treatment of the H, collision should not be 
used, partly because the de Broglie wavelength of the 
reduced mass particle is larger than the interaction 
distance. Mariens't used classical techniques to 
calculate theoretically relaxation times for Hy». His 
calculations led to close agreement with experimental 
values. 

In a nonclassical treatment of the He collision one 
should expect the Born approximation to lead to poor 
results since the interaction energy here is not always 
small compared to the relative translational energy. 
The method of distorted waves should be applicable to 
the collision proposed even though the interaction 
energy during the collision is not small compared to the 
relative translational energy, provided the change of 
the distance of closest approach during one full rotation 
of the molecule is small compared to the interaction 
distance. This condition is nearly satisfied in the case 
of H» since it was shown that the change is only 0.53a. 
It will be shown in the next section, wherein a brief 
outline of the distorted wave method applied to the 
one-dimensional He collision is presented, that in view 
of the above fact, the off-diagonal matrix components 
of the interaction energy V(x, ¢) are small compared 
to the diagonal terms. The off-diagonal matrix com- 
ponents are the average interaction energy over the 
free plane rotator wave functions of the initial and 





i ah Mariens, Colloquium Over Ultrasonore Trillingen (Medede- 
ngen Koninklijke Zaamsche Academie voor Wetenschappen, 
tussels, June 7-8-9, 1951), p. 74. 


final states. This circumstance justifies the use of the 
method.'® 


OUTLINE OF DISTORTED WAVE METHOD 
APPLIED TO THE H, COLLISION 


The time independent Schroedinger wave equation 
for the one-dimensional H, collision problem proposed is 


2 9 h2 & 
——+ E+— —-— Voe~*!* cosh(b cosy) } V(x, ¢)=0, 
Qu dx? 21a¢ 


where yu is the reduced mass of the colliding H, system, 
I is the moment of inertia of the Hz molecule, and £ is 
the total energy of the system. The solution can be 
expressed in the form 


V(x, 9) = Fr (4) Bm (9) Dom Fm (4) Pm (G), 


where ®,,:(¢) is one of the orthonormal set of wave 
functions for a free rotator in a plane belonging to the 
rotational energy eigenvalue £,,. The translational 
wave functions, PF,“ (x) and Fn. (x), can be obtained 
when the distorted wave method is permissible by solv- 
ing the equations: 





a Qu 
+ K,?— —RanVe** Fa (x) — 0, (2) 


dx? 
and 
a Qu 
\—+ K,*— —Ra'n' Vor lh (2) (x) 
dx? h? 
2u 
- aww V e77/*F,, © (x), (m'’#m), (3) 
where 
2u 
Kw?=—(E— En), 
ie 
and 


2r 


Raw = f ,,* (¢) cosh(b cos¢)®n(y)dg. 


This integral was evaluated by Jackson and Howarth” 
and has a value such that 


| Rim’ | =I im—m’\(b); for |m—m'|=even integers, 


and 
|Rmm’|=0; for 
T\m—m’\(b) is the modified Bessel function of the first 
kind of order |m—m’|. Exact solutions for equations 
having the form of Eq. (2) and Eq. (3) were first ob- 
tained by Jackson and Mott.'* The total wave function 
W(x, ¢) is required to have the asymptotic behavior 


V(x>+ ©, g)~2 cos(Kmx+a)Pn(¢) 
+ yom A mrret Km"'2B,(@), 


|m—m’ | =odd integers. 


15 For further discussion see N. F. Mott and H. S. W. Massey, 
Theory of Atomic Collisions (Oxford University Press, London, 
1949), second edition, p. 145. 
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representing an incident and elastically reflected wave 
of unit amplitude belonging to the initial rotational 
state m, and inelastically reflected waves with ampli- 
tude designated by An. 

The diagonal matrix components appearing in Eq. 
(2) and Eq. (3) are clearly all equal, and using the 
value of 6=1.13 obtained previously for interaction, 
one can show that the nearest off-diagonal matrix 
components which correspond to jumps by two rota- 
tional quantum numbers are about 75 the strength of 
the diagonal terms. The next nearest off-diagonal 
matrix components of the interaction energy are about 
1/200 of the diagonal terms. This circumstance leads 
one to expect reasonable results using the method of 
distorted waves. The equations (2) and (3) indicate 
the method of approximation. The homogeneous wave 
equation is solved for the initial wave function F,,(x), 
where the potential energy term has no component in 
other states. This distorted wave function, together 
with the interaction matrix component connecting the 
initial and final states considered, is treated as a per- 
turbation leading to transitions. Designating Pmm:(v, v’) 
as the probability that on collision the rotational quan- 
tum number goes from m to m’, while the relative 
velocity goes from v to v’, the expression for this transi- 
tion probability can be written down utilizing the 
results of calculations by Mott and Jackson!® and 
Jackson and Howarth” in the form 


Rom’ |2{ 4 (0'2—v? 
Pam: (2, = | ae a Sg, 2g (4) 


4dr? 
—(h/2ma)? 
2u 





sinhg’ sinhg 





f(g, g ‘)= ’ 
[ coshg’—coshg 


in which g=2zapo/h and g’=2mapo'/h. 
Since energy is conserved in the collision, v and v’ 
are connected by the relation 


h? 


Mu 
—(v— x) = AE=—(m?—m”), (5) 
2 21 


where AE is the rotational energy given to translational 
motion during the collision. This relation is used to 
eliminate v’ of the expression Pmm’(v, v’), which is then 
averaged over the fraction of reduced mass particles in 
a Maxwellian beam at temperature T, which have 
velocities lying between v and v+<d?. 


bb 2 ~p® 
Puna! = 2o(—) f Pram: (v, AE) ve-#"*?2kTdy (6) 
2kT/ Sy 


is the probability that during a collision between Hy: 


( 16 J; M. Jackson and N. F. Mott, Proc. Roy. Soc. A137, 703 
1932). 
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molecules of a gas at temperature T, rotational energy 
is transferred to translation motion as the rotational 
energy of the molecule jumps from state E,, down to 
state Em’. Pmm:(v, AE) is an increasing function of » 
and a decreasing function of AE. At high velocities the 
integrand of Eq. (6) is dominated by the rapidly de. 
creasing exponential. Using the dimensionless variable 
g=2mayv/h, and the conservation of energy relation 
Eq. (5), the expression for Pmm can be written as 


Oman (=) f f(g, egree"Ndg, (1 


2r 


where 


1 AE 
e=—(h/2nra)*, and g’= ( g+— 
Qu € 


e is a constant having the dimensions of energy and de- 
pending only on the interaction distance and the reduced 
mass. It is smaller than AE for He. From the fact that 
AE and « are inversely proportional to yw, one can see 
by inspection of the expression for Pmm, Eq. (7), that 
(uT) always appear together. Since the interaction dis- 
tance is only slightly dependent on temperature, the 
effect of increasing » can be compensated by decreasing 
the temperature so as to keep the product uT constant. 
A change from a hydrogen gas to a deuterium gas 
might be considered as a change of u without significant 
changes in other quantities, a, b, and L, contained in 
the expression for Pmm’. The temperature dependence 
Of Pmm’ is dominated by the exponential, and thus an 
increase of » also produces an increase Of Pmm. The 
rotational states of D2 are more easily deactivated than 
those of H» at the same temperature solely because of 
the mass effect. 


EVALUATION OF THE INTEGRAL OVER THE 
VARIABLE g 


An estimate of the size of the arguments in the func- 
tion f(g, g’) can be found by taking the root mean 
square velocity for the beam of reduced mass particles. 
This gives £¢ms= 27dpu0rms/h = 41a (ukT)*?/h which has a 
value of 5.3 for Hs gas T=290°K, and about half this 
value when Hz: is at temperature 90°K. This means 
that the integral cannot be evaluated by using a limiting 
form for the function f(g, g’). The integral was evalu- 
ated by putting 


In{g*f(g, g’)} = 


and determining the non-negative coefficients, A, B, and 
C, by requiring that the function pass through three 
values of g, covering the important range. The error in 
fitting was less than 0.15 on the natural logarithmic 
scale over the important range of the variable g. There- 
fore, the function {g*f(g, g’)} is expressible i in exponen- 
tial form which is probably not in error by more than 
factor 1.2. 
The integral in the expression for Pmm’, Eq. (7), using 


—Ag’+Bg—C (8) 
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the approximation Eq. (8), can be written as 


s(T, AE/e)= f exp(—(A+¢/AT)¢-+Be—C}dg. (9) 
0 


By the method of completing the square of the ex- 
nent and changing integration variable to Z=g 
-41B(A+¢/kT)—, one obtains the value of the integral : 


B 
5(T, AE/e) = 3V (A+ ope) pert (A+ it] 


Xexp| —C+ (10) 


4(A+¢/kT) 
and the deactivation probability : 


| Zjm—m () |? /AE\? 
--=—(—) 5(T, AE/e). (11) 


Using this formula, Eq. (11), one finds for He gas 
at 90°K the deactivation probability @®2=0.028, and 
by doubling the reduced mass, one finds for Dz at the 
same temperature that @2o is 2.24 times greater than 
that of Ho, i.e., P2xo=0.062, and P3,;=0.057. In view of 
the small occupation numbers of H, molecules in rota- 
tional states above quantum number m= 2, at this low 
temperature, practically the whole rotational specific 
heat is associated with the 2-0 rotational levels.!’ This 
means that one relaxation time should be sufficient to 
account for ultrasonic absorption experiments in Hy» 
at 90°K. 

The situation is not simple for Hz at the higher 
temperature T= 290°K. At this temperature values of 
the deactivation probability were found to be @2 
=0.077, ®3:=0.076, and @42.=0.068, which are seen to 
decrease slowly. Although the numbers of Hz molecules 
in rotational states above m=4 are negligible, it is clear 
that more than one relaxation time will be required to 
describe ultrasonic dispersion and absorption experi- 
ments in H» at room temperatures. The value of the 
deactivation probability @so is considerably smaller 
partly because of the much smaller value of the factor 
Timm’ (b) |®. 

Pure ortho-Dz at 90°K will also require only one re- 
laxation time associated with the 2-0 rotational levels. 
However, in the equilibrium mixture of ortho and 
para D at this low temperature the contribution to 
the specific heat due to the para-D»2 modification is 
small but not negligible.!? Therefore, a relaxation time 
must be associated with the 3-1 rotational levels, 
besides that of the 2-0 rotational levels in order to 
account for relaxation phenomena in the equilibrium 
mixture at 90°K of De. 

In order to compute relaxation times according to 
Eq. (1), one needs to know the ratio of the equilibrium 


ee 
"H. C. Urey and G. K. Teal, Revs. Modern Phys. 7, 35 
(1935), pp. 50-51 and Fig. 2, p. 51. 


mm! 


TABLE I. Calculated and experimental relaxation times.* 








J—-J' Temp. 
2-0 90°K 
2-0 90°K 
3-1 90°K 
2-0 290°K 
3-1 290°K 
4-2 290°K 


Texp. 


2.5X 10-8 sec.» 


1.51078 sec.» 
1.7X10- sec.* 


Teale. 


1.2 X10 sec. 
0.58X 10~ sec. 
0.8 X10~ sec. 
0.49X 10~ sec. 
0.82 10~ sec. 
1.0 K10~ sec. 











® Values of the viscosity needed to compute the time between collisions 
were taken from Table V, Hirschfelder, et al.9 The time between collisions 


for Dz was taken as ¥2 times that of Ho. 

b A. van Itterbeek and R. Vermaelen, Physica, 9, 345 (1942). See also 
A. van Itterbeek and L. Verhaegen, Colloquium over Ultrasonore Trillingen 
(Mededlingen Koninklyke Zaamsche academie voor Wetenschappen, 
Brussels) 61, (1951); Nature 167, 477 (1951). 

¢ E. E. Swomley, Phys. Rev. 69, 632 (1946). 


numbers of molecules in the upper-and lower rotational 
states. Somewhat inconsistently a three-dimensional 
diatomic gas was used, for which the ratio is given by 


NY 2J+1 (Ey—Ey) 
(Za 22} os 
ny Nass kT 





where 


he 
E;=—J (J+1). 
21 


Putting the lower rotational quantum number J’=J—2, 
then this ratio V ;°/N j_2° is a decreasing function of J. 
The ratios calculated using Eq. (13) for H, at T= 290°K 
are 


N°/N°=0.863; N3°/N°=0.125; and V°/N.°=0.03. 


It should be noted that since all of the ratios are less 
than one, the deactivation probabilities for H» will be 
larger than the activation probabilities. This will not 
be the case for the gases of the heavier molecules N2 
and Os, if one uses Eq. (13) for the population 
ratio. 


COMPARISONS WITH EXPERIMENTS 


The calculated relaxation times for Hz and Dz at 
90°K, and for H, at T=290°K, required in the descrip- 
tion of sound absorption and dispersion experiments, 
are presented in Table I along with experimental values. 
The calculated relaxation times range between a factor 
15 to 35 shorter than the experimental values. This is 
expected in view of the simplified collision model used ; 
it is within the range of ratios found for transfer of 
vibrational energy with a one-dimensional model.’ Rela- 
tive values of the calculated relaxation times will be 
considerably more accurate. The ratio 729 for Hz to 731 
for D2 at 90°K is 1.5. This is close to the ratio of the 
experimental values, 1.65. This ratio was chosen for 
comparison with the experimental ratio because the 
absorption measurements were made on normal Dz at 
a low sound frequency. 

Rhodes!* (1946), who experimented on para-He, 
normal-H», and 50-50 para-ortho Hz at temperatures 


18 J. Rhodes, Phys. Rev. 70, 932 (1946). 
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TABLE II. Relaxation times and deactivation probabilities 
calculated using Eq. (14).* 








P mm! 


0.013 
0.020 
0.020 
0.042 
0.038 
0.030 


Temp. 


90°K 
90°K 
90°K 
290°K 
290°K 
290°K 


Teale. 


2.58X 10~ sec. 
1.77X10- sec. 
2.24X10~ sec. 
0.9 X10~ sec. 
1.66X10~ sec. 
2.27 X10~ sec. 











® The author is grateful to Miss R. A. Weiss of the Mathematics Depart- 
ment, Bell Telephone Laboratories, Murray Hill, New Jersey, who evalu- 
ated the integral in Eq. (14) on IBM machines. 


around 300°K and 200°K definitely found broader 
sound dispersion curves than expected from one relaxa- 
tion time, as well asa shift of the dispersion curves to 
lower frequency to pressure ratios for the lower tem- 
perature. He was the first to present a paper treating 
pure para-H2 gas at room temperatures as essentially 
a three-level gas to which he assigned two relaxation 
times associated with the 2-0 and 4-2 rotational transi- 
tions. However, it is clear from the results of calcula- 
tions in this paper that he erroneously associated a 
shorter relaxation time with the 4~2 transition rather 
than the 2-0 transition. He assumed correctly that 
only jumps by two quantum numbers need be con- 
sidered and developed equations which can lead to the 
dependence of rotational specific heat on the sound 
frequency of para-H: having two relaxation times. 

Normal Hy, at room temperatures, which consists of 
+ para-H, molecules essentially occupying levels J=0, 
2, 4 and # ortho-Hz molecules as principally occupying 
levels J =1, 3, requires three relaxation times. For tem- 
peratures such that rotational states above J=4 be- 
come appreciably occupied, more than three relaxation 
times will be needed to describe ultrasonic experiments 
in Ho. 


RELAXATION TIMES COMPUTED USING THE 
ONE-DIMENSIONAL VELOCITY DISTRIBUTION 


From theoretical considerations to be published soon, 
R. N. Schwartz suggests that the appropriate velocity 
distribution for a one-dimensional collision model is 
the one-dimensional velocity distribution and not that 
of a Maxwellian beam of particles at temperature T, 
used in the body of this paper. In this section calcula- 
tions for H, and Dz are presented in order to indicate 
the effects of the suggested change. 

Since kT and not 2kT is now the average relative 
translational energy of collision, the interaction poten- 
tial constants determined by fitting an exponential to 
the Lennard-Jones potential for H» at the classical 
turning point will be different. The interaction distance 
for Hz is now a=0.1515A at T=290°K and a=0.1241A 
at T=90°K. Using the same value of the potential 
parameter 6 found from Margenau’s calculations, one 
can find the deactivation probabilities which are now 


BECKERLE 


given by the formula 


|R ="(-) € fix genet TY 
. sem! spon g, g)ge*7"'*Tdg, (14) 
2r* € kTYy 


= 


mm 


where the notation is as in Eq. (7). Calculated de. 
activation probabilities and relaxation times using this 
formula are presented in Table II. They may be com. 
pared with the values given in Table I which wer 
computed using Eq. (7). 

The deactivation probabilities in Table II are smaller 
than those obtained using the Maxwellian velocity dis. 
tribution by about a factor 2, except in the case of D,, 
where the improvement is near a factor 3. There isa 
corresponding improvement in the calculated relaxa- 
tion times, which now range from a factor 7 to 19 
shorter than the experimental ones. Now, however, the 
ratio of roo for He to 73; for D2 at 90°K from Table I] 
is not as close to the ratio of the experimental values, 
The effect of using the one-dimensional velocity dis- 
tribution does not require any change of interpretation. 


TABLE III. Interaction potential constants. 








Nitrogen Oxygen 


681A; e95=91.46k* 
09A 

180A at T=300°K 
265L/a= 1.60 





Xo 


3. 
1, 
0. 
0. 


L 
a 
b 








® Lennard-Jones potential constants taken from Hirschfelder. ef al. 
(See reference 9.) 


APPENDIX 
Treatment of Collisions of Molecules 2 and 0, 


The same collision model and form of the interaction 
energy employed for He is used here in the treatment 


functi 
by tw 


P 


of N2 and O; collisions at temperature T=300°K. The & 


parameter a is obtained in the same manner as for H: 
Since the angle dependence of the interaction energy 
between Nz molecules, and O2 molecules is doubtful, 
the parameter } is assumed to be given approximately 
by 0.265 L/a. Table III lists the pertinent quantities 
in the determination of the potential constants for ): 
and Oo. 

The distorted wave method used to treat He coll: 
sions is not applicable here since the nearest off-diagonal 
matrix components of the interaction energy are no 
small enough compared to the diagonal terms, i, 
0.225 for Ne and 0.295 for Os. The method of exact 
resonance ' is better since the matrix components fo! 
states separated by four rotational quantum numbe! 
are negligible, less than 0.03 of the diagonal terms, and 
rotational energy changes by two quantum numbet 
are small compared to 2kT for both nitrogen and oxyg¢! 
collisions. (This last condition is not satisfied for }: 
collisions.) 

The method of exact resonance, in which it is 4 
sumed that Kn’*=K,2=K?, leads to two equations 
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One is the sum of and the other the difference between 
the coupled translational wave equations involving the 
initial and final states. 


& Qu 
—+ KS (Rant Row) Vor] F(a) Ps (x) ]=0. 


The solutions F,(«)+Fm(x) and Fn(x)— Fim: (x) are to 
have the asymptotic form of an ingoing and outgoing 
wave of unit amplitude that is identified with the initial 
state m and an outgoing wave of complex amplitude to 
be identified with the final state m’. A renormalization 
of the exact solution for a free particle in an exponential 
field, obtained by Jackson and Mott,!* which satisfies 
the above asymptotic form, enables one to obtain 
Fy(x)~Ammet***, The transition probability as a 
function of the relative velocity for rotational changes 
by two quantum numbers is given by 


— fue /Lo(b)+12(0) 
P(0)=AnwAan’* = sin = n( | 
h Io(b)—I2(b) 


Averaging this over the Maxwellian velocity distribu- 
tion for a beam of particles, one obtains 


B 
0 (8) =46°-+ ($—B*)Be-** f ot'du, 


sented 


a 
=—(2ukT)? 1 
Sw os cal 


Calculated values of @(8) for Ne and Oz are so large 
that the approximation is not good enough. 
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The absorption spectrum of benzene vapor in the near ultraviolet was photographed at temperatures 
varying from room temperature up to above the critical temperature (287°C), and at the corresponding pres- 
sures of the saturated vapor (from a few mm of mercury up to about 50 atmos). 

Changes of the intensity distribution within each of the groups of bands were found, which gave a shift in 
the maxima of these groups, but even at the highest temperatures and pressures near the critical point, no 
measurable shift in the frequencies of the components of the groups was found. This shows that the effect 
of intermoiecular forces on the frequencies of the bands is very small. 


A short discussion of the results is also given. 


INTRODUCTION 


N the present work, the absorption spectrum of 
benzene vapor in the near ultraviolet was examined 


at temperatures varying from room temperature up to 
‘above the critical temperature (287°C), and at the 
corresponding pressures of the saturated vapor varying 
from a few mm of mercury at room temperature to 
about 50 atmos at 290°C. 


The aim of this work was to get information about 
the behavior of molecules near their critical point. 
Such information, it was expected, could be obtained 
from the absorption and fluorescence spectra whenever 
the spectra in the liquid state differ appreciably from 
those of the vapor. In this case transition from the 
spectrum of the vapor to that of the liquid could be ex- 
pected when approaching the critical point, when the 
distinction between the two phases vanishes. 

The absorption spectrum of benzene in the near 


ultraviolet both in the liquid state and that of the 
vapor, consists of eight groups of vibrational bands! 
923 cm™ apart. But in the spectrum of the vapor each 
group shows well resolved fine structure components, 
while in that of the liquid this structure is completely 
obliterated and only broad bands are observed. The 
maxima of the groups in the spectrum of the liquid are 
found to be shifted by about 300 cm towards the red 
relative to that of the corresponding groups in the 
spectrum of the vapor.!? 

Such shifts were found’ in the spectra of various 
molecules, and were attributed by the authors to inter- 
molecular forces (Van der Waals forces, Lorentz’ field 
of polarization, etc.). If this is really the case, each of the 
components of a group in the spectrum of the liquid 


1V. Henri, J. phys. radium 3, 181 (1922). 

2 A. Kronenberger and P. Pringsheim, Z. Physik 40, 75 (1926). 

3P. K. Seshan, Trans. Faraday Soc. 32, 689 (1936). S. Sam- 
bursky and G. Wolfsohn, Phys. Rev. 62, 357 (1942). 
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Fic. 1. The effect of temperature and pressure on the absorption spectra of benzene vapor. (Curves I to V.) Temperatures and corte: 
sponding pressures are indicated on the left side of each curve. Curve VI shows the spectrum of the liquid with that of the vapor (the 


sharp small peaks) superimposed. 


slit of 


should have been shifted relative to that of the spec- sist of narrow bands similar to that of the vapor. A 
trum of the vapor. This cannot be ascertained experi- red shift of about 285 cm“ relative to the vapor w® The 
mentally because the component bands of each group found in this spectrum. Even in this case it is not easy JF Haens 


in the spectrum of the liquid are thoroughly blurred, to decide about the nature of the shift. Sponer, ¢ al. were t 
so that only one broad band appears. claim their analyses of the spectra of solid benzene and & plates, 
The spectrum of solid benzene resembles that of the of the vapor show that each of the fine components of the al 
liquid at room temperature, but differs from it at very each group is really shifted, and attributed this shift  & wave), 
low temperatures. This spectrum was investigated at intermolecular and crystalline forces. On the other hand 
oo ° a 
— 180°C? and even at —259°C‘ and was found to con- 5 Sponer, Nordheim, Sklar, and Teller, J. Chem. Phys. 7, 201 


4P. Kronenberger, Z. Physik 63, 494 (1930). (1939). 
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NEAR ULTRAVIOLET ABSORPTION SPECTRUM OF BENZENE 


Kronenberger* argued that the interpretation of the 
two spectra would be more consistent if it were assumed 
that there is almost no shift in each of the components 
of the groups, while he attributed the apparent shift 
in the maxima of the groups to changes in the relative 
intensities of the components in each group. 

The examination of the changes in the absorption 
spectrum of benzene vapor subjected to high pressures 
may throw light on the mechanism of the above- 
mentioned shift. For, if the shift is due to intermolecular 
forces, this should increase gradually with pressure, 
since the intermolecular distances become smaller and 
consequently the intermolecular forces grow larger. 


EXPERIMENTAL ARRANGEMENTS 


The benzene vapor was introduced into the optical 
path between the light source and the spectrograph 
by means of a specially built absorption cell. This cell 
consisted of two hollow brass cylinders of 6-mm_ in- 
ternal diameter each with a parallel quartz window 
cemented to one end. These cylinders were screwed into 
amassive brass body forming a cell with an adjustable 
absorption path in the space between the two windows. 
Rings of soft copper pressed by a screw mechanism 
ensured tight closing of the cell preventing leakage of 
the benzene vapor. The whole apparatus was sur- 
rounded by a resistance regulated furnace. The tem- 
perature in the cell was indicated by a thermometer 
inserted into a hole in the brass body near to the cell. 
Saturated benzene vapor was obtained in the optical 
path of the cell by filling it with liquid benzene through 
an opening in the cell, heating it to about 80°C (the 
boiling point of benzene) and then allowing part of the 
liquid to evaporate until the light path became free from 
the liquid, upon which the opening was tightly closed. 
Approaching the critical point, smaller and smaller 
parts of the liquid were evaporated in this way. Heating 
of the cell elevated the vapor pressure in it to the corre- 
sponding saturation pressure. The absorption spectra 
were then photographed at various temperatures. The 
corresponding pressures up to about 20 atmos were read 
on a manometer attached to the absorption cell. For 
higher pressures the values were taken from a table of 
the saturated-vapor pressures of benzene.® 

A hydrogen discharge lamp of the ordinary type was 
employed as a light source. An image of the source 
was cast by means of a quartz lens on the absorption 
cel, while another lens gave an image of the cell on the 
slit of the spectrograph. 

The spectrograph used was a medium Schmidt & 
Haensch Quartz spectrograph (f=60 cm). The spectra 
were taken on Ilford Zenith H & D 700 photographic 
Plates. An iron arc spectrum superimposed in part of 
the absorption “spectrum served for comparison of 
wavelengths. The dispersion on the photographic plates 


tte 
g, -andolt-Bérnstein Physikalisch-Chemische Tabellen (Julius 
pringer, Berlin, 1923), fifth edition, Vol. II, p. 1370. 
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in the spectral region under investigation (2400-2700A) 
was about 7A per mm. 

The spectra were recorded with a microphotometer of 
the Moll type manufactured by Kipp & Zonen. Two 
records were made for each of the absorption spectra, 
one without the iron spectrum and the other with the 
superimposed iron spectrum recorded parallel to the 
first. This enabled determination of the wavelengths of 
the maxima of the absorption bands with an error of less 
than +1A. When photographing the spectra at the 
higher pressures it was necessary to shorten the absorp- 
tion path. As it was not easy to obtain these small 
absorption paths, it was found necessary to increase the 
exposure time from 1 min and a few mm absorption 
path at room temperature to about 15 min and only 
about 0.01 mm absorption path for the highest pressures. 


RESULTS 


Figure 1 represents the microphotometer records of 
the absorption spectra of benzene vapor for various 
temperatures and pressures (curves I to V). The ab- 
sorption spectrum of liquid benzene at room tempera- 
ture is also shown for comparison (curve:VI). On this 
curve the sharp small peaks belong to the spectrum of 
the vapor, and was obtained by introducing a small 
amount of vapor into the optical path. The above- 
mentioned red shift is the distance between each peak 
in the spectrum of the liquid and the corresponding 
peak in the spectrum of the vapor. 

The four groups of bands in each of the curves are 
the B, C, D, and E groups (an assignment due to 
Henri), and the indication at the bottom of Fig. 1 
(A9°, Ao, Bi', etc.) are in accordance with the assign- 
ment of Sponer, ef al.® 

Curves I to V show a gradual transition from the 
resolved components in each of the groups in curve I 
(30°C ; 0.15 atmos) to unresolved broad bands in curve 
V (292°C; about 50 atmos). This transition is accom- 
panied also with a shift of the intensity maximum from 
that corresponding to the vapor at room temperature 
to about the maximum in the spectrum of the liquid 
(curve VI). But, there is no measurable real shift in 
the frequencies of each of the components, and only 
changes in the distribution of intensities of the various 
components of the bands were found. These changes 
were accompanied by broadening of the bands, which 
together give an apparent shift to the red of about 320 
cm™ in the maxima of the bands. 

Taking for instance the group C (at about 39000- 
395707") we see that the A,° band is the dominating one 
at room temperature (curve I). At 235°C and 23.5 
atmos (curve III) the A;' band is already stronger than 
the A,°, and at 285°C; 46 atmos the peak coincides 
with A 1’. 

It seems that this shift in the maxima is partly caused 
by the broadening of each of the components which 
affects more the intensities in the center of the groups 
where the broadened bands are superimposed. 
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Fic. 2. Absorption spectrum of benzene vapor at 273°C, 1 atmos. 


This broadening is continued at higher temperatures, 
and at 292°C (above the critical point; curve V), only 
slight traces of the components of each group are to be 
noticed, and the spectrum, though rather broadened, 
resembles that of the liquid. 

In order to show the effect of temperature isolated 
from that of pressure, a series of photographs of the 
absorption spectra was made, at various temperatures 
and constant vapor pressure of about one atmos. This 
low pressure was obtained by slowly letting out the 
excess vapor while the cell was being heated. The spec- 
trum at 273°C and one atmos (Fig. 2) was found to 
resemble in intensity-distribution a state between the 
spectra II and III of Fig. 1 (about 220°C and 19 
atmos). 


DISCUSSION 


It is known that rise of temperature should influence 
the Boltzmann factor of each band and thus alter the 
intensity distribution. For example, the relative inten- 
sity of an A° band originating in the vibrationless ground 
state’ should decrease with heating, while the intensities 
of bands originating in higher vibrational levels such 
as A!; A?; B' should continue to increase with tempera- 
ture and obtain their relative maxima only at higher 
temperatures. Measurements of the effect of the Boltz- 
mann factor were also carried out on some of the com- 
ponent-bands of the spectrum of benzene vapor.’ 

The comparison of the spectra in Fig. 1 with the 
spectrum in Fig. 2 clearly indicates that the changes 
cannot be attributed solely to this effect of temperature. 

The effect of pressure is mainly a broadening effect, 
which, as mentioned above, increases the shift of the 
maxima towards the center of the groups. 

No measurable shift in the frequencies of each of the 
components of the groups was obtained even at the 


7F. W. Radle and C. A. Beck, J. Chem. Phys. 8, 507 (1940). 


highest pressures near the critical point. This shows 
that the intermolecular forces affect only slightly, if at 
all, the frequencies of the bands. Now, what about the 
red shift in the liquid relative to the spectrum of the 
vapor? In this case the shift is obtained at ordinary 
temperatures so that the effect of temperature on the 
intensity distribution within the groups is eliminated. 
If there exists no real shift due to intermolecular forces, 
there remains only the assumption that the inter- 
molecular forces give an apparent shift by changing the 
relative intensities of the components in the groups. 
This assumption fits that of Kronenberger* for the 
spectrum of solid benzene at low temperatures, but is in 
contradiction to the assumption of Sponer, ef al,° which 
is based upon a full analysis of the energy levels of 
benzene. Further experimental work is needed before 
the nature of these shifts could be fully understood. 
Measurements of the spectra of liquid benzene at high 
pressures, more work on the spectra of the solid at low 
temperatures, and perhaps also measurements of the 
spectra of the vapor mixed with foreign gases at high 
pressures, may help in solving this problem. 

An additional point of view which should be borne in 
mind in trying to interpret the spectra is connected 
with the theory of heterophase fluctuations. This 
theory shows that heterogenous fluctuations must be- 
come especially important in the neighborhood of the 
transition points. It has also been shown that the 
number of liquid droplets in saturated vapor should 
increase with temperature. If this number is not neg- 
ligible for the saturated benzene vapor near the critical 
point, the spectrum obtained should appear as super 
position of the spectrum of the vapor on that of the 
liquid. This interpretation seems somewhat speculative 
until an estimate of the number of this liquid droplets 
will show that it cannot be neglected. 


8 J. Frenkel, J. Chem. Phys. 7, 538 (1938). 
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The quantum mechanics of collisions between diatomic molecules is discussed. Explicit expressions for the 
angular transition probabilities are obtained. These expressions are in terms of a set of coefficients which are 
defined by the asymptotic form of the solutions of a set of coupled differential equations in one variable, the 
separation of the molecules. The coupled differential equations involve integrals of the intermolecular 
potential function, which may be of any form. A solution of the coupled differential equations by a pertur- 
bation method, which is valid in the case of low-energy collisions, in which transitions occur rarely, is 


discussed. 





KNOWLEDGE of the detailed dynamics of col- 

lisions between molecules is required for an under- 
standing of various nonequilibrium properties of gases. 
The angular-dependent transition probabilities enter 
into the kinetic theory of gases made up of molecules. 
The magnitude of these quantities is of particular im- 
portance in estimating the thermal conductivity of such 
a gas and in estimating the magnitude of various 
quantities associated with the time lag in the establish- 
ment of thermal equilibrium among the various degrees 
of freedom of the molecules. In the present paper we 
discuss, from a quantum-mechanical point of view, the 
detailed dynamics of collisions between diatomic mole- 
cules. This discussion is a generalization of that pre- 
sented previously on the scattering of atoms by diatomic 
molecules.! 

The wave function describing the scattering of a plane 
wave of molecules by a single molecule consists of 
functions representing a plane wave of incoming mole- 
cules and a set of outgoing waves each representing a 
pair of transitions in the states of the molecules. The 
angular dependence of the outgoing waves may be 
described by an analysis in terms of the spherical har- 
monics. The asymptotic form of the wave function may 
then be written in terms of a set of scattering amplitudes 
representing the angular dependence of the transition 
probabilities. These coefficients are evaluated by an 
analysis of the asymptotic form of a solution of the wave 
equation representing the over-all system. 

Group theoretical methods have been used to separate 
the rotational coordinates from the Schrédinger equa- 
tion of the system and obtain results which are particu- 
larly convenient in the present problem.? A wave func- 
tion of the system is written in terms of a set of functions 
which are solutions of a set of coupled differential equa- 
tions involving three coordinates: the separation of the 
molecules, and the distances between the atoms in each 
of the molecules. The angular transition probabilities 
are obtained in terms of the asymptotic behavior of the 
well behaved solutions of these equations. If the transi- 
a 


*This work was carried out at the University of Wisconsin 

aval Research Laboratory under contract with the Office of 

rdnance Research, U. S. Army. 

ic F. Curtiss and F. T. Adler, J. Chem. Phys. 20, 249 (1952). 
C. F. Curtiss, J. Chem. Phys. 21, 1199 (1953). 


tion probabilities are small, solutions of these equations 
may be obtained by the method of distorted waves. 
Recently, Takayanagi’ has used the method of distorted 
waves to evaluate the probabilities of transitions in the 
rotational levels in collisions of Hz molecules in the first 
few rotational states. 


I. THE ASYMPTOTIC FORM 


Asymptotically, at large separations, the two mole- 
cules behave independently. In terms of a space fixed 
coordinate system, let r, and r, denote the position 
vectors of the centers of gravity of molecules a and 5; let 
£, and &, denote the separation of the atoms in molecules 
a and b; and let @., ga and 05, ¢g» be the polar angles 
specifying the directions of the axes of the two molecules. 
Furthermore, let Z(|£) be an harmonic oscillator wave 
function, and Y(/m|@¢) be a normalized spherical 
harmonic. Then in the region of no interaction between 
the molecules a wave function can be written in the form ° 


yO) = exp (tka: Ta) exp (tk, - r,)Z (nal £4) 


XZ (n»| £5) V (lama|Oa¢a) Y (lomy|Oo¢0). (I-1) ° 


Here, /amanq and /,m,n, are quantum numbers repre- 
senting the internal states of the two molecules, and k, 
and k, are the vectorial wave numbers associated with 
the translational motion of the two molecules. 

The wave function for the system of two molecules 
may easily be factored into functions describing the 
motion of the center of gravity of system and the 
relative motion of two molecules. Let M, and M;, be the 
masses of molecules a and 6, respectively. Then in 
terms of the position vector of molecule a with respect to 
molecule 3, 


(I-2) 
and the vectorial wave number associated with the 
relative motion, 


k= (Myk.—M cks)/(MatM)), 


the wave function 


y =exp (ik- o)Z (nal £,)Z (n»| fp) 
x VY (lama|Oaga) Y (lume|On¢0) (I-4) 
3K. Takayanagi, Progr. Theoret. Phys. (Japan) 8, 497 (1952). 


O0=Ta—fo, 


(I-3) 
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involving only nine coordinates, represents the motion 
of the system of two molecules in a center of gravity 
coordjnate system. 

It is convenient to analyze the plane wave as given by 
the last equation into “spherical harmonic waves.”’ Let 
6 and ¢ be the direction angles of the vector 9, that is, 
the direction of the line between the molecules, and let 
@ and & be the direction angles of the vector k, that is, 
the direction of the relative velocity. In terms of these 
quantities it may be readily shown that for large values 
of the separation p, the wave function given by Eq. 
(I-4) is of the form 


2xi 
a (nal E)Z (ns| £p) Y (Lama|9a¢a) 
p 


X V (lems|O0¢0) u Lexp(tkp) — (—1)! exp(—tkp) ] 


XV (lv|0¢)V (ly| O&)*. (1-5) 
This wave function represents, asymptotically, in a 
center of gravity coordinate system, the relative motion 
of two molecules. The quantum states of molecules a 
and 6 are represented by the quantum numbers /amata 
and l,m,n,. The direction of the relative velocity is 
denoted by 9 and @ and its magnitude is represented 
by k. 

Let us consider the scattering of a plane wave of 
molecules a in the quantum state l,Ma%a with the rela- 
tive velocity associated with the wave number k from a 
molecule of kind } in quantum state 1,my,. The wave 
function representing, asymptotically, the incoming 
plane wave, in the direction of the positive z axis, is 
obtained from Eq. (I-5), by putting © equal to zero. 








Since 
2/+-1\ 3 
Y (ly|06) = ( ) 5(v, 0), (I-6) 
4dr 
the resulting expression is 
n/t 
-F Z (eal Ea)Z (he| Eo) V Catha|Aa%a) 
f XV (his |@g0) D (21+1)8 
1 
X Lexp (ikp)— (— 1)! exp(—ikp) ]YV (10|0¢). (1-7) 


It is convenient to use the symbol m to represent col- 
lectively the quantum numbers, /,maNalymyn», describing 
the states of the two molecules. In terms of this symbol, 
the last expression represents an incoming plane wave in 
which the “two molecule quantum state” is 7. 

The terms in exp (kp) and exp(— kp) of the wave func- 
tion of Eq. (I-5) are, of course, separately valid solutions 
of the wave equation, representing the two independent 
solutions. Asymptotically, the scattered wave, a wave 
going out from the origin, contains only terms in exp(ékp). 
Let f(”||@&) describe the angular dependence of the 
scattered wave in which a transition from the two 
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molecule quantum state 7 to the state m has takep 
place. In terms of this function, and in view of the ex. 
pression given by Eq. (I-5), we can write for the 
asymptotic form of the total scattered wave the 
expression 


etke 
— 220i + —Z (ng| Ea)Z™ (no| Er) 
lyn kp 


XY (Lama|Oa¢a) Y (lems| O49) V (lv |O¢) 
x ff #0a\n| 08) (| 08)* sineaoae, (I-8) 


In the sum, & is such a function of k, La, fia, Ls, ts, Lay ty 
ly, and m» that the total energy of the system is con- 
served. (Because of the usual degeneracy, k does not 
depend on Ma, Ma, ms, and my.) It is convenient to 
analyze the scattered wave in terms of the spherical 
harmonics rather than in terms of plane waves. Hence 
we define the 


a(’|n| lv) 
m f f f(i|n| O®)Y (Iv| O&)* sin@d@dh (15) 


as the amplitudes of the various spherical harmonic 
waves. If we use this definition, the asymptotic form of 
the complete wave function, which is the sum of the 
expressions given by Eqs. (I-7 and I-8), is 


yoni YZ (n.4| Ea)Z (mo| Es) 


lyn 


XV (Lama|Oaga)Y (lems Oy.) Y (lv |0¢) 











ikp 2+1\3 
|< a(an|n|t»)+( = ) a0, n)8(», 0} 
( y= (— ‘(0 5(v, 0 1-10) 
: —) (i, n)B(y, )} L 


This wave function is to be distinguished from the wave 
function Y. The function y represents a single plant 
wave of molecules a approaching a molecule 6 with the 
quantum states of both molecules well specified. The 
wave function y represents the actual situation of al 
incoming plane wave and outgoing scattered waves 
Because of the transitions, the states of the molecules 
cannot be specified. : 

The constants a(f|n|/v), which are interpreted 
scattering amplitudes, are obtained by considering the 
asymptotic form of a wave function which satisfies the 
requirements of the interaction potential. That is, om 
obtains a valid solution of the true wave equation which 
is asymptotically of the form of Eq. (I-10). The col 
stants, a(7|n|lv), are then well specified. 
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THEORY OF COLLISIONS BETWEEN DIATOMIC MOLECULES 


Il. THE SOLUTION OF THE WAVE EQUATION 


The relative configuration and orientation of two 
diatomic molecules in a center-of-gravity coordinate 
system may be described by either of two sets of 
coordinates. In either method one uses the two dis- 
tances &, and £ between the atoms in the diatomic 
molecules. In the first method, as used in the previous 
section, one uses in addition the two polar angles of the 
axes of each of the two molecules and those of the line 
between the centers of gravity of the two molecules. 
These angles are denoted symbolically by the rotations 
R, R®, and R, respectively. It is now convenient to 
use an alternative description. The angle between the 
axis of molecule a and the intermolecular axis is repre- 
sented by the rotation S‘®. The two angles representing 
the relative orientation of molecule 3), i.e., the angle 
between the axis of molecule } and the intermolecular 
axis and the angle between the planes containing the 
axes of each of the molecules and the intermolecular axis 
(the azimuthal angle), is represented by the rotation 
§®, The orientation of the entire system in space is 
described by the rotation R. This representation is con- 
venient since the potential energy of the system depends 
only on the three angles describing the rotations S‘® 
and S¢°), 

The wave equation for the system consisting of two 
diatomic molecules has been discussed in a previous 
paper,” the results of which are summarized here. In the 
present discussion, it is convenient to consider the po- 
tential energy of the entire system as the sum of three 
terms, 


V=VO(E)+V (E,) + V0 (EnE SOS), 


the potential energy of molecules a and b separately, 
V(é,) and V‘(g,), and an interaction potential, 
V2) (E,€,p5°9S), Clearly, V“ and V‘ are inde- 
pendent of the relative orientations of the two molecules 
and V‘*») approaches zero at large separations p. Then 
it follows from the orthogonality of the representation 
coefficients that the matrix element of the total potential, 
W (la'ly’v’ |Lalyv)., defined by Eq. (III-10) of reference 2, 


IS 


(II-1) 


5 (La, La’)5 (Ls, 1e)6(v, v’) 
(2la+ 1) (214+ 1) 
X(VO4VO 4+ W (La'ly'v’ | Lalov)s, 


1 
f faseas 


x ff De Sav" DV (San (II-3) 





W (la'le'v’ | Lalev) = 


(II-2) 


| where 


WOOL Iy'y"[Lebev) = 





K Ve) Dte(S) 9 _,_,D!a(S) y dSOdS 


is the matrix component of the interaction potential. 
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It has been shown in a previous paper,” that the wave 
function in a center-of-gravity coordinate system repre- 
senting a state with a total angular momentum quantum 
number J and a z component of the angular momentum 
quantum number yu may be written in the form 


vJu)=> (La, 1,| L, —s v)s(J, L|l, 5, —s) 
Lvs 


Lalo 


X D7 (R) yD! (S)o,—2-»*D" (S)oy* 


XF (Lilals| Eakep). (11-4) 
Here, the s(/,7|Z,s,v) are the coefficients defined by 
Wigner,’ the DY (R),, are the representation coefficients 
of the three-dimensional rotation group, and the 
FY (Llqly| €a€yp) are solutions of a set of coupled differ- 
ential equations described below. 

If one uses the expression for the matrix component 
of the total potential, W(l,’I,’v'|lalov), in terms of 
the matrix component of the interaction potential, 
W 2 (1,'ly'v' |lalov), as given by Eq. (II-2), it follows 
directly from the previous results? that the coupled 
equations for the FY (Lilqly|Eaéyp) are 


—{(0=)-10+0 +2 


2up'Ldp\ dp 


h? 0 0 7 
+ |—(s2—)-leat) 
Quake? O&a Oa 


,reé ) ; 
+ |—-(e*—) —htot 
L — QwrEPL OE, fp , 


X FY (Llals| Ea€sp) 
= (2la+1) (2/,+1) 











a FI(L114'ly’ | Eat op) 


L'l'la’ le’ 


X ¥ s(la, ly|L, —s—v, v)s(la’ le’ | L’, —s—v’, v’) 


Xs(J, L|l, s, —s)s(J, L’ |’, s, —s) 


XW (L/ly’v’ |Lalov)s. (II-5) 
In this equation, £ is the total energy, u is the reduced 
mass of the two molecule system, 
= M .M,/ (M.+M),), (II-6) 
and yw, and pw, are the reduced masses of the molecules 
separately. 
The sets of functions Z‘(ma|&) and Z° (ms| £5) 
form complete sets of functions in the spaces of £4 
and &, respectively. Hence we expand the functions 


4 Eugene Wigner, Gruppentheorie and Ihre Andwendung auf die 
Quantum Mechanik der Atomspekiren (Edwards Brothers, Inc., 
Ann Arbor, 1944), p. 206. 
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F4 (Lllqly| Ea€op) in the double series, 
FY (Lil qle| Eaé se) 
=F gi (q|p)Z (mal Ea)Z (mo| £0), 


Nanb 


(II-7) 


where the symbol g is used to represent collectively the 
quantum numbers, Lil gnalyny. The functions Z‘ (na| &a), 
of course, satisfy the equation for the nonrotating free 
molecule, 


he @ 0 
= —(s2—) 20(nel 0 
2uaka® O&a Oka 


+VOZ (nal Ea)=EnaZ (mal Ea), (11-8) 


where Eng‘ is the energy of the vibrational state m, of 
molecule a. These functions are taken to be real and are 
orthogonal in that 


f Zn (Ea)Zna (EalEPdEa=5(Ma, Na’). (II-9) 


Similar relations apply to the Z‘ (mp| &). 

If we neglect the coupling between the rotational and 
vibrational motion of the molecules, as has already been 
implied by the form of the wave function of Eq. (I-1), 
the terms representing the centrifugal potential in Eq. 
(II-5), i.e., Ja(la+ 1)h?/2uaé.? and 1p (lp +1)h?/2uré,? may 
be replaced by similar terms involving the equilibrium 
separations £° and £,°. Then if the expansion [Eq. 
(II-7)] is introduced into the equations for the FY 
[Eq. (II-5)] and use is made of the orthogonality 
[Eq. (II-9) ], the equations become 


Wray a 
Sm —) 104+ p Jean 


Op\ dp 


= W7(q'lale)g’ (gle), (11-10) 
where 


W7(q'|q\e) 
= (2la+ 1) (2/,+1) p» S(la, 1,| L, —S~Yy, v) 


v's 


Xs(la’, ly’ | L’, —s—v’, v’)s(J, L|1, s, —s) 
Xs, L'\l’, s, —)f [2 (a |8)2 on! |B) 


K Wie (La’ly'v’ | Lalyv) 2 (na| £4) 


XZ (ny| E)EPEPdEdEs, (I-11) 


allot 1)h lp(lo-+1) 
2ua(Ea’)? 2uo(Es")? 


is the kinetic energy associated with the relative trans- 


(IT-12) 
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lational motion of the two molecules. As in the previous 
section, k is the wave number associated with the 
relative translational motion. 

The Eqs. (II-10) possess an infinitude of sets of solu- 
tions. In addition to the continuous quantum number k, 
associated with the coordinate p, additional quantum 
numbers associated with each of the coupling indices 
appear. Let us denote by g’(q°|q|p) the “qth” member 
of the set of functions forming the solution described by 
the set of quantum numbers q?. 

If k>0 and if the W’(q'|q|p) approach zero suff- 
ciently rapidly as p becomes large, the solutions of the 
Eqs. (I-10) asymptotically consist of linear combina- 
tions of (1/kp) exp(tkp) and (1/kp) exp(—ikp). The 
quantum numbers ¢° are defined in such a manner that 
asymptotically only the “diagonal” functions contain 
terms in (1/kp) exp(—zkp). Furthermore, the normaliza- 
tion is taken arbitrarily in such a manner that 
asymptotically 


e-ikp eikp 


g ("| q|e)—5(q", 9) +O" l9——. (II-13) 
p 


kp 


The constants Q/ (g°|q) are determined by the nature of 
the functions in the region of interaction and depend 
upon the intermolecular potential through the values of 
the coupling functions WY (q’|q|p). 

An approximate solution to a set of equations com- 
pletely analogous to the Eqs. (II-10) has been discussed 
elsewhere.! The approximate solution is valid in the 
limit that the coupling is weak, and transitions occur 
only rarely. In this approximation the Q/ (q°|q) may be 
evaluated in the following manner: First we define the 
U/ (q|p) as the solutions of the auxiliary equations 


Wray a 
—|—(e—) 1+ +ee|vval p) 


2up*Ldp\ dp 


=W(q|q|e)U%(q|o), (I-14) 


which are bounded at the origin and which are 
asymptotically of the form 


1 
U7 (q| i sin[kp+6/ (q) ]. (II-15) 


p 


These solutions define the set of phase angles (9). 
Then 


QY (¢°|q)= —exp[2i0/ (q) J 
x [5(9°,9)— (1-8 (9°,g)) 2887 (q° |g), (I-16) 
where 
“elg=— 
BY \g)= = 


a 


xf U7 Le)Wla1)U" lodotde. A? 
0 
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III. THE SCATTERING COEFFICIENTS 


We now proceed to evaluate the scattering amplitudes, 
a(i|n|lv) in terms of the constants Q(g°|¢) which are 
determined by the intermolecular potential. The 
asymptotic form of a wave function which represents a 
plane wave of molecules of type a scattered by a mole- 
cule of type b is given by Eq. (I-10). A particular 
solution of the wave equation of the two molecule sys- 
tem is described by Eq. (II-4). Since the solution as 
given by Eq. (I-10) is, of necessity, a linear combination 
of solutions of the type given by Eq. (II-4), correspond- 
ing to a fixed value of the total energy, a comparison of 
the two forms provides an evaluation of the a(’||/y). 

The transformation of an expression for the wave 
function in terms of the rotations S™, S‘, and R to one 
in terms of R™, R®, and R is discussed in a previous 
paper.” If this transformation is carried out on the ex- 
pression for the wave function as given by Eq. (II-4) 
and if the series for the functions FY in terms of the g’, 
Eq. (1-7), is used, the expression becomes 


v(Jugq’) = + S(La, 1,|L, —May, —mMp») 


amams 
Xs(VJ, Ll, u, —ma—my) 
XD"(R)o, u—ma—mpD"@(R)o, —ma* 
XD*(R™)o, —msy*Z (nal Ea) 

XZ (ny Es)" (7 | gle). (TH-1) 


This wave function is specified by the nine quantum 
numbers Jug® and k. Any wave function of specified 
energy may be written as a linear combination of these 
functions, 


y= uA (Sug (Sug), (III-2) 


where, in the sum, & is taken as a function of the 
quantum numbers in such a manner that the energy is 
conserved. The constants A (Jug°) will be chosen so that 
this wave function is asymptotically of the same form as 
that described by Eq. (I-10). 

The representation coefficients with the first index 
zero are related to the spherical harmonics in the 
following manner: 


4r \3 
D*(R)om= (—) Y (lm|6¢). (IIT-3) 
21+1 
Furthermore, the spherical harmonics as defined in 


reference 2 are such that 


Y (Im|6¢)*=(—1)™Y (1, —m|@¢), —_ (III-4) 
so that 


Ar 
D*(R)o,~-m*= (— 1»>( 


4 
a Y(Im|@¢). (III-5) 


The asymptotic form of the wave function, Eq. (III-2), 


is obtained by using Eq. (III-1) and the equation for the 
asymptotic form of the g’(g°|q|p), Eq. (II-13). If the 
resulting expression is equated to the wave function as 
given by Eq. (I-10), and use is made of the last relations 
and the orthogonality of the spherical harmonics and 
the harmonic oscillator wave functions, it follows that 


— (—1)metm_£ (214-1) (20e+-1) (Ql 1) 
Ay/a 


(eike 
——{a(a|nlt p—ma—m)+( 


—)] 
p 


T 


e— tke 
X5(f, 2)5(u, Mat mpd) | ($F , 
p 








& /21+1\3 
x( ) 5(7, n)d(u, metms) | 


4a 


- 3 A (Juq’)s (la; l,|L, —May, — Mp») 


JL® 


Xs(J, Ll, 4, —ma—m) 
eikp e-ikp 
x |—o" (9° +—a¢0 | (III-6) 
kp kp 


The constants A (Jug®) and a(’|n|lv) are fixed by the 
fact that this last equation is an identity in p. 

If one equates the coefficients of (1/kp) exp(—ikp) in 
the last equation, one obtains a set of equations for the 
A(Juq). This set of equations may be solved by making 
use of the orthogonality properties of the s(/,7|L, s, v), 
to obtain an explicit expression for A (Jug). Similarly, if 
one equates the terms in (1/kp) exp(ikp), one obtains a 
set of equations for scattering amplitudes, a(/|m| lv). 
Upon use of the expression for the A (Jug), and solution 
of this result one finds that 


a(’|n| lv) 
‘ 21+1\! (vy, m—m) 
= —a(a,m)a(»,0)( 4 )-c1 (an) 


T 





— 1) 
(2/a+1) (2/4+1) 
Xs(la, 1,| L, —Ma, —my)s (La, 1,| L°, —Ma, —Mr) 


$ 
| E (P41)! 
JLL 


Xs(1, L|J, v, m)s(P, L°|J, 0, m) 
x Q/ (LPL fi aloil | Ll nal yn b); (III-7) 


where by definition m=m,+m, and m=™Mat+my». This 
expression gives explicitly the values of the scattering 
amplitudes. The states of the two molecules are de- 
scribed by the “quantum number” , which represents 
symbolically the set of quantum numbers, /gman%alymynr. 
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The scattering amplitude, a(7||/v), is the contribution 
to the scattered wave with angular dependence given 
by the (/v) spherical harmonic due to transitions in the 
two molecule quantum state from 7 to n. 

Because of the properties of the s(j,/| L,s,v) it follows 
that in the expression for the a(f|m|lv) [Eq. (III-7) ] 
the index /° takes on all integer values (0 to ©) while the 
indices L and L° are limited by the conditions, |/,—/,| 
€LE< (lath) and |la—l,| <L°< (a+d,). Similarly the 
index J is limited by both the conditions, |/—L| 
<J< (14D) and |P—L| <J< (+L). Each term in the 
sum of Eq. (III-7) may be interpreted, loosely, as the 
contribution of a particular type of collision. The index 
}° refers to the angular momentum associated with the 
relative translational motion of the two molecules. This 
index is a manifestation of the classical “impact 
parameter.” From the classical point of view, because of 
the lack of spherical symmetry, three additional parame- 
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ters are necessary to describe the collision. These 
parameters appear here as the indices J, LZ, and L°. The 
indices L and L° measure the vector sum of the angular 
momentum associated with the rotation of molecules g 
and b in space before and after the collision, respectively, 
The index J measures the total angular momentum of 
the two molecule system, that is, the vector sum of the 
angular momenta associated with the rotation of the 
two molecules and that associated with the translational 
motion. This quantity of course is a constant of motion 
and is the same before and after the collision. 

This coefficients Q/ (q°| q) are defined by Eq. (II-13) in 
terms of the asymptotic behavior of the set of coupled 
differential equations, Eqs. (II-10). An approximate 
evaluation of the Q/(q°|q) valid under conditions such 
that transitions occur relatively seldom is discussed in 
the previous section. A more general evaluation of the 
Q/ (q°|q) will be discussed in a later paper. 
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The theory of the coefficients of shear and bulk viscosity of liquids developed in the third article of this 
series is applied to the calculation of the coefficients of viscosity of liquid argon at its normal boiling point. 
The theory of the bulk viscosity, including a previously omitted term due to the rate of dilatation, is pre- 
sented. With the use of the Lennard-Jones potential, a radial distribution function which is a much better 
approximation than the previously used one, and a new approximation to the friction constant, values are 


obtained for the coefficients of viscosity. 





I, INTRODUCTION 


N the third article of this series' (SMT III) Kirk- 
wood, Buff, and Green presented a statistical me- 
chanical theory of the coefficients of bulk and shear 
viscosity of liquids, and reported a calculation_of the 
coefficient of shear viscosity of liquid argon at its normal 
boiling point. Their calculation was performed with a 
special approximation to the equilibrium radial distri- 
bution function, chosen to represent the experimentally 
observed shape of its first peak, and containing param- 
eters which were adjusted to give correct calculated 
values for the equilibrium pressure and internal energy. 
Since then, more accurate equilibrium radial distribu- 
tion functions have been obtained by solving the ap- 
propriate integral equations?* in the superposition 


* This work was carried out under contract Nonr-410(00) with 
the U. S. Office of Naval Research. 

1 Kirkwood, Buff, and Green, J. Chem. Phys. 17, 988 (1949). 

2 Kirkwood, Lewinson, and Alder, J. Chem. Phys. 20, 929 
(1952). 

3 Zwanzig, Kirkwood, Stripp, and Oppenheim, J. Chem. Phys. 
(to be published). 


approximation. In the present article, the coefficients 
of bulk and shear viscosity are calculated using the new 
radial distribution functions. The special analytic form 
of the peak approximation used in SMT III permitted 
exact solution of the differential equations for the per- 
turbation to the equilibrium radial distribution function 
due to fluid flow. With the new distribution functions, 
the differential equations must be solved numerically. 
The method of solution used here is described in ap- 
pendices I and II. 

The theory of the coefficient of bulk viscosity given 
in SMT III was incomplete. In Sec. II, the complete 
theory, including an omitted term due to the rate of 
dilatation, is presented. 

The friction constant used in SMT III was obtained 
by a very rough approximation. The friction constant 
used here was obtained by the more detailed linear 
trajectory analysis, which will be described in a later 
paper. 

The numerical value obtained for the coefficient of 
shear viscosity 7 of liquid argon at its normal boiling 
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COEFFICIENTS OF SHEAR AND BULK VISCOSITY OF LIQUIDS 


point is 7=0.73X 10~ poise. This differs from the result 
9=1.27X10- poise given in SMT III, and is smaller 
than the experimental value »=2.39X10~ poise by a 
factor of about three. The friction constant is ¢=2.85 
X10 g/sec which is also smaller than the value 
t=4.84X 10-” g/sec used in SMT III. The sensitivity 
of the friction constant and the coefficients of bulk and 
shear viscosity to the shape of the equilibrium radial 
distribution function is investigated. The friction con- 
stant and the coefficient of shear viscosity are insensi- 
tive, but the bulk viscosity g is quite sensitive. The 
result g=0.36X10- poise is less reliable than the 
calculated shear viscosity. 


II. BASIC EQUATIONS 


The equations of continuity and motion of a viscous 
fluid are 


Op 
—+ Vr *pu= 0, 
ot 
(1) 
a 
—pu=X+Vr-a, 
ot 


where p is the mass density of the fluid, u is the fluid 
velocity, X represents external body forces, and @ is 
the stress tensor of the fluid. The Newtonian stress 
tensor depends on pressure P, rate of strain é, and di- 
vergence of velocity V-u in this way, 


o=— {p+[-- o|v-u| 14-2 (2) 


where 1 is the unit dyad and 7 and ¢ are the coefficients 
of shear and bulk viscosity. In the statistical mechanical 
theory of transport processes, the stress tensor may be 
expressed in terms of molecular variables, 


eitied 0 [Pra 








m 
RyRy dV (R 

\ f 12Ri2 dV ( 2) @O(R, Ryw)@Ry» (3) 
Rio dRi2 


opp) a= WV f ppf™(R, p)dp, 


where m is the mass of an individual molecule, W is 
Avogadro’s number, V(Ri2) is the potential of inter- 
molecular force of a pair of molecules separated by the 
distance Riz, p™(R) is the average number density 
of molecules at R, p®(R, Ris) is the average number 
density of pairs of molecules when one is at R and the 
other is at R+Rj2, and f“(R, p) is the probability 
that a given molecule has momentum p and is at posi- 
tion R. To convert this expression for the stress tensor 
to the Newtonian form, it is necessary to expand f 
and p®) in V-uand é. When this is done, the momentum 
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transport contribution becomes 


PP) av OpT V-u 
pf’ M — maa |= peri" }e-—a, (4) 
m c 3 








where ¢ is the Brownian motion friction constant. With 
the definition of the pair correlation function, 


g®(R, Riz)=p(R, Riz)/p® (R)p (R+ Ri), (5) 


and the expansion in spherical harmonics, 


f 
g (Ris) = go (Riz) | apr 
kT 


Ri2-é- Riv 
| A9-0 fan 


+  (y-mpo(Ru) } (6) 
6kT 


expressions for the pressure and coefficients of shear 
and bulk viscosity are 





P=pRT “T90P f “Re © (R)dR (7) 
=p —_ sae ye ? 
; ya 
pORT xt © dV 
Pe iticalt Wie f R°—go®(R)y2(R)dR, (8) 
2mt  15kT 0 aR 
od [oo f Re © (R)o(R)dR (9) 
g=— a ‘ 
ORT 0 aR ; 


The function go® (R12) is the equilibrium radial distri- 

bution function of the fluid, and Yo(Ri2) and We2(Ri2) 

describe the perturbation of g® caused by fluid flow. 
The perturbed g® satisfies the differential equation 


Vr° {Veg®?—gVe loggo® } —— 
kT ot 





' 
=—R-é-Vrg®, (10 
ORT Rg (10) 


together with boundary conditions resulting from re- 
quirements imposed on the excess current density in 
pair configuration space. When”g®) is expanded in 
spherical harmonics (Eq. 6), the equation is linearized 
with respect to the rate of strain é, and only the sta- 


tionary state is considered, differential equations are 
obtained for Yo(R) and ¥2(R). The equation for y»2 is 


d dy2(R) dgo® (R) 
—(_ Rp, (R)———- } — 69 (R)y2(R) = R8-——_—- 
—( go (R) - go (R)~2(R) - 
tim Rtgo(R) Tm 11 
lim R°go ( ~~ ) (11) 


lim 2(R)=0. 
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The differential equation given in SMT III for yo(R) 
is not complete:f the correct form is 


d dyo(R) 
Rg) (R 
wal wiiiens dR ) 


dgy® (R) go (R) 
dR a loge’ 


lim Rigo ( po 
dR 





_ dy(R) 
lim = 
Ro» dR 


In SMT III, the second term on the right-hand side of 
the differential equation does not appear. This correc- 
tion is due to the physical impossibility of having a 
stationary state of dilatation, so that dg®/d¢ must not 
be neglected. Actually, 


dg® dg” dp) 
at dp at -( 


dg?) 
) V-u, 
d loge J ¢ 


when the equation of continuity is used. ithe boundary 
conditions are not affected by this correction. 

In this article, the Lennard-Jones intermolecular 
potential, 


(13) 





V(R) = ey1(x), 
x= R/a, 


i 1 
71" -«(—--), 
will be used. With the parameters a and € one may con- 


struct a dimensionless or reduced pressure P*, volume 
v*, and temperature 7%, 


P= P*(e/a*) 
v= v*(Na*) 
T=T*(€¢/k). 
Dimensionless quantities will be denoted by asterisks 


throughout this article. The differential equations are 
transformed by the substitution x= R/a to 


dypo* @) 


x 


(14) 


(15) 


£ (ene 
Og0 (2) (x) 


dgo®) (x) 
+ 30*x? : 


dx av* 


(16) 





dgo® (x) 


— 6g0 (x)po* (x) = 2% , (17) 
dx 


t The authors are indebted to Professor F. P. Buff for pointing 
this out to them. 


STRIPP, 
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where 


(18) 


1 
vo* (x) nae a (x) ’ 


1 
po" (x) =—p2(x). (19) 
a? 


These equations are now dimensionless. In terms of 
reduced variables, the coefficients of bulk and shear 


viscosity are 
¢ 
= (-) Io*, 
a 


is 
ae (-)r, (21) 
a 


i ay i’ (x) go (x)po* (x) da, 


(20) 


T 


= ? 
OT *y*2 (22) 


mo a ay 1! (x)go (x)po*(x)dx. (23) 


157 *y 2 


The momentum contribution to 7 will be neglected, 
since it is numerically dominated by the potential con- 
tribution in the liquid state.! The bulk viscosity does not 
contain a momentum contribution. Values of a and ¢ 
were determined for argon by Michels‘ from second 
virial coefficient data. They are 


a=3.405X 10-8 cm, 
e= 1.653 10-" erg. 


The numerical value of the friction constant will be 
presented in Sec. V. 

The equilibrium radial distribution function gz (cx) 
used in these calculations was described in detail in a 
recent publication.* This function was obtained by 
solving the appropriate integral equation with the 
Lennard-Jones potential. In the present article, the 
viscosity coefficients will be calculated at the boiling 
point of argon under atmospheric pressure, where the 
reduced variables of state are 7*=0.7454 and o* = 1.223. 
The parameter c is introduced into the radial distribu- 
tion function g(x) in order to obtain better agreement 
between calculated and experimental thermodynamic 
properties. In particular, the equilibrium pressure of the 
fluid is calculated by substituting gz(cx) for go” in 
Eq. (7), and the value of c is determined which leads to 
the experimental pressure. This value is c= 1.026 at the 
normal boiling point. In SMT III, a similar procedure 
was carried out, with two adjustable parameters, and 
the experimental pressure and internal energy were 
used to determine the parameters. In the present article, 
a much better initial approximation to go is used, 
and only one parameter is adjusted. 


4 Michels, Wijker, and Wijker, Physica 15, 627 (1949). 
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When gz(cx) is substituted for go® (x) in the differen- 
tial equation for Yo* (x) and y¥2*(«), a simple transforma- 
tion leads to 


Wo" (x; with gr(cx))= (1/c?)Yo* (cx; with gi(x)) (24) 
and an exactly similar expression for y.*. Therefore it is 
necessary to solve the differential equations only with 
g(x), or c=1. Then, the appropriate substitutions 
lead to, 


‘ 167 s 
*/-) — ¥e = 
W(=elt(1) (Ne 


x f 1g, (x)yo*(a)dx, (25) 


1)c 


x * 16x 6 
Is(=els*(1)——(e— 


xf ag (ax)po*(x)dx, (26) 


where J*(c) and J,*(c) are the values of these functions 
obtained using gz(cx) throughout, Jo*(1) and J;*(1) 
are the values obtained using g(x) throughout, and 
¥o*(x) and W.*(x) are the'functions obtained by solving 
the differential equations with gz(x). 


Ill. BULK VISCOSITY 


The differential equation (Eq. (16)) for Yo*(«) may 
be integrated directly. For convenience, yo*(«) is split 
into two parts, 


Wo" (x) =Ci(x)+C2(x), (27) 
where 


° & §  dgo® (u) 
Ci (x)= -f J us : -du, 
z S*go)(s) du 
and 


Ago? (u) 
C2(x) = — 30* ‘. aah * ua( se ) au 


-These integrals were evaluated numerically, using the 
radial distribution function gz(x). The details of this 
computation are presented in Appendix I. The contri- 
butions of C,(x) and C2(x) to the integral J,* are 


Io*=0.187+-0.360= 0.547. 


The effect on J* of the correction to the differential 
equation for Wo is considerable. 

In order to calculate’Io*(c) as a function of the scale 
factor c, the integral 





(28) 


(29) 


6) 


f 1p (x)o* (x)de= 0.204 


0 


is needed. Table I, which contains Jo*(c) as a function 
of c, was constructed using these values in Eq. (25). 
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The results show that J*(c)=ag/¢ is quite sensitive 
to the value of c and therefore to the shape of the radial 
distribution function. At c= 1.026, Io*(c)=0.038. For 
a slightly higher value of c, Jo*(c) becomes negative. 
In section V, numerical values for ¢ and a will be 
introduced, and the calculation of ¢ will be completed. 


IV. SHEAR VISCOSITY 


The differential equation (Eq. 17) for y2*(x) may be 
converted into an integral equation, 


yo* (x) =C1 (x) —3k(0)G(x) 


+66(x) f go (s\a*(s)ds 


Rite f : G(s)go (s)p2*(s)ds, (30) 


where C;(x) is part of Yo*(x), defined in Sec. ITI, 


k(0)= f ‘ x*[ go® (x) — 1 Jdx 


TABLE I, 








¢(c)/n(c) 
7.9 











(32) 


» 1 
G(x)= f du 
z Ugo) (u) 


This equation was solved numerically with the radial 
distribution function gz(x). The method of solution is 
described in detail in Appendix II. The function y.* (x) 
leads to numerical values 


T,* (1) = 0.06964, 
f xg 7 (x)o* (x)dx= —0.00451. 


0 


The column labeled J;*(c) in Table I was constructed 
by substituting these numerical values into Eq. (26). 
This function is less sensitive to c than Io*(c). The peak 
approximation of SMT ITI leads to a value J,* (labeled 
“peak” in Table I) which is close to the value obtained 
using gz(cx) with c~ 1.06. 


The ratio 
9(c)/n(c)=I0* (c)/I2*(c) (33) 


is independent of the friction constant, and depends 
only on the reduced parameters of state »* and?7*. 
It is given as a function of c in Table I. The ratio varies 





ZWANZIG, KIRKWOOD, 


TABLE II, 








t(c) 1610 g/sec (c) X10 poise 1(c) X10? poise 


3.53 6.34 
3.27 3.89 
3.01 1.61 
2.85 0.36 
2.74 —0.66 











considerably with c: at c=1.026 it has the value 
¢/n~0.5. There are no reliable experimental results 
with which to compare this. 

In Sec. V, numerical values of ¢, a, and ¢ will be intro- 
duced and the calculation of the shear viscosity will be 
completed. 


V. FINAL RESULTS 


In Secs. III and IV, computations of the quantities 
ag/¢ and an/¢ were described. In order to complete the 
calculation of the coefficients of bulk and shear vis- 
cosity, the friction constant ¢ must be known. The value 
¢=4.84X10-" g/sec used in SMT III was obtained 
from an approximate expression for the friction con- 
stant using the peak approximation for the radial 
distribution function. In a forthcoming article, another 
calculation of the friction constant, by the method of 
linear trajectories, will be described. This value is 


me\ * 
f= (—) *, 
a 
11.49; 
re 
9.27; 


(34) 


c=1 
c= 1.026, 


where ¢* is the friction constant in dimensionless form, 
at the normal boiling point. This calculation was per- 
formed with gz(cx), for scale factors c=1 and c= 1.026: 
¢(c) is obtained by linear interpolation. In Table II, 
€(c), o(c), and n(c) are tabulated. The coefficient of 
shear viscosity obtained using this friction constant 
(with c=1.026) and the integrals 7;* computed with 
the peak approximation of SMT III is also given in 
this table. The calculated coefficients of shear vis- 
cosity are all too small by a factor of about three. The 
calculated coefficients of bulk viscosity depend strongly 
on the value chosen for c. 


APPENDIX I 


The procedure used in the calculation of Jo*(c) will 
be described in detail. Equation (28) was rearranged 
and integrated by parts to yield 


Ci(x)= J leon 


+3G(x)[k(0)—k(x)]+-3h(x); (35) 


STRIPP, AND OPPENHEIM 


where 


eo du 
G(e)= f BPA sc 
2 go (u) 


k(x)= f é u*L go (u)—1 du, 


h(x)= f / G(u)u*[_go® (u)—1 |du. 


The integrals were calculated, and tabulated separately, 
and then added. For all the numerical integrations, the 
trapezoidal rule was used, with the intervals 0.01 for 
1.00<*<€1.12, 0.02 for 1.12<¢%<¢1.28, and 0.04 for 
1.28<«< 8.80. For +2 8.80, gi(*) is uniformly unity 
and the integrals were therefore evaluated analytically, 
The values of gr(x) at 0.01 and 0.02 intervals were ob- 
tained by a numerical interpolation on the values at 
0.04 intervals. 

Although this method may be used to calculate C;(x) 
for «<1, it was found to be more practical to use the 
alternative expression 


1 d u dg)” 
Ci(x)=C,(1)— f eee f F lnm (37) 
z 0 


Ugo) (u) dv 


or, after integrating by parts, 
ee 


Ci(x)=Ci(1)+ ; 


Pte (ayae. 
+3 f Tawd, tHrom os 


The integral was evaluated numerically, using the 
trapezoidal rule and an 0.01 interval, for «<1. 

In order to calculate C2(x), it is necessary to evaluate 
the derivative 0go® (x)/dv*. Since the radial distribution 
function gz(x), which was obtained for only four un- 
equally spaced values of v*, is to be used, the differer- 
tiation was performed using Lagrange’s interpolation 
formula. Due to numerical inaccuracies in gz(x), the 
resulting derivative is not a smooth function. To remove 
this roughness, Spencer’s analytic smoothing formula’ 
was used. For the integrations leading to C2(x), the 
trapezoidal rule was used with the same intervals as in 
the calculation of C;(x). 


APPENDIX II 


Equation (17), together with its boundary condi 
tions, is equivalent to the integral equation 


cd dt t 
wt@=—6 foo J mentors 


© dt pt dgo®(s 
7 f f ee 
z bgo®(t) Jo ds 


5 E. Whittaker and G. Robinson, The Calculus of Observations 
(Blackie and Sons, London, 1947), p. 290. 
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COEFFICIENTS OF SHEAR AND BULK VISCOSITY OF LIQUIDS 


When jo! is replaced by ((*— /2® in the first term of 
the right-hand side, and the order of integration is 
changed, this equation is transformed to 


ps*(x) =C1(x) — 3k (0)G (a) 


+66(2) [go (vs*(s)ds 


oF f : G(s)go (s)W2*(s)ds, (40) 


where C;(x), G(x), and k(0) were defined in Appendix I. 
In solving this integral equation, the integrals were re- 
placed by sums, using the trapezoidal rule. When the 
interval is 0.04, the equation becomes 


vs" (x) =Ci (x) —3k(0)G(z) 


+0.24{G(x) z go (s)po*(s) 


- = G(s)go(s)po*(s)}. (41) 


Since Ci(«), G(x), (0), and go® (x) are known func- 
tions, it is clear that if y.*(s) is known for all s greater 
than x, then the value of y.* at x can be obtained 
directly. 

When «>8.80, the radial distribution function used 
here is equal to unity, and the differential equation has 
an asymptotic solution 


v2" (x)~b/x?. (42) 


If a value of 6 is chosen arbitrarily, a function y.*(x, b) 
may be constructed by integrating analytically from 
infinity to «=8.80 and then step by step to +=0. 
This procedure gives a family of functions, each arising 
from a different value of 5. If the correct b is selected, 
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the resulting y2*(x, b) is the solution of the integral 
equation. If the correct 6 is not used, the resulting 
y.*(x,b) does not satisfy the boundary condition at 
x=. This condition may be converted to a normaliza- 
tion condition. The differential equation for y.* is 
integrated once, 


dyo* (x) = 


x 


xg (2) (x) 


6 [ gGva"(ds 
: = dgo(s) 
+ f on ds, 
© ds 
and the boundary condition is applied, so that, 
C) cs) dgy® (s) 
—6 fg (owet)ds= fas, 
0 0 


ds 
or, 


(43) 


Jf we? ontoa= HO, 
0 


Therefore, the correct value of b may be found by solving 
the equation 


fw (oetG, as=3k0), (44) 


Since y.*(x, 6) is linear in 8, it is sufficient to evaluate 
this function for two values of b, solve a linear equation 
in b, and then interpolate to get the correct y.*(x). 

This procedure was carried out with the radial dis- 
tribution function gz (x). When the trapezoidal rule was 
used to replace integrals by sums, the intervals were the 
same as in Appendix. I. The functions y.*(x, 0) and 
y2*(x, —1) were calculated, and the correct value of b 
was found to be )=1.5209. This was used to obtain 
the correct ¥2*(x), and the integrals needed to calculate 
I.*(c) were evaluated. 
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The problem of the condensation of a gas is intimately related to the asymptotic behavior of the virial on 
coefficients, Bm, as m—>. The problem of the evaluation of the virial coefficients may be divided into two . 
distinctly different ones. The first of these, which is purely combinatorial in nature and is independent of the the 
intermolecular force law, is that of determining the number of a certain type of connected graphs of / points que 
and & lines which are called “stars.” This problem is solved by means of generating functions, with the result of e 
that the total number of such stars is asymptotically equal to on | 
(# (l- ») the 
oe the 
for almost all &. Arguments are also presented which indicate that the total number of topologically different that 
stars is the 
x, m 
; tion 
With these results the combinatorial problem is essentially solved. dist 
The second problem is that of evaluating certain integrals of functions which depend on the intermolecular of ¢ 
potential. This problem is not so near to a solution. For a purely repulsive force, asymptotic expressions are 
obtained for k=/, and k=/+1. The partial contributions to the virial coefficient in these two cases are: ni 
inte 
5/5\3 _,(I—1) 
—-5(3 Yan, any 
Fey 
2. qua 
—1)! I 
(-) 2), the 
respectively. Results for some simple one-dimensional rigid lines are also given. mn t 
poss 
In§ 
. ‘ rol 
I. INTRODUCTION (1),? however, and therefore on the asymptotic behavior ne 
OST of the explicit theories of the condensation of of the B og soi high i +e bag —— Prva this prot 
gases are based on the development of the “5Y ne a on i . years to ce mine, B asy 
thermodynamic quantities of the gas in powers of eh reed v4 simple torce laws, as, tor instance, fora ga Bi iny, 
the density or of the inverse of the specific volume. ° ge Spneres. . i forn 
This leads to the well-known virial development of ; ~ voor esti er on t , ene 4 seco 
Kamerlingh Onnes for the equation of state: elastic spheres was the striking and paradoxical result 0 irre 
Kirkwood and co-workers? who showed that on the this 
B(T) B;(T) basis of the so-called superposition approximation, a gas Suge 
po=RT| 1+ - . = aie ‘| (1) of elastic spheres has a transition point at a volume of 
” ? about 1.24 times the volume of close packing. Although II 
‘ ‘ sa ‘ i i is no 
in which the deviations of the ideal gas law due to the perhap s hard to believe, oe admit th at Gane h 
: . . . . rigorous argument which disproves the existence of suc FE 
interaction of the molecules in pairs, triples, etc., are ; . ; 
‘ : : ... . a condensation point, and, since the work of Onsager, & part 
taken successively into account in the successive virial : es 
flicients B,(T), B,(T), etc. The th . licit one has learned to be rather skeptical about intuitive follc 
—_ — ¥ fo i, wer a “agit a — thtbeia ee “ and approximate arguments. In addition there is the 
expressions for these virial coefficients in terms of the suggestion that perhaps the Kirkwood transition has z=. 
intermolecular forces, but the actual evaluation of the something to do with the solidification of helium, which 
integrals is notoriously involved and seems quite out of is known to occur at temperatures many times the 
the question for the higher coefficients. The condensation critica] temperature, so that it is hard to ascribe it to the 
phenomenon depends on the convergence of the series weak attractive forces between the helium atoms which 
ee an _ are of the order k7.,it. The solidification of a gas 8 “45 
*U. S. Atomic Energy Commission Predoctoral fellow, Uni- = — distr 
versity of Michigan, 1950-1951. 2 Or better on the convergence of the series 2bjz', where 4 att re 
1 We have especially in mind the theory of J. E. Mayer; fora the Mayer cluster integrals from which the virial coefficients Phys 
summary see his book: Statistical Mechanics (John Wiley and _ follow. See Sec. II. 57 
Sons, Inc., New York, 1940), Chap. 13. Compare also B. Kahn and 8 J. G. Kirkwood and E. Monroe, J. Chem. Phys. 9, 514 (1941); coun 
G. E. Uhlenbeck, Physica 5, 399 (1938); B. Kahn, dissertation, Kirkwood, Maun, and Alder, J. Chem. Phys. 18, 1040 (1950). Set We y 
University of Utrecht, 1938; J. de Boer, dissertation, University of also M. Born and H. S. Green, A General Kinetic Theory of Liquids totic 


Amsterdam, 1940; K. Husimi, J. Chem. Phys. 18, 686 (1950). 


(Cambridge University Press, Cambridge, 1949). 
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perhaps a general consequence of the sharp repulsive 
forces, Which in first approximation may well be 
idealized by the elastic sphere model. 

On the other hand, the argument of Kirkwood is 
surely not rigorous either, since it depends on his 
superposition approximation,‘ and the only way we 
know of to arrive at a rigorous result is through the 
convergence discussion mentioned above. Unfortu- 
nately, we have not been able to solve the problem of 
the asymptotic behavior of the }; and B,, so that the 
question of the existence of a transition point for a gas 
of elastic spheres remains open. We would like to report 
on some partial results. In Sec. II we will recapitulate 
the general formula for the cluster integrals b; and for 
the virial coefficients B;, always with the assumption 
that the intermolecular forces are additive. In this case 
the expressions for b; and B;, consist, for large /, of a 
great number of different integrals over the configura- 
tion space of / particles. Therefore two problems can be 
distinguished ; the first one is to determine the number 
of different integrals and their multiplicities, and the 
second is to calculate the value of each “irreducible” 
integral. Such a distinction is of course common to 
any successive approximation method, and from the 
Feynman diagrams used in the perturbation theory of 
quantum mechanics it has become a familiar fact that 
the first problem can always be formulated as a problem 
in the theory of linear graphs. One has to count all 
possible topologically different graphs of a certain kind. 
In Sec. III the precise formulation of the combinatorial 
problems will be given in the language of the theory of 
graphs, and in Secs. IV and V the solution of these 
problems will be discussed, with special emphasis on the 
asymptotic behavior for large / of the different numbers 
involved.® The results are of course independent of the 
form of the intermolecular potential. This enters in the 
second and more difficult problem, the calculation of the 
irreducible integrals. We have made no progress with 
this problem, and in Sec. VI only some remarks and 
suggestions will be presented. 


Il. GENERAL EXPRESSIONS FOR THE CLUSTER 
INTEGRALS AND VIRIAL COEFFICIENTS 


For additive intermolecular forces one can write the 
partition function for N particles in the volume V, 
following Mayer, in the form: 


‘ 1 /2amkT \ 2X2 
rr ie ) 


x fo fanoen Taf) @ 


i<j=l 


‘For a criticism of this approximation with regard to the radial 
distribution function and the value of the fourth virial coefficient 
for a gas of elastic spheres see B. R. A. Nijboer and L. van Hove, 
Phys. Rev. 85, 777 (1952). 

, hanks to a communication of Professor G. Pélya the actual 
counting problems for finite / are almost completely solved also. 
€ will mention the results but omit the proofs, since the asymp- 
totic behavior can be seen by more intuitive arguments. For a 
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where f;;=exp(—¢(r,;)/RT)—1, and the product goes 
over all possible pairs. Consider first the product: 


II +/:), 


i<j=l 


for / particles. If one expands the product, one clearly 
gets 2*"-) terms, and each term can be represented by 
a linear graph if one indicates each particle by a point 
and each factor f;; by a line between particles i and j. 
The different terms can first be grouped according to the 
number of factors f;;, that is, according to the number, 
k, of lines in the graph. One can further distinguish 
between 

(a) Separated graphs, consisting of two or more graphs 
which are not connected together, and 

(b) Connected graphs. The so-called cluster function 
Ui(t1, r2, «++, fx) is the sum of all terms represented by 
connected graphs of / points and the cluster integral is 
then defined by: 


1 
ba fon fbr trviles Tz, ***,%). (3) 
WV vy Vv 


For fixed/and large volume the 5; become asymptotically 
independent of V, and one can show then that Z be- 
comes a polynomial of degree N in V, given by: 


QamkT \ 2N/2 (Vb,)™ 
z=( ) ST (4) 
, he (mi) 1 m,! 


where the round summation sign indicates a sum over all 
sets of integers #1, m2, --- with the condition (indicated 
by the prime) : 


N 
b lm=N. 


l=1 


Since for large N the partition function Z is related to 
the free energy per particle y(v, T), with »=lim(V/N) 
by :6 

Z=exp(—Ny/kT) (5) 


one can then derive the well-known Mayer equations: 
p= kT 1 biz ‘. 
(6) 


1 
-=))) lb;z', 
v 


which express the pressure and the specific volume as 
power series in the variable z, which is related to the 
chemical potential of the gas. 

To obtain the virial development for the equation of 
state one must elimlnate z between the two Eqs. (6). 
similar investigation of the number of different Feynman diagrams 
in various field theories, see C. A. Hurst, Proc. Roy. Soc. (London) 
214, 44 (1952); also, R. J. Riddell, Jr., Phys. Rev. 91, 1243 (1953). 


6 For a rigorous proof of these statements, see L. van Hove, 
Physica 15, 951 (1949). 
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Formally this can be done as follows: define a set of 
quantities 6B,(T), v=1, 2, --- by the prescription that 
Pb, is to be the coefficient of ¢'—! in exp(/ >> B,t”). This 


gives, for instance: 

b2= 361, 

bs= 382+ 281’, 

bs= 783 t+B 82+ 38%", 
and so on. One can solve successively for the 8, in terms 
of the 6;, and thus one sees that the two sets of quantities 


b; and 8, are uniquely related to each other. Then one 
can show’ that from (6) follows: 


-?’ 12 pw 1 


—m-—)) rr, (7) 
kT v wm=tvy+i ot 


so that the /’th virial coefficient B; is given by 


l-1 
B= oe (8) 


The question arises how to express the 8, as an 
integral over the configuration space of »v particles, 
analogous to the expression (3) for 5;. To do this one has 
to separate the terms represented by connected graphs, 
which enter in U;, in two groups in the following way. 
An articulation point of a graph is a point where the 
graph could be cut® into two or more separated graphs 
by cutting all the lines going to this point. A connected 
graph which has no articulation points will be called a 
star. From the terms represented by connected graphs of 
1 points, select the terms which are represented by stars. 
The sum of these terms will be called the star function, 
V (ri, fo, «++, t), and Mayer proves that: 


1 
Be fof ter -P ra (es ++, Eni). (9) 
viV dy Vv 


Equations (3) and (9) are the starting point of our 
considerations. 


III. COMBINATORIAL PROBLEMS IN THE THEORY 
OF GRAPHS’ 


The simplest type of connected graph is the so-called 
Caviev tree. They consist of / points and /—1 lines, from 
which follows that there are no closed loops in a Cayley 
tree. A more general type of connected graph may be 
called Husimi trees, since they were first introduced in a 
paper by Husimi.!° A Husimi tree is a connected graph 
in which no line lies on more than one cycle. It is 


7 For the proof see B. Kahn and G. E, Uhlenbeck, reference 1. 

8 Therefore it is also often called a “cutting point.” 

* For the general topological theory of linear graphs see the book 
of Koenig, Theorie der Endlichen und Unendlichen Graphen 
(Leipzig, 1936). Combinatorial questions are not discussed in this 
book. For these the basic reference is the paper of G. Pélya, Acta 
Math. 68, 145 (1938). 

1K. Husimi, J. Chem. Phys. 18, 682 (1950). 
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characterized by the numbers mo, m3, m4, «+ of lines 
triangles, quadrilaterals, etc., out of which it is built up, 
The number of points, /, is equal to 1++-”2+2n3+---.4 
pure Husimi tree is one which consists of only one type 
of figure. Clearly a Cayley tree is a special case of a pure 
Husimi tree. 

A general connected graph is divided by its articula. 
tion points into a number of stars. If in each star one 
would disregard all internal lines and consider only the 
“outline” one would obtain a Husimi tree. In this sense 
the general connected graph is a generalization of the 
Husimi tree, just as a star is a generalization of a 
polygon. 

There are two kinds of combinatorial problems con- 
nected with each type of graph. The first and simplest 
kind of problem is to find the number of different graphs 
if all points are distinguished from each other. For 
Cayley trees of / points, the answer" is simply /'-?. For 
Husimi trees of / points and type 2, 73, -- + the answer" 
is: 

l! y ny—2 


yi=2 
l 





; (10) 
II £G@-1) Jn! 


i=2 


which clearly specializes to /'~* for Cayley trees. In the 
next section we will determine the numbers d(I, k) and 
c(l, k) of separated (or disjoint) and of connected graphs 
of / points and & lines, always assuming that all points 
are distinguished from each other. Clearly: 


3/(/—1) 
a(t, B+c(t, = ( : ). (11 


In addition we will find the fraction of the connected 
graphs which are stars. Let s(/, k) denote their number. 

The numbers c(/, k) and s(J, k) for all possible values 
of k indicate how many terms are involved in the cluster 
and star function of / points. However if one integrates 
over the configuration space of the / points, all terms 
which differ only in the labelling of the / points wil 
clearly give the same results. To find the number 0 
“irreducible” integrals in (3) and (9) one has to de 
termine the number of connected graphs and stars which 
are really different. This brings us to the second ant 


more difficult kind of problem: to find the number 


topologically different graphs of a certain type if the 
points are not distinguishable. For Cayley trees tht 
problem has been solved in all details,!” and a beginning 
has been made for the case of Husimi trees of typt 
No, Ns, °° 
numbers 6(/,k) and y(/, k) of separated and of col 


A. Cayley, Collected Mathematical Papers (Cambridge 188% 
1898) Vol. 13, p. 26; other proofs are given by Pélya, reference), 
and by G. Bol, Abhardl. Math. Seminar Hamburg 12, 242 (1938) 

2 R. Otter, Ann. Math. 49, 583 (1948). 

13 F, Harary and G. E. Uhlenbeck, Proc. Natl. Acad. U. S. 3, 
315 (1953). 
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nected graphs of / points and & lines which are topo- 
logically different. The corresponding number, a(I, k), 
for stars is not yet known. 

We will denote by d;(I, k), c:(l, Rk), and s;(l, k) the 
number of separated graphs, connected graphs, and 
stars of / points and & lines and of a definite topological 
type indicated by the index 7, so that: 


51, k) 
d(i, k)= + d,(I, k), 
i=l 


¥(l, k) 
c(l, k)= ; Ww c;(I, k), 


i=1 


o(l, k) 


s(l,k)= 2 si(l, R). 


i=1 


As an example we have drawn in Fig. 1 all topologically 
different graphs of five points, arranged according to the 
value of k. The numbers in parentheses refer to the 
number of times the graph occurs, and represent there- 
fore the d;(5, k), c:(5, R), s:(5, &). One can also read off 
the numbers 6(5, k), y(5, R), and o(5, k). For instance, 
6(5,6)=1, y(5, 6)=5 of which two are stars so a(5, 6) 
=2. In terms of these numbers one can then express the 
cluster integrals and the virial coefficients as follows: 


1 41-1) (1, %) 


eceers me c;(I, AX (I, k), 
WV km 1 


(J—1) 41- o(t,&) 
B=-— LY ZX sil, HI, &). 
WV kml i= 


§.((1, k) and &,( (1, k) are the irreducible integrals for 
the connected graph and star of / points, & lines, and of 
the i’th topological type. 


IV. THE NUMBERS d(i,k), c(l, k), AND s(l, k) 


Let us begin with the separated configurations. Since 
a separated configuration is made up of a number (at 
least two) of connected graphs, and since the numbers 
d(I,k) and c(/, k) are related by Eq. (11), it is evident 
that one must be able to express d(I, k) in the d’s in- 
volving smaller numbers of particles. To formulate this 
relation, let the separated configuration of / points and 
klines consist of ; isolated points, m2 connected pairs of 
points, 23 connected triples of points, etc. Let 7 be an 


_ index which distinguishes between the m,; different con- 
_ hected graphs of i particles, and let k;; be the number of 
lines in the 7’th graph. Clearly one must have: 


1 ni 


I-1 
> in;=l, > =. kj=k. 


i=l i=2 j=1 


(14) 


The upper limit of i is ]—1, since one must have at least 
one point separated from the rest of the graph. One then 
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Fic. 1. Topologically different graphs of five points. 


can convince oneself that: 
-1 /]! 


d(l, k)=S’ TJ 


(ni) fat (i!)"in, -! 


where the round summation signs go over all sets of 
numbers 7; and k;; consistent with the relations (14), of 
which one is reminded by the primes. One can remove 
these restrictions by multiplying (15) by x'y*, and one 
can then write: 


d(1, k) 


= coefficient of xy* in: 
l! 


Ha. @6f ni ( /3i(i—1) di. k iia 
2) Il (i!)"*n,! ep iI} ( ki; )- (i, ij) be ti, 


“The sums over the &;; are readily carried out, to give: 


d(I, k) 


= coefficient of x'y* in: 
! 

wt ce i-2) d(i, R) 
§ | dtp iy! 
(ni) 1-1 ,! i! k= i! 


If one adds and subtracts the term for i=/, then the 
product may be taken to infinity since terms with 7>/ 
will not contribute to the coefficient of x’. One thus 
obtains: 


1 /31(/—1) 
_( paren of x'y* in: 
l! 


k 
d(i, k) 1 
aly ° 


exe E — “apynrr—y 


i=1 4! 1! 
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Introducing therefore the generating functions: 





o x 
N(x, y=L —w 
=I! 1! 
and 
»  d(l,k) 
D(x, yy=L aly*, 
l=1 k l! 


where the summation over k goes from zero to 
4(J—1)(J—2), the greatest number of lines which can 
occur in a separated configuration, one obtains the 
simple relation : 


D(x, y)=N(x,9)—In1+N(x,y)}. (16) 


From this one easily derives the explicit expression: 





1 (-1)" M/S H—1) 
d(l, k)= S! (= ), 17 
( ) Tr (1i) Ly 'l_!--+1,! k ( ) 


where in the round sum the /; all start from one and the 
prime means the condition 1;+-/.+ - --+1,=1. For k near 
the upper limit, }(/—1)(/—2), only the terms with 
r=2, 1;=1, 1.=/—1, or vice versa, contribute, so that 
for k>4(J—2)(J—3)+1: 


4(J—1) (1-2 
ad, n=i(" ’) (18) 


For smaller k one gets corrections to this number, the 
first of which are: 


41-1) <a 3) “) 


3(1—2) (I—3) 
-10-1)(" ). (19) 
k 
For large / this can be written: 


1(J—1)(1—2 l 
ad, nesi(* " 9) caine RC 


so that for k>/ log/ the correction goes to zero for /—~. 
In the main range of values for k, Eq. (18) gives the 
asymptotic behavior for large 7 of the number of 
separated configurations. Only for small k, for which 
d(l, k) is small anyway, does Eq. (18) fail for large /. 
Turning now to the numbers of stars, s(/, k), among 
the connected graphs of / points and & lines, we first 
derive a recurrence relation for the number of connected 
graphs, c(/,k), which is based on the idea that any 
connected graph can be considered to be built up out of 
stars which are connected to each other at the articula- 
tion points. To formulate this more precisely, let the 


14 We assume the convention that d(1, 0) =0. 
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connected graph consist of 2 stars of two points (bars), 
ms Stars of three points (triangles), 4 stars of four points 
(rectangles with zero, one or two diagonal lines), etc. 
Let 7 distinguish between the ; different stars of ; 
points, and let k;; be the number of lines in the 7’th star, 
One must have of course: 


g nd 


>, d k=. (21) 


Ll 
> —1)n,=/-1, 
i=2 i=2 j=1 
The upper limit for 7 is / since the connected graph may 
just be one star of points. Similarly to Eq. (15), one now 
has: 


Ll nt 
c(l, k)= S’ H(ne, ms, ++) S’ TL II s(, Ris), (22) 


(ni) (kij) i=1 j=2 


where H (m2, m3, --+) is the number of Husimi trees of 
type 72, m3, --+ given by Eq. (10), and the two primes 
refer to the two conditions (21). Removing these condi- 
tions again by multiplying with x'~'y*, one obtains: 


c(l, k)=coefficient of x'“y* in: 





l! Is sii) (7, R) r 03) 
— exp ey" 7. 23 
P i—2 k=i (i—1)! 


If we now introduce the generating function: 


o 4u(1-1) s(I, k) 
S(a, y=L aly’, 


l=2 k=l 1! 





and use Eq. (11), one can write (23) in the form: 


3](1—1) 
( ‘ , )-a0, k)=coefficient of «’-!y* in: 





l! | aS (x, ¥) a 


— exp; / 
P Ox 


If we multiply this equation by (J/I!)x'y*, sum over all! 
and k, and use Eq. (16), we get: 


o xy gi aS (é, y) 
=> — l é' 
a(x, y) ~ 1! & exp dé lf. 





where 2(x, y) is defined as: 
0 
a(x, y) — In{1+N (x, y)}. (25) 
x 


From Lagrange’s theorem! then follows: 


a5 9) = tol (26) 


Oz x 


15 See for instance Whittaker and Watson, Modern Analysts, 
Chap VII (Macmillan, New York, 1944). In order that Eq. (26) 
is valid for all J and k, we assume the following conventions: 
$(1, 0) =0, c(1, 0) =1; s(2, 1) =c(2, 1)=1. 
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It is not possible to obtain from (25) and (26) an explicit 
expression for s(/, k), since expressing « in terms of y and 
through (25) involves the inversion of a power series. 
However, one can obtain an asymptotic expression for 
large /. To do this it is easier to start from Eq. (24). By 
developing the exponential function and by taking in 
the different powers of 10S/dx always the coefficients of 
the highest powers of y, one obtains a recurrence relation 
of the form: 


W(J—1 
(“" : ’) ae, k)=s(I, k)+1(I—1)s(I-1, k—-1) 


+41(/—1) (I—2)s(I—2, k—3) 
+32P(/—1)(—2)s(—2, k—2)+-*, 


in"which the further terms depend on the number of 
stars with less than /—2 points. From this one sees that 
in first approximation for large /: 


U(I—1 
s( »=( : ) (27) 


In second approximation, using (18): 


2! (J—1) 2 (J—1)(1—2) 
s(I, be( )-i( ) 
k k 


1(J~1)(I—2 
-u-(" m ’) (28) 
k—1 


This expression is exact for k>4(/—2)(/—3)+1. In the 
next approximation one finds further correction terms 
which contribute for smaller values of k. Just as for the 
d(l, k), we can conclude that for large / and almost all k 
(in fact again for k>/ logl), Eq. (27) will give the num- 
ber of stars, or in other words for large / practically all 
graphs of & lines are stars. From Eq. (28) one can see 
further that for large / the number of connected graphs 
with at least one articulation point is asymptotically: 


(1-1) (I— 
ni-( (J—1)( ”), 
k—-1 


(29) 


V. THE NUMBERS 3(I, k), y(l, k), and a(l, k). 


The first problem is to determine the total number: 
m(1, k)=5(1, k)+-(I, k), (30) 


of topologically different graphs of / points and & lines, 
Which is the analogue of the binomial coefficient 
(3/(/—1), k) in Eq. (11). This problem has been solved 
by Pélya.6 He expresses his result in terms of the 


We are greatly indebted to Professor G. Pélya for communi- 
cating his result to us. In this section we will omit the proofs, since 
they would take up too much space, and since we hope that they 
will appear elsewhere. They can be found in the dissertation of 
R. J. Riddell (Ann Arbor, 1951, p. 57.) 


generating function: 
F,(y)= X m (1, k)y* 


and he finds: 


F (y)=S’ - TI (ity) ve 


(ir) II jrivi r=odd* 
Tr 


TT Cty (+y)-2)* 


r=even 


; II (1+-y”) trir(ir—l). II (1 ymtrss)) t(r,8) iris, 


r<s 


(31) 


Here the round summation sign goes over all sets of 
integers j,, starting from zero, which fulfill the condition: 


U 


> rjr=l. 


r=1 


m(r,s) is the least common multiple and ¢(r, s) the 
greatest common divisor of r and s. Take for example 
J=5; the sum consists then of seven terms corresponding 
to the seven partitions 5=1+1+1+1+4+1, 5=1+1+1 
+2, 5=1+1+4+3, 5=1+242, 5=1+4, 5=2+3, 5=5, 
for which one finds: 
SIF 5(y) = (1+y)"+ (1+y9)*(1+9")?+20(1+y) (1+9*)? 
+15(1+y)?(1+9°)*+30(1+y*) (1+) 
+20(1+-y) (1+9*) (1+-y*)+24(1+y*)*. 
This leads to: 
Pe(y)= 1+ y+ 2y°+4y°-+ y+ 69 
+6y'+4y"+2y8+ y+ y™, 
from which one can read off (5, k), which can be 
checked with Fig. 1. 
From Eq. (31) one can also derive the asymptotic 


behavior of (/, k) for large /. Taking only the partitions 
of / in / one’s and in /—2 one’s and one two, one gets: 


IF 1(y) = (1-+-y) He 
+41(1—1) (1+y) 2-41 (1 4-y?) 24... 


from which one sees that for large / the main contribu- 
tion to z(l, k) comes from the first term, so that: 


1/4(l—1 
(I, n=-( , ) 
l! k 


(32) 


(33) 


From the second term in (32) one can find corrections to 
this result, which however vanish for large / and for k 
not too near the two ends of its range, zero and 
31(1—1).7 


17 We are indebted to Dr. P. Erdés for communicating to us 
various estimates for the range of & for which our asymptotic 
results are valid. With regard to Eq. (33) he thinks that & must lie 
in the range 

k> (1+ 6)l (logl) > 4/(/—1) —k, 
just as for Eqs. (18) and (27). 
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The next question is the determination of the number 
5(l,k) of separated configurations, which are topo- 
logically different. The answer'® can be expressed as 
follows: Define the double generation functions as 


P(x, N=E Fig)e'=Z EX w(t, e'y' 


A(x, Nad 2X 5(1, k)x'y*. 


Then one can prove the relation 


1 1 
»» —A(x’, =x —{ P(x’, 7)+-(-1) PG, y)}, (35) 


from which one can find the 6(/, &) in terms of the known 
(I, k). Especially one can show from Eq. (35) that for 
large / and a suitable range of k, one has 


1 4(I—1)(I—2) 
k ) : 


(36) 


We have not succeeded in splitting the number of 
topologically different stars o(/, k) from the number of 
connected graphs (I, k)=7/(l, k)—6(l, k). However, 
there is no doubt that for large /, o(/, k)=a(/, k), and 
that the number of topologically different connected 
graphs with at least one articulation point is asymp- 


totically 


The reason is simply that for large / the great majority 
of all graphs are stars as we saw in Sec. IV, and that only 
very rarely will a graph have some kind of symmetry. As 
a result for large / the numbers d;(J, k), ci(l, k), si (J, k) 
will be just /! for practically all i, so that (see Eq. (12)) 
asymptotically 6(/, k), y(l, k), and o(I, k) will be (1/2!) 
times d(i, k), c(l, k), and s(I, k). 

Finally we will consider a few special cases, which 
have some interest for themselves and which will 
illustrate further the relation between the numbers 
s(l, k), si(l, k), and o(l, k). First consider the case k=1. 
All stars are in the form of a ring, so o(/,/)=1. The 
points can be put on the ring in any order, which gives 
a factor /! in s(/, 1). However we may choose any point 
as the starting point, and we may count either clockwise 
or counter-clockwise around the ring without changing 
the configuration. This gives a “symmetry number” 2/ 


Sg eH 


Fic. 2. Homeomorphic types of graphs for k=/+2. 


(37) 


18 For the proof, see R. J. Riddell, dissertation, University of 
Michigan, 1951, p. 65. 
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by which the /! has to be divided. So: 
s(I, )=3(/—1)! (38) 


If k=/+1 the stars take the form of three chains con- 
nected at their ends, in which there may be /; particles 
in the first chain, /, in the second, and /; in the third (not 
counting the end particles), so that /;+/2+/;=/—2. Not 
more than one chain may have /;=0. Any partition 
therefore of ]—2 in two or three summands will corre- 
spond to a star of a definite topological type. The 
number a(/, /+-1) is the number of such partitions and 
these can be found by standard methods. One can show 
that o(/,/+-1) is the coefficient of y* in 


1 1 
(1—y) (1—y*) (1-4) 


and explicit expressions can easily be obtained. Espe- 
cially for large / one finds that o(/, +-1)=P?/12. To find 
s;(l,1+1), note that if all chains are different there is 
only a mirror symmetry between left and right, but if 
some chains are alike, then these chains may be inter- 
changed as well. Thus we obtain: 


si(1, +1) =1!/2n;! 


where 7; is the number of chains which are alike. Since 
for large / it will be a rare case if two or more chains are 
alike, it is clear that asymptotically s(/, /+1)=/!P/24, 
and it is also not difficult to show that exactly 


s(1, 14-1) = (1!/24) (7-3) (/—2). (39) 


The fact that for k=/+-1 all stars take the form of 
three chains is expressed in the theory of graphs by 
saying that all stars are homeomor phic to each other. Ifk 
increases, the number of homeomorphic types increases 
too. For instance for k=/+2 there are four homeo- 
morphisms, as shown in Fig. 2. To find for each type the 
number of topologically different stars, is again a 
partition problem of /—2, ]—3, or ]—4 in four, five, or 
six parts. The s;(/, /+2) are /!/s; where s; is the number 
of symmetry operations which may be performed on the 
star without changing it. For instance if in the four 
types (a), (b), (c), and (d) the chains are all alike s; will 
have the values 2-4!(a) ; 2?(b) ; 4!(c); 24(d). Finally by 
summing over all partitions one can determine s(/, /+2) 
for each of the four types. We will not write down the 
explicit numbers, and mention only that altogether 





i-y 


l! 


s(1, 142) =———(I—3) (I4+-4°— 152?—461—40). (40) 
48-4! 


VI. REMARKS ON THE INTEGRAL PROBLEM 


1. If the intermolecular force is always repulsive the 
fi;(r) of Eq. (2) will always by negative. Hence the sign 
of all the irreducible integrals 3° (J, k) will be (—1)": 
With regard to the absolute magnitude it is clear that 
the star integrals must decrease with increasing &, be- 
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cause adding a line between two points means that we 
introduce a factor in the integrand which requires the 
two points to be less than a certain distance apart. Thus 
with increasing k the integrand will differ from zero over 
a smaller region of the 3/ dimensional phase space. This 
is illustrated for the three stars of four points by the 
following known results for the integrals :! 





16 


= 2.59053; —b3, 
3 








= — 1.889453: 


14 
——}?, 
3 








12 


= 1.272863; —b?, 
3 











The second column gives the values of the integrals in 
one dimension; 0 is the van der Walls’ b equal to four 
times the proper volume of a molecule in three dimen- 
sions, and equal to just the volume in one dimension. 

2. In three dimensions the cluster integrals b; and 
virial coefficients B; for a gas of elastic spheres are only 
known up to /=4. In one dimension on the other hand 
one knows that: 


Bi= b-, 
fo 1)y 
eel dae * 
I! 


(42) 
l 


Note that the B; are all positive and the b; are alter- 
nating in sign. Whether this is also so in three dimensions 
is not known, but is plausible. 

One might hope to gain insight into the relation be- 
tween the numbers s(/, k) and the integral {,(1, k) by 
considering the one-dimensional case in greater detail. 
For all configurations the integrals are elementary and 
can be calculated successively. For instance for /=5 the 
results for $f (1, k) together with the s;(J, k) are given 
in Table I. It would be of interest to do the calculation 
for arbitrary / and k, and to see especially what the 


asymptotic behaviour of the %¥,(/, k) is for large /. But 


we have not succeeded in doing that.” 

3. Because of the alternating sign of the $¥,(J, k) for 
repulsive forces the alternating moments of the s(/, k) 
may be of interest. These can all be calculated from the 
general formulas, Eq. (25) and Eq. (26). Defining 


31(1-1) 


MMOD= DL 


k=l 


(- 1)*kns(I, k), 


” The irreducible integrals in two dimensions have also been 
evaluated by Harris, Sells. and Guth (to be published). 

™ Using Eq. (13) one finds from Table I B;=4 in agreement 
with (42), For 1=4 the numbers s(/, &) are 3, 6, 1 and from (41) 
then follows B,=0%, again in agreement with (42). 
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TaBLE I. Decomposition of the 5th virial coefficient for one- 
dimensional rigid lines. 
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one finds for instance: 
M, (I) =—(l—2)!, 
M,.©()=—}l!, 
M,® (I) = —41!(P+3l—6). 


Analogous formulas can be found for the alternating 
moments of d(l, k) and therefore of c(/, k). However, we 
have not been able to exploit these results for the 
general problem. 

4, Since for repulsive forces the f;; have always the 
same sign one may interpret f;; as the (unnormalized) 
probability of going from the point 7 to the point 7. Fora 
linear chain of particles the integral, — 


(43) 


I(r, ta)= foo fd rere afiafeas fort (44) 


can then be considered as the probability of going from 
r; tor, by a random walk of n—1 steps, and from the 
central limit theorem one knows that J(r, r,) will be- 
come a Gaussian distribution for large m. In fact for the 
case of elastic spheres (f(|r;—r,|) = —1 for {r;—r;| <d 
and zero otherwise) one easily shows that asymptotically 


‘ Sora (2b)" 7107 3 ( 5 oa 
vse OAS) (a) 


with b=2rd*/3 and r=|ri—r,|. For n=3, Eq. (45) 
already gives a close approximation. 

If, therefore, the star consists of a number of con- 
nected chains, which are long enough so that (45) can be 
applied, then the integrand of the star integral becomes 
a Gaussian distribution in the linkage points of the 
chains, and the evaluation becomes straightforward.” 
For instance, for the ring integrals {¥,(/,/1) one gets 
simply : 

(2b) 5 710, 3 

9.1, D=10)=(-)'——-(—), 

B 3Ne 

so that, if one writes Eq. (13) in the form 
41(1—1) 


Bi= DL 


k=1 


Bil, k), (46) 


21 The fact that for a single chain the integral (44) can always be 
reduced to a single integral by a Fourier transformation (since (44) 
is obtained by folding the function f(r) (n—1) times) was first 
noted by E. W. Montroll and J. E. Mayer [J. Chem. Phys. 9, 626 
(1941) ]. Also Eq. (45) and the results for the ring and three chain 
integrals can be found essentially in this paper. 
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one gets, using (38): 
l-—1 5753 
BU, D&(—1)-—-(28) --(—) (47 
li 3\29r 


For /=3, this differs from the well known exact value 
5b?/8 by 22 percent; for /=5, the error is only 12 
percent. For the case k=/+-1, where the stars take the 
form of three chains linked at their ends, the integral 
becomes 


250 
3. 14+-)S(-1) Cia (26) 


us 


XCA+D) (2+ )+ t+) 64+)+G64+)0 4407, 
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where /;, /2, 13 are the numbers of particles in the chains, 
so that /,+/.+/;=/—2. Using the result of Sec. V on the 
s;(l, 1+1), one can show that for large /: 


250 
B(I, 1+1)=(—1) eo . (48) 


In principle one can go on in this way. For k=/+2 one 
has to consider the four homeomorphisms shown in 
Fig. 2, and the calculation (especially the summation 
over all the numbers of particles in the different chains) 
becomes rapidly more involved, so that we have not 
been able to go further. 
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The distribution of frequencies of normal vibrations in the graphite lattice has been obtained in closed form 
for low temperatures in the two-dimensional approximation for the values (a, 8,0) and (a, 8, a/2) of the 
force constants (a, 8, y) for nearest, second-nearest, and third-nearest neighbors. The frequencies run from 0 
to a finite value wmax, with two logarithmic peaks in their density. The specific heat has been calculated for 
two special sets of force constant ratios. Deviations from T? dependence set in at temperatures much lower 
than predicted by Debye theory. Comparison with experiment leads to a numerical value for 0=hwmax/k, 
from which wmax, and therefore also a and one of the macroscopic elastic constants, ¢4,, may be calculated. 6 
and wmax appear very sensitive to the assumed force constant ratios, ¢4, less so. 


I. INTRODUCTION 


NE plane in a graphite lattice is shown in Fig. 1. 
On account of the wide separation of planes, it is 
believed! that the interaction between atoms in different 
planes is so slight that each crystallite consists of only a 
few (12-17) planes. It follows that no vibrational waves 
will be propagated perpendicular to the planes (or, at 
any rate, none with a wavelength long enough to be of 
importance at low temperatures). Gurney! further 
argues that of the remaining possible waves only those 
that are propagated in the planes but consist of vibra- 
tions perpendicular to the planes will be appreciably 
excited at low temperatures, since the restoring forces 
for “in-plane” motion will be much greater than for 
“transverse” motion. The principal object of Gurney’s 
paper is to point out that the two-dimensional problem 
so resulting leads to a T*-law (instead of the 7*-law 
obtained for three-dimensional solids) for the specific 
heat at low temperatures if the Debye approximation is 
used for the frequency distribution, and that this agrees 
with experiment. : 
It is, however, possible to calculate the frequency 
distribution of transverse vibrations of the two-dimen- 
* Results reported at the North Carolina meeting of the 
American Physical Society, March, 1953 (H. B. Rosenstock, 


Phys. Rev. 91, 233(A) (1953). 
1R. W. Gurney, Phys. Rev. 88, 465 (1952). 


sional “graphite” lattice exactly for certain values of the 
force constants a, 8, and y for nearest, 2nd-nearest, and 
3rd-nearest neighbors. The purpose of this paper is, 
then, to carry out this calculation where possible, to 
calculate the specific heat using several special cases of 
this exact distribution, rather than using the approxi- 
mate Debye distribution; and by comparison with 
experiment to try to infer the values of the force con- 
stants and the related “elastic constants” which should 
in principle be experimentally measurable. 


Il. THE FREQUENCIES 


Let w;; be the displacement, perpendicular to the 
plane, of atom ij of Fig. 1, and m be the mass of each 
atom. The kinetic energy of the lattice of N? particles is 
then 

N,N 
T=4m 
all i, j 


and the potential energy 


V=ta > 
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which defines the force constants a, 8 and y (see Fig. 1) in 
the usual fashion. From this a Lagrangian equation of 
motion may be derived for each atom; the equations for 
all atoms for which i+j=even (“even” atoms) are 
formally identical, and the equations for all atoms for 
which i+7=odd (‘“‘odd” atoms) are formally identical; 
the fact that the equations of motion for “even” atoms 
cannot be the same as for ‘“‘odd” atoms is most easily 
sen by observing that “even” atoms in Fig. 1 have a 
nearest neighbor to their right, while “odd” atoms have 
anearest neighbor to their left. The equations of motion 
may be solved by standing waves: 


if k+l=even, 
if k+/=odd, 


where x= pr/N, y=qr/N; p, gq=1, 2, 3, ---, N, with NV? 
so large that x and y may be treated as continuous 
variables O<x, y<a. Observe that the solutions obey 
periodic boundary conditions and that this also leads to 
the right number N? of frequencies. Substituting our 
slutions into the equations of motion yields two 
simultaneous linear homogeneous equations in G and U, 
for which the compatibility condition is that the de- 
terminant of the coefficients vanish. The determinantal 
equation, a quadratic in w’, then gives the normal fre- 
quencies when solved, using «= cosx, v= cosy: 


w=(u, 0) 


r 


WrI= Get t+krt+ly) 


Wri= Uetwttkrtly) 


y £6 
3+3-+4-(2—1?— uv) 


a a 


( (4u?+- 40+ 1) 


ei 
+ —(16u%0+ 8u?+ 4v?—4uv— 6) 
a 


2 


ei 
ae (1624+ 160?0?— 24u?— 8v?+-9) 
a 














< - 2 


The frequency distribution g(w?)dw?, defined as the 
fractional number of frequencies whose value lies be- 
tween w* and w*-+dw*, is formally given by? 


§ (w*) = gw") +g_(*), 


1 T Fg 
galt) =— J f 5(w*—Ya(u, 0))dedy, (2) 


where the + subscript refers to the choice of + or — in 
(I). This formula can be understood directly: integra- 
lion is over x—¥y space, because the frequencies are 
uniformly spaced there, and the Dirac 6 function is 
inserted so that we might count only those frequencies 
for which p(w, v) is really equal to w*. The factor 37° is 
inserted for correct normalization, fg (w?)dw?=1. 


ee 
1950 A. Bowers and H. B. Rosenstock, J. Chem. Phys. 18, 1056 
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Formula (2) has been previously evaluated for trans- 
verse vibrations of a square lattice,” for arbitrary values 
of the force constants. Let us attempt to do the same for 
the present case of the hexagonal lattice. We can write 
(2) as 


1 17, (u)du 
a')=— f | (3) 
. 2x? J_, (1—u?)! 
where, with z= (u+v)u and ¢(z)=y(u, v), formally at 
least 


u(u+1) 5(w?— ¢4(z))dz 
dite 
au) JS (Cs—u(u—1) uw 1)—2))9 





Equation (4) may be evaluated by use of Eq. (A2) 


® ® ® & 


Fic. 1. A plane in the graphite lattice. Distance between nearest 
neighbors, 1.42A. Distance between neighboring planes, 3.35A. 


(Appendix I) to give 


£4'(0)/P(&.(0), u) P(é.(0), u)>0 


T,.(u)= 
0 otherwise, 

where P(x, u)=[x—u(u—1) ][u(u+1)—x], z= &(y) is 
the solution of y=w*-+ g(z) and ’ means differentiation 
with respect to the argument. The integral (3) can then 
be done easily (by letting w?= p and using formula 553 
of Peirce*) if &(z) is not an explicit function of u. This is 
the case when y/a=0 (as is seen by a glance at (1)), and 
when y/a=3, (in which case the discriminant becomes a 
perfect square,t (2z+4)?). 6 may take on any value 
without affecting the feasibility of the computation. The 
results are: 


& (w*) = gw") +g_(’), 


£4'(0)(o412 range Ax, 
£4 (w*) = (5) 
mw lose, range By. 


3B. O. Peirce, A Short Table of Integrals (Ginn and Company, 
1929), 3rd edition. 
4E. W. Montroll, J. Chem. Phys. 15, 575 (1947). 
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Range Ax means £,(0)>0, range By means £,(0)<0, 


o4is= K(fxi/fas)/ (fai), 
far= (46. (0)+1)}, 
fa2=4(1+ fart 2€,(0)) (1+ far— 2&0), 


TABLE I. Explicit values of the functions in Eq. (5) when y/a=0. 








Functions involved in g-(w?) 














Range A- 
Range Ax 
Range B_ 
Range By, 
Range C 
Range D 


Range 

of B/a £_(0) &_’ (0) Mw -—min? Mw@—max? 
0<B/a<@ P. Q- 0 98 +3a 

Functions involved in g+(w?) 

Range 

of B/a &,(0) &,'(0) Mw +min® MW +max? 
0 <B/a<} Ps o. 98 +3a 6a 
$ <B/a<} 9B+3a 98+3a+a?/48 


a x 
solace (BRANES (BRM Ho oetsetwas 


Q- in range D 


w—min? <w? < (88 +2a)/m 
@+min? <w? < (88 +4a)/m 
(88 +2a)/m <w? <w-—max? 
(8B +4a)/m <w? <wimax? 
@amin? <w? < (98 +3a) /m 
(98 +3a)/m <w? <w4max? 


Ps = (a2/862)[1 +68/a +1662/a? —2mBw? + ({68/a+1 }? —4mBw?)?] 
Os = (m/48) (1 + ({68/a+1 }2 —4mBu?)*] 








TABLE II. Explicit values of the functions in Eq. (5) when y/a=}3. 








Functions involved in g-(w?) 











Range 
of B/a ~_(0) &_'(0) mw —min? mw_—max? 
0<B/a< Pi Q1 0 9B+-9a/2 
Functions involved in g4(w?) 
Range 
of B/a £,(0) £,'(0) Mo +min® Mw+max? 
0<B/a<} P» Q2 9B+9a/2 9a 
B/a=4 special case (see below) 
$<B/a< P» —Q, 9a 9B+9a/2 
Range A_ @_min? <<w? < (88-+4a) /m 
Range A, W@4min? <w? < (88+5a) /m 
Range BL (88+ 4a)/m<w?<w_max” 
Range B, (88+5a)/m <w? <w4max” 
P\=2—me*/(48+a/2) Qi=m/(48+a/2) 


P2= (88+5a—mw*)/(48—a/2) Q2=m/(48—a/2) 
When 8/a=}, g4(w*) =}5((9a/m) —w*) 
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£ has been previously defined and K is the complete 
elliptic integral of the first kind in the notation of Milne. 
Thompson,> K(m)= fo! dx/[(1—2?)(1—mzx*)}!. The 
various quantities involved in (5) are given explicitly in 
Table I (for y/a=0) and in Table II (for y/a=3), A 
special case arises for g, if B/a=43, y/a=3, as can be 
seen directly from (1). Except for this special case, each 
g— distribution and each g, distribution has one 
logarithmic peak, at £, (0) =0, since m=/1/f2 approaches 
unity there.® Every g_-distribution runs from w_,,j,?=0 
to a finite value, w max’, and each g, distribution runs 
from a finite value, w4min? to a finite value wymax’; in 
some cases the g, and the g_ distributions overlap, in 
others they do not. These general features of the 
distributions as a function of 8/a are shown in Table III 
and illustrated in Figs. 2 and 3. 

For concrete illustration of the nature of the distribu- 
tions and for use in the subsequent sections, two cases 
have been worked out in detail, viz. y/a=0, B/a=0, 
which leads to’ 


§ (a*) = g(a") + g_(@*) 
8+ (a*) = g_(1— a") 
_ 1-26) | K(fo/fd/fil 0<a<3 
g(a?) =————} ee 
7 K(fi/fo)/fok §<@<3 
fi=3(1—26°) 
fo=3 (2-307) 


and is shown graphically in Fig. 4, and y/a= 4, B/a= 
which leads to 


g(a") = g4 (a?) + g_(o”) ) 
8+ (a) = 36(1— a”) 
S 9 (K(fo/fi)/ fii raat fei | 

4m? K(fi/fe)/ foi 8/9<a’<1 
fi=3(1-w#)! | 
fo= $14 2(1—a*)!—3(a*— 1)? ] 





1 
3 


2) 





g_ (a (7) 





TABLE III. General features of the frequency distributions of g,(w?) for y/a=0 and y/a=} as a function of B/a. 
These results are also shown in Figs. 2 and 3. 











y/a B/a Mw —m in? ma —peak? mw—max? Mw +min? Mw +peak? Mw + max? 
0<B/a<} 0 88+ 2a 98+3a 98+3a 88+4a 6a 

0 1<B/a<} 0 88+-2a 98+3a 98+-3a 88+-4a 98+3a+c2/4 
4<B/a<~o 0 88+2a 98+3a 6a 88+4a 98+ 3a+o?/4# 

} 0<B/a<4 0 88+4a 98+9a/2 98+9a/2 88+5a 9a 
4<B/a<a 0 86+4a 98+9a/2 9a 88+5a 98+ 9c/2 


—_——_ 








5L. M. Milne-Thomson, Jacobian Elliptic Function Tables (Dover Publications, New York, 1950). 

*L. van Hove, Phys. Rev. 89, 1189 (1953) shows that such singularities are to be expected for a very general class of two 
dimensional crystals. I am indebted to Prof. van Hove for a prepublication copy of his pape:. 

7 This result was obtained independently by C. M. Askey, thesis, University of North Carolina (1951); by J. P. Hobson and W. A. 
Nierenberg, Phys. Rev. 89, 662 (1953); and by C. A. Coulson and R. Taylor, Proc. Phys. Soc. (London) A65, 815 (1952), the last 2 
connection with a calculation of the density of energy states in the two-dimensional “tight binding” approximation. (It is known thal 
such a calculation leads to a problem mathematically equivalent to finding the frequency distribution; W. A. Bowers, private col 
munication ; see also “concluding remarks” of van Hove, reference 6.) I am indebted to Professor Nierenberg for correspondence. 
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Fic. 2 and Fic. 3. General features of the frequency distributions g,(w*) for y/a=0 and y/a=} as a function 
of B/a. The minimum and maximum values taken on by w?, as well as the value at which the logarthmic peak 


occurs, are indicated in each case. 


and is shown graphically in Fig. 5. For future con- 
venience we use @=w?/wimax? aS our variable, hence 
¢(@) = W4max’g(w*) as our distribution function. 

In contrast to the above distributions, the Debye 
theory leads to a distribution gp(@*) which is constant 
throughout :? 

g(0) 0<a’<1/g(0) 


p(@)= 8 
ssi | 0 @’>1/g(0). ” 


Ill, THE SPECIFIC HEAT 


The specific heat per mole of a solid with one degree 
of freedom per particle is given by 


Cy=NKf E(p)g(i#)die, (9) 


where 


p= /T, 0=hewsmax/k, (10) 


dsh, N and k are Planck’s, Avogadro’s, and Boltzman’s 
constants, E(~)=2*e*(e7—1)~ is the “Einstein func- 
tion” which has been conveniently tabulated,’ and 
g(a”) is in our case given by (5). According to Debye 
theory the specific heat is 


1/9(0) 
CyP= Nef E(p)gp(@") da", 
or with (8) " 
6/T(g(0))4 
Cy? = 2g (0) (7/0)? f E(p)pdp. (11) 
0 


Both Cy and Cy? approach Nk at high temperatures 
(we are not concerned with high temperatures in this 
Paper), but at low temperatures their behavior differs: 


(11) leads to a strict T? law as soon as T is small enough 
es 


*J. Sherman and R. B. Ewell, J. Phys. Chem. 46, 641 (1942). 


for the integrand of (11) to be negligible at the upper 
limit, but (9) leads to a strict 7? law only if T is so small 
that all non-negligible contributions come from the 
immediate neighborhood of the origin (i.e., from a 
neighborhood so small that g(w*) can be approximated 
correctly by a constant there).® More precisely, by ex- 
panding the distribution as given by (5) in a Taylor 





2.5 





























Fic. 5. Frequency distribution, y/a= 4, 8/a=%. 


® The replacement of g(a) by g(0) [Hobson and Nierenberg 
(reference 7) ]at temperatures up to 60°K may thus be justified as 
a Debye approximation. In the case they consider (our Fig. 6), 
resulting discrepancies are small, but they would become larger 
(~30 percent) for y/a=8/a=4} (Fig. 7). 
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g(a) = g(0)[1+-b1a"+ bo (a*)?+ - + - J 


we can show, by replacing the upper limit of integration 
in (9) and (11) by , that in the range where Cy? is 
proportional to (7/6), Cy is given by 


Cy=Cy?[1+17.3:(T/6)?+- ++]. 


The difference between Cy and Cy” can thus be con- 
siderable even at these low temperatures. For a nu- 
merical example, take 7/@=1/9=0.111---. As E(9) 
0.01, replacing the upper limit of integration in either 
(9) or (11) by © will introduce an error of only about 1 
percent, (12), which in this range therefore is good to 1 
percent also, then leads to Cy=Cy?[1+0.210,+ ---] 
for T=1/9. b,, whose exact value will depend on the 
values of a, 8, y, may be assumed to be of the order 
unity. (When B=7y=0, we find b,;=2). 

Cy, obtained by numerical integration of (9), is 
shown in Fig. 6, for y/a=0, 8/a=0 and in Fig. 7 for 
y/a=}, B/a=}. The corresponding Cy”, which is an 
exact T* law throughout this range, is also shown in each 
case. Experimental data of Esterman and Kirkland” 
have been fitted to the theoretical Cy curves by choosing 
6=722 degrees in Fig. 6 and @=392 degrees in Fig. 7. 
The fit obtained is seen to be distinctly better in Fig. 6 
than in Fig. 7, which indicates that y/a=} is too high a 
value to be physically realistic ; one would have expected 
this anyway. 

It is doubtful whether the present data are precise 
enough to enable one to determine whether they can be 
better fitted to the Cy or the Cy” curve of Fig. 6. When 


(12) 


10 Esterman and Kirkland, as quoted by R. W. Gurney, Phys. 
Rev. 88, 465 (1952). 





more precise specific heat data become available, they 
should enable one to find B/a by comparing the data 
with theoretical specific heat curves obtained from using 
a g(a’)’s calculated by (5) with various B/a ratios; 
provided, of course, that there exists a temperature 
range in which our assumption, that (a) interaction 
between atoms in different planes and wave propagation 
in the z direction, and (b) in-plane vibrations are 
negligible, holds. Should no fit be obtainable, the effect 
of these various neglected quantities would have to be 
investigated. Both (a)" and (b)” can, in fact, be taken 
into account, although at the expense of considerably 
greater complexity of the distribution function. 


IV. THE ELASTIC CONSTANTS 


6 having been determined by comparison of the calcu- 
lated Cy with experiment, w4:max can be found from (10) 
and the force constants a, 8, and y from Tables I or II. 
a, 8, and y may be related to these macroscopic so-called 
“elastic constants” c;; in the Voigt notation by replacing 
the difference quotients in our equations of motion by 
differential coefficients and comparing the resulting 
differential equation with the usual equation of motion 
of elasticity theory."* One obtains 


C330 


2 ; (13) 
Cun let 686+ 4y | 


J. A. Krumhansl, Knolls Atomic Power Laboratory, repo 
KAPL-730. 

2G. F. Newell (private communication). 

13 The process is illustrated in M. Born and T. von Karmal, 
Physik. Z. 13, 297 (1912)..On account of the assymetry of ou! 
equations of motion referred to in Sec. II, it is best in our case 
add the equations of motion for two neighboring atoms before 
proceeding. 


















where 
(= 0 
upon 
betwe 
the cc 
the p 
neare: 
of the 
Nu 
the e3 
sults 
availa 
of the 
data, 
cernir 
check 
tweer 


la 
Karle 
Ls. 


Th 


may 


and ¢ 












e, they 
e data 
using 
ratios; 
srature 
raction 
gation 
ns are 
» effect 
» to be 
taken 
erably 


calcu- 
n (10) 
or Il. 
called 
lacing 
on by 
ulting 
1otion 


(13) 


report 


rman, 
of our 
ase to 
before 








DYNAMICS OF THE GRAPHITE LATTICE 


where } is the distance between crystal planes (3.35A). 
(g=0 is merely a restatement of Gurney’s assumption, 
upon which this paper is based, of absence of interaction 
between atoms in different planes; the ratio (1, 6, 4) of 
the coefficients of (a, 8, y) in (13) can be understood as 
the product of the ratio of numbers of nearest, 2nd 
nearest, and 3rd nearest neighbors (3, 6, 3) and the ratio 
of the squares of the distances between them (1, 3, 4). 

Numerical results are given in Table IV. They are of 
the expected order of magnitude; no experimental re- 
sults with which they could be compared seem to be 
available at this time, however. A direct measurement 
of the elastic constants, in conjunction with specific heat 
data, would, then, give considerable information con- 
cerning the values of a, 8, y, besides providing a direct 
check on the assumption of weakness of interaction be- 
tween planes. 
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APPENDIX I 
The integral 


Ju f 8(p(2)) f(@)ds 


may be evaluated by defining 


y= p(z) 


and calling the solution of this equation z= q(y), so that 


(Al) 
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TABLE IV. Numerical results. 

















Assumption euaeia ia (dynes/cm) (dynes/cm*) 
B/a=0, y/a=0 722 94410" 2.96 K104 1.0210" 
B/a=4, y/a=}4 390 §=5.12K10"% 0.588104 1.2210" 
dz=q'(y)dy. Then 

7 p(b) 
J= f 5(y) f(9(0))q’ dy, 
pa) 
which with use of the defining property 
m F(O) aB<0 
f 5(x)F (x)dx= 
a 0 otherwise 
of the Dirac delta function gives 
f(q(0))q'(0)  p(a)p(b)<0 
ja | (A2) 
0 otherwise. 


When y/a=0 (see discussion just preceding Eq. (5)), 
the expression ¢,(z) which corresponds to p(z) of 
Eq. (A1) contains both z and (4z+1)!. Equation (A1) 
therefore may have two, one, or no formal solutions, 
depending on the values of the parameters 6/a and w”. It 
can be shown, however, that each of the equations 
y= ¢;(z) and y= g_(z) has, for each value of B/a and 
w* that is physically significant (both B/a and w real and 
>0), one and only one solution. 
When y/a=%3 Eqs. (A1) are linear in z and the 

application of (A2) is straightforward. 
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A New Relation between Potential Energy 
and Internuclear Distance* 


EL.tis R. Lippincott 
Department of Chemistry, Kansas State College, Manhattan, Kansas 
(Received August 24, 1953) 


ANY investigators have given potential energy functions 
describing the internuclear law of force.! However most of 
these have been of little use in predicting bond dissociation 
energies and anharmonicity constants either because of the ap- 
proximate nature of the function or because of inadequate means 
of evaluating the necessary parameters. Recently Rittner has 
given a function which allows the quantitative prediction of the 
binding energy and other properties for alkali halide and hydride 
molecules,?* but when applied to other diatomic molecules the 
results have been unsatisfactory. 

This author has been using a number of potential energy func- 
tions for the calculation of bond dissociation energies and an- 
harmoncity constants. One of these seems to be quite generally 
applicable to both diatomic and polyatomic molecules in their 
ground states and it seems worthwhile to give here a preliminary 
report of some of the results. The function is 


V=D,(1—e-"497/2") (14+af(r)), (1) 


where D, and r have their usual meaning and a and ” are constants. 
Ar=r-—r,. f(r) is a function of the internuclear distance chosen 
such that f(r) = 0 when r=0 and f(r) =0 when r= ©. For many 
purposes the f(r) term is unimportant. 

With a=0 and using the condition that V’” =k, the following 
relation may be readily derived from (1). 


D.(ergs/molecule) = k.r./n. (2) 


Here m may be evaluated by means of the following empirical 
relation: 


n=6.32-108(I/Io) a(I/Io) 3 cm. (3) 


(I/Io)a and (I/Io)z are the ionization potentials of atoms A and B 
respectively relative to those of the corresponding atoms in the 
same row and first column of the periodic table. For H atoms I/Jo 
has been assigned the value 0.88 rather than 1. Relation (2) has 
been used to calculate D, values and these in turn used to obtain 
bond dissociation energies (Do® values) for the 22 diatomic 
molecules given in Table I. The results are quite reasonable when 
compared with spectroscopically determined Do° values. However, 
the average percent deviation of 4.5 for Do® is considerably larger 
than the experimental error in obtaining r,, k. and (I/Io) which is 
of the order of 0.1 percent. Most of the observed discrepancies may 
be attributed to the approximate nature of the relation but part 
may be due to the uncertainties associated with the correct dis- 
sociation energies of a number of important diatomic molecules. 

Relation (2) has also been applied to a number of polyatomic 
molecules where the bond stretching force constants have been 
determined by assuming a simple valence force model. With the 
polyatomic molecules tested the predicted bond energies agree 
with the corresponding thermochemically determined quantities 
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TABLE I. Bond dissociation energies and anharmonicity 
constants calculated from ke, re and .* 











Calcu- 

Observed lated Devia- Calcu- 
Mole- Do (kcal/ Do (kcal/ tion Observed lated Deviation 
cule mole) mole) percent WeXe Were percent 
As2 91.3 85.1 6.7 1.12 1.19 6.2 
Bre 45.5 46.6 25 (?) 1.25 
CH 80.0 79.6 0.5 64.3 61.4 4.5 
ClBr 52.0 48.4 6.9 
Cle 57.0 57.8 1.5 (?) 2.98 
CIF 60.2 58.0 aa (?) 6.25 
Cll 49.6 49.7 0.2 1.46 1.61 9.2 
CO 210.55 208.8 0.8 13.5 12.7 5.9 
HBr 86.4 81.5 5.6 45.2 47.3 4.7 
HCl 102.0 95.9 6.0 52.0 50.7 2.5 
He 103.2 103.4 0.2 118.0 2a7.5 0.4 
HI 70.4 73.9 5.0 39.7 41.3 4.0 
IBr 41.8 44.1 §.2 0.78 0.92 17.9 
I; 35.6 41.5 16.8 0.61 0.63 33 
Nez 224.8¢ 209.7 6.7 14.5 14.8 a4 
NO 149,44 156.1 4.5 14.0 12.8 6.0 
OH 100.5 109.1 8.2 82.8 72.1 13.2 
O2 117.0 123.9 595 12.1 11.1 8.3 
Pe 116.0 111.5 3.9 2.80 3.02 7.8 
Se 101.4 104.8 3.4 2.85 2.77 2.1 
SO 118.5 116.9 1.3 6.12 5.96 2.6 
See 81.9 78.0 4.7 1.06 1.08 1.9 








® Data for the computations in this table were taken from G. Herzberg, 
Spectra of Diatomic Molecules (D. Van Nostrand Company, Inc., New 
York, 1950), pp. 502-58. 

b For the purpose of calculating percent deviation Do® for CO has been 
taken as 210.5 rather than the alternative possible values of 256 or 221.5 
kcal/mole respectively. 

¢ For the purpose of calculating percent deviation Do® for Ne has been 
taken as 224.8 rather than the alternative value of 170 kcal/mole. 

4 For the purpose of calculating percent deviation the Do® for NO has 
been taken as 149.4 rather than the alternative value of 122 kcal/mol. 


within an average error of about 6 percent. Thus the potential 
energy function (1) may have a wide range of application. 

As a further check on this function the results of a second order 
perturbation treatment of the Schrédinger wave equation have 
been used to obtain energy expressions from which anharmonicity 
constants may be calculated. The cubic and quartic terms of (1) 
after expansion in series with a=0 were used °_ the perturbing 
potential while the square term was used  . the zeroth order 
harmonic oscillator approximation. With this treatment the follow- 
ing expression for w,x is readily obtained. 


WeXe=3h(n/re+1/r2) /O640°cp. (4) 
The w-x, values given in Table I have been obtained from this 
equation. A comparison with w,x, values determined spectro- 


TABLE II, Dissociation energies calculated from wexe, ke and fe.* 











Calculated Calculated os 
Do (kceal/ Deviation Do%(keal/ Deviation 
Molecule mole) percent Molecule mole) percent 

Ase 90.4 0.4 Ne 214.0 4.5¢ 
CH 71.6 10.5 NO 142.2 5.04 
Cll 54.7 10.3 OH 93.9 6.1 
CoO 195.0 7.4> O2 114.0 2.5 
HBr 85.7 0.7 Pe 119.0 1.9 
HCl 95.7 6.1 Se 102.0 0.6 
He 102.0 1.3 sO 114.0 3.8 
HI 71.9 2.0 See 79.5 2.9 
Te 40.9 14.9 








® See (a) Table I. 
b See (b) Table I. 
¢ See (c) Table I. 
4 See (d) Table I. 


scopically shows that the average percent deviation is 5.7. This 
agreement is quite satisfactory in view of the difficulty in obtaining 
agreement between D,® and w,-x, values simultaneously for 4 
number of other potential functions. For example the Morse 
function is very unsatisfactory for this purpose while one proposed 
by Linnett* gives an average deviation of about 20-30 percent 
both w,x, and D. i 

By combining Eqs. (2) and (4) one may eliminate the constant # 
and obtain the relation 


D.(ergs/molecule) = ke/[ (64m°cuwexe/3h) —1/r2]. (5) 
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Since values of D, calculated from (5) depend only on k,, r- and 
wt this equation offers a check on the potential function inde- 

ndent of the empirically evaluated constant n. Do values 
calculated in this way for some 17 diatomic molecules where the 
wt, values are known accurately are tabulated in Table IT along 
with the spectroscopically determined D,°® values. The average 
percent error is 4.8. 

The above potential function should be useful in predicting 
unknown bond dissociation energies and anharmonicity constants 
for both diatomic and polyatomic molecules. Where two or more 
alternative values for a dissociation energy have been proposed 
(such as Ne and CO) this function should suggest which is the 
correct one. In addition it is hoped that (1) indirectly will enable 
the prediction of such quantities as heats of sublimations, hydro- 
gen bond energies, and molecular ionization potentials, as well as 
suggest new forms for wave functions useful in the quantum 
theory of chemical binding. A more detailed report of this and 
related work will be given at a later date. 

* This work was assisted in part by the U. S. Office of Ordnance Research 
under contract DA23-072-ORD-677. 

1 For a brief discussion of a number of these with references see G. Herz- 
berg, Spectra of Diatomic Molecules (D. Van Nostrand Company, Inc., 
New York, 1950), pp. 102 and 459. 
2E. Rittner, J. Chem. Phys. 19, 1030 (1951). 


3W. A. Klemperer and J. L. Margrave, J. Chem. Phys. 20, 527 (1952). 
4J. W. Linnett, Trans. Faraday Soc. 36, 1123 (1940); 38, 1 (1942). 





Note on the Quantum-Mechanical Calculation 
of Reaction Rates 


SIDNEY GOLDEN 
Brandeis University, Waltham, Massachusetts 
(Received July 6, 1953) 


PREVIOUS quantum-mechanical treatment! of the reac- 

tion: H,+Br—H+HBr, is similar in some respects to the 
recent treatment by Bauer and Wu.? Nevertheless, the two treat- 
ments differ enough to perhaps justify additional comment. 

Both treatments seek to employ : (a) the adiabatic approximation 
of neglecting electronic transitions; (b) the interchange of energy 
between certain translational, rotational, and vibrational modes 
of motion as determining the rate of chemical change; (c) local- 
ization of the interaction deemed responsible for chemical transi- 
tions; (d) an averaging of quantum-mechanical transition proba- 
bilities in accordance with a Boltzmann distribution-in-energy of 
the reactants to provide a rate expression to be compared with 
experiment. 

The treatment in reference (1) is evaluated by noting that it 
corresponds, in the main, to the Born approximation for rearrange- 
ment collisions and possesses thereby the limitations of the latter.? 
Perhaps its most serious shortcoming lies in the wave functions 
used for the reactants and products. Among other things, inter- 
actions associated with purely physical (i.e., nonchemical) scat- 
tering have been neglected in their choice. This can be important 
when the zero-point energy difference between reactants and 
products is small,‘ but is probably not too serious for the hydrogen- 
bromine reaction, above. 

However, within these limitations and certain numerical ap- 
Proximations, the treatment of reference (1) takes fully into 
account the interchange of energy between all modes of motion 
(excepting electronic) of the reacting system in (b), above. The 
wave functions employed for both reactants and products permit 
localization of the interaction in (c), above, to be justified. Finally, 
because all modes of nuclear motion have been retained, the 
sunaing is executed in a complete manner, corresponding to (d), 
above, 

In reference (2) by contrast, somewhat greater detail is ascribed 
to the interaction between the hydrogen molecule and the bromine 
atom, even ‘‘prior” to chemical reaction (see below, however). The 
Computations are executed, however, at the expense of neglecting 
totational motion and approximating the problem by a linear one. 
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Since the transition probabilities are conditional probabilities, the 

average chemical transition probability depends upon an estimate 
of the probability of an essentially linear configuration HHBr. 
This may be made as indicated by Pelzer and Wigner in their 
classic work,® although a non quantum statistical mechanical 
procedure would be involved. It would seem that the steric factor 
of reference (2) can be too large on this account. 

Another difficulty with the collinear model of reference (2) lies 
in the choice of the wave functions for vibratory motion. For the 
symmetrical potential and the wave functions employed, the 
central atom has an equal probability of being on either side of the 
potential barrier even in the initial state, a seemingly inadequate 
description of the reactants, at least. This difficulty can be 
minimized by employing only that linear combination of the 
degenerate (or nearly so) initial wave functions which corresponds 
to a bromine atom approaching a hydrogen molecule. For the 
present case the interaction may be expected to be unsymmetrical, 
which would effect an even greater modification in the form of the 
initial wave functions. With some asymmetry introduced thereby 
into the initial wave functions, the matrix elements of the pertur- 
bation may be affected appreciably. Thus, matrix elements which 
would be related to those on the bottom of column 1, page 731, of 
reference (2) would not be expected to vanish as a consequence. 

To make some estimate of the influence of asymmetry, one may 
restrict the initial states to those for which the likelihood of finding 
the central hydrogen atom in the vicinity of the other hydrogen 
atom is appreciably greater than of finding it, initially, in the 
vicinity of the bromine atom. As previously indicated, this can be 
accomplished by utilizing the appropriate linear combination of 
(degenerate) ground-state wave functions. With the phases indi- 
cated by Morse and Stueckelberg,® this means that an antisym- 
metric linear combination (or one essentially so) of ground-state 
functions alone should be employed. The needed matrix element of 
the perturbation is then obtained readily from Table II of reference 
(2). It is found that the resulting probability coefficient will then 
be diminished by a factor of one hundred. 

It would seem on this account, and contrary to the point of view 
expressed by Bauer and Wu, that their result for the steric factor 
may be expected to be too large. 

In connection with the translational matrix elements, it is 
interesting to note that the approximations which are made to 
effect their simplification virtually eliminate the influence of the 
assumed interaction between the bromine atom and hydrogen 
molecule. Thus, Eq. (19) of reference 2 reduces for zero phase 
shift to the same form (to the order of approximation used in 
reference 2) obtainable from free particle wave functions of zero 
angular momentum. Indeed, by ascribing to the final translational 
statea kinetic energy necessary to make the final total translational 
energy zero in the presence of a slight attractive potential, pre- 
cisely the same values are obtained. While for the final trans- 
lational state which has been selected, a purely Born-approxima- 
tion treatment (i.e., no initial interaction) would set the kinetic 
energy equal to zero, the subsequent averaging over a Boltzmann 
distribution of initial translational energies will have the effect of 
introducing final states of nonzero kinetic energy. Because the 
attractive potential is of the same order of magnitude as kT, it 
would seem that a Born-approximation treatment should yield 
results for the translational matrix elements which would corre- 
spond closely with those of Bauer and Wu. 

An additional difficulty arises because transitions which have 
excited states as their origin have been neglected. One cannot 
simply neglect these by virtue of a small Boltzmann factor (as in 
the case of an excited state J) since for the same /ofal energy pre- 
cisely the same Boltzmann factor obtains. A detailed examination 
of the matrix elements for excited initial states appears essential to 
settle the matter. In any case, the steric factor would be increased 
on this account. 

In view of the presence of several compensatory factors, the 
order-of-magnitude reasonableness of the steric factor value ob- 
tained by Bauer and Wu would seem to be fortuitous. 
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The subject matter of the present note has received helpful 
clarification from correspondence with Dr. Bauer, which is 
gratefully acknowledged. In addition, Dr. Bauer and Dr. Wu 


have kindly let me see a copy of their reply prior to publication. 
(1955). Golden and A. M. Peiser, J. Chem. Phys. 17, 630 (1949); 17, 842 

2 E. Bauer and T. Y . Wu, J. Chem. Phys. 21, 726 (1953). 

3 See, for example, ££ Schiff, Quantum Mechanics (McGraw- Hill Book 
Company, Inc., New York, 1949), pp. 230-235. 

4In an unpublished investigation on the ortho-para conversion of hydro- 
gen, the approximation employed in reference (1) led to a negative apparent 
activation energy. Modification of the plane-waves in the Born approxi- 
mation to take into account the physical scattering process led to much 
more reasonable results. The latter have been summarized in an U. S. 
Office of Naval Research report: ‘‘The thermal ortho-para conversion 
of hydrogen,”” by Golden, Peiser, and Katz, issued February 4, 1952, under 
NR-010-101 

5H. Pelzer and E. Wigner, Z. physik. Chem. 15B, 445 (1932). 

6 P. M. Morse and E. C. G. Stueckelberg, Helv. Phys. Acta 4, 337 (1931). 





The Quantum-Mechanical Calculation of Reaction 
Rates: A Reply to the Preceding Note 


E. BAUER 
Mathematics Research Group, New York University, New York, New York 
AND 
Ta-You Wu 
Division of Physics, National Research Council, Ottawa, Canada 
(Received July 20, 1953) 


N the preceding note! S. Golden mentions his recent calcula- 
tions.? We had studied this article, but did not refer to it in 
our recent paper’ because we do not agree with his treatment for 
the following fundamental reason. Golden supposes that a chemical 
reaction proceeds straight from the initial state to the final state, 
and calculates the rate constant by first order perturbation theory 
between these two states. Now, the essential contribution of the 
phenomenological theory is its introduction of the “activated 
state” as a real state, having a finite (though short) lifetime. If a 
detailed knowledge is available of the complete interaction po- 
tential (the manifold of potential surfaces of the usual type 
corresponding to all possible relative orientations of the three 
particles), it is in principle possible to get this activation energy 
from a detailed theory. In the absence of any such knowledge, on 
account of the impracticability of a detailed calculation, it is 
necessary to introduce the concept of an activated state directly 
into the physical model of the theory. In Golden’s work, the con- 
cept of this activated state is not used and his activation energy 
arises as a mere function of an averaging with a Boltzmann factor 
over translational, rotational, and vibrational states. It is by no 
means clear how, without a detailed knowledge of the interaction 
potential or a physical model, such an averaging can give rise to 
any definite activation energy. We have tried to give a clear dis- 
cussion of the status of the activated statein our article’ (Secs. I, IT). 
Golden then proceeds in his note to give a number of criticisms 
of our article. It is clear that in any calculation of a problem as 
complicated as the present one it will be necessary to make ap- 
proximations of two kinds, namely physical ones dealing with the 
model involved, and technical ones referring merely to the details 
of evaluating matrix elements. 

Regarding the physical assumptions, Golden criticizes the 
neglect of rotation, and of excited states. As far as rotation is con- 
cerned, it is well known‘ that the transfer of energy between 
translational and rotational degrees of freedom is very easy. We 
are here calculating the probability for transfer of energy E4 (~} 
ev) from translation to vibration: and this probability will cer- 
tainly not be changed fundamentally if some or even all of Ea 
comes initially from rotation, rather than translation. Taking these 
effects into account would merely involve us in lengthy calcula- 
tions with unsatisfactory interaction potentials. 

Reactions involving excited states, when most or all of Ea 
comes from or goes into the vibration of one of the separating 
molecules, present slightly different problems that seem to have 
also been neglected in most if not all the phenomenological 
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calculations. From general considerations of the nature of energy 
transfer between the coordinates r and p involved, it seems that the 
matrix elements and hence the cross sections for such processes are 
of the same general order of magnitude as that calculated by ys, 
and thus our rate constant could be too small by a factor of two or 
so on this account. In any case it appears unlikely that including 
them would change the general order of magnitude of the cross 
section (i.e., introduce a factor ~10-100, rather than ~2). 

Regarding technical approximations, Golden criticizes our use 
of a symmetrical two-minimum potential. The thing to remember 
is that there exists no good quantitative potential, and thus to use 
any one unsymmetrical potential is quite as arbitrary as to usea 
symmetrical potential. It is of course true that some particular 
matrix elements which vanish for a symmetrical potential will not 
vanish for an unsymmetrical one, but the cross section we are 
interested in does not depend on those particular matrix elements 
alone. It should perhaps be emphasized that the general order of 
magnitude of the cross section depends on the nature of the 
transition (translation-vibration in this case) and on the amount of 
energy transferred, rather than on the detailed shape of the 
potential. 

Golden’s detailed arguments about superposition of vibrational 
wave functions seem to overlook the basic limitations imposed by 
the uncertainty principle. If one specifies the energy of the 
system, then one must use our kind of wave function, which means 
that the vibrational motion is not localized. We start with a 
system having a two-minimum potential, and we want to find the 
transition probability between two definite energy states. For this 
one must not superpose wave functions belonging to different 
energy states. If one localizes the particle in one potential valley by 
using combinations of wave functions of different energies, then 
one is not able to specify the energy. 

Finally, Golden makes some remarks concerning the transla- 
tional wave functions, which imply that our results are essentially 
equivalent to the use of the Born approximation. The point here 
is that we examined the general character of the eigenfunctions of 
the appropriate potential, and found that in a certain region they 
could be represented by sin waves of suitable wave number, witha 
phase difference 6 that we could not estimate in view of our lack a 
detailed knowledge of the potential. We examined our results, and 
found that the total matrix element depends rather little on 4, 
although individual terms do depend critically on the precise value 
of 63 (footnote 8). 

To sum up, as we pointed out in the discussion of our paper, the 
treatment given there is admittedly very crude on account of the 
many approximations that have to be made both in formulating 
the physical model and in the calculation, but we do not believe 
that Golden’s criticisms are relevant. 

1S, Golden, J. Chem. Phys. (preceding letter). We are grateful to 
Professor Golden for letting us see his note before publication. 

2S. Golden and A. M. Peiser, J. Chem. Phys. 17, 630 (1949). 

3 E. Bauer and Ta-You Wu, J. Chem. Phys. 21, 726 (1953). 


4N.F. Mott and H.S. W. Massey, Theory of Atomic Collisions (Clarendon 
Press, Oxford, 1949), second edition, Chap. XII, p. 294. 





The Rotational Spectrum of ND; between 60 and 
200 K 


RICHARD E. Stroup,* ROBERT A. OETJEN, AND ELy E. BELL 
Department of Physics, The Ohio State University, Columbus, Ohio 
(Received September 8, 1953) 


HE far infrared spectrograph at The Ohio State University’ 

has been used to obtain 14 lines of the rotational spectrum 

of deuterated ammonia. Six of the 14 lines reported here have 

previously been reported by Barnes;? eight new lines are reported. 

ND; is a symmetric top molecule and its rotational spectrum in 
absorption can be represented by the equation 


=2B(J+1)—4D,(J+1)°—2Dsxn(J+1)K? 


and the selection rules AJ ++1 and AK=0. J and K are the qua" 
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tum numbers associated with the total angular momentum of the 
molecule and with the component of angular momentum directed 
along the symmetry axis, respectively, B is a constant determined 
by the moment of inertia of the molecule about an axis perpen- 
dicular to the symmetry axis, and D,; and D,x are the constants of 
centrifugal distortion. Dy and Dyx are of the same order of 
magnitude and quite small compared to B. J refers to the lower 
state. 

The rotational lines which were observed are listed in Table I. 
The spectrum was obtained using spectral slit widths of from 0.3 
to 0.6K and there was no indication of inversion doubling. 

The rotational constants B and D, have been determined from 
the observed spectrum by neglecting the contribution of the 
2D;x(J +1) K? term. This procedure introduces but a small error 
as the K components of the lines could not be resolved and thus the 


TABLE I. Positions of main absorptions in far infrared spectrum of NDs. 








Difference 
calculated- 
observed 


0.02K 
0.12 
—0.02 
0.01 
0.04 
—0.05 
0.02 
—0.13 
—0.19 
—0.04 
—0.01 
0.17 
0.04 
—0.05 


Frequency 
Calculated Observed 


61.58K 
71.69 
82.03 
92.17 
102.28 
112.48 
122.51 
132.65 
142.70 
152.49 
162.37 
172.03 
181.94 
191.78 


J value 
Lower Upper 





61.60K 
71.81 
82.01 
92.18 
102.32 
112.43 
122.49 
132.52 
142.51 
152.45 
162.36 
172.20 
181.98 
191.73 








contribution of this term is small. The value of B has been de- 
termined to be 5.143+0.002K. The value for the centrifugal 
distortion coefficient D, was found to be 0.00018+0.00003K. The 
calculated line positions given in Table I are those obtained using 
the derived constants. The fit of the calculated spectrum to the 
observed is indicated by their difference. 

The values of these centrifugal stretching constants may be 
calculated by the method of Slawsky and Dennison’ from the 
molecular geometry and force constants. The calculated values are 
D;=+0.000135K and Dyx=-—0.000195K. The experimental 
value of Dz is in fair agreement with the calculated value but is 
smaller than the true value because of the unresolved line splittings 
due to the Dyx term. The experimental value of B is slightly too 
large for this same reason; however, the magnitudes of these two 
errors are small. 


* Present address: Eastern New New 
Mexico, 
1 Oetjen, a Ward, 
Am, Ae, 559 (1952 

R. B. Barnes, = Rev. 47, 658 (1935). 


17. I, Slawsky and D. M. Dennison, J. Chem. Phys. 7, 509 (1939). 


Mexico University, Portales, 


Hansler, Schauwecker, and Bell, J. Opt. Soc. 





Some Theorems in the Theory of Brownian Motion 
Which Apply to the Excluded Volume 
Problem in Polymer Chains* 


ROBERT J. RUBIN 


Applied Physics Laboratory, The Johns Hopkins University, 
Silver Spring, Maryland 


(Received September 11, 1953) 


HE purpose of this letter is twofold: first, to bring attention 

to the fact that the following results in the theory of 

Brownian motion can be applied to the excluded volume problem 

polymer chains; and second, to use the theorems to indicate 
extensions of the results of Rubin.! The theorems are :? 


(1) In a 2-dimensional Brownian motion, almost all paths (ex- 
cept for a set of measure zero) constitute an everywhere dense set 
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and come back to any neighborhood of any given point infinitely 
many times for infinitely large time. 

(2) In an n-dimensional Brownian motion (23), almost all 
paths constitute a nowhere dense set. 

(3) In a 2- or 3-dimensional Brownian motion, almost all paths 
have infinitely many double points (points where the path crosses 
itself). 

(4) In an n-dimensional Brownian motion (n24), almost all 
paths have no double points. 


The result of Rubin! that the increase (due to excluded volume) 
in the mean square distance, (Ry?), between any two steps in a 
random walk in two dimensions is a constant independent of the 
number of intermediate steps, is consistent with theorem (1). One 
can conjecture from (1) that in 2 dimensions, (Ry*)~N'*¢ where 
N is the number of steps and C>0. 

In view of theorem (2) and especially theorem (4) one can 
definitely conclude that in 4 dimensions (Ry?)~N. This conclusion 
is based on the fact that the strength and effect of excluded volume 
interaction depend on the number of double points. 

However, it does not follow from theorem (3) that (Ry?)~N't¢ 
in 3 dimensions because theorem (2) suggests that the higher order 
interactions will not be important. The only statement which can 
be made is that the 3-dimensional case is a borderline one. Thus, 
more refined methods are needed to find the dependence of (Rw?) 
on N for n=3 when there is a finite excluded volume. 

* This work was nt, by the U. S. Navy Bureau of Ordnance under 
contract NORD-73 

1R,. J. Rubin, J. Chem. Phys. 20, 1940 (1952). 

2 Various cases of theorems (1)-(4) are contained in: P. Levy, Amer. J. 
Math. 62, 487 (1940); S. Kakutani, Proc. Imp. Acad. (Tokyo) 20, 648 
(1944) ; 20, 706 (1944) ; Dvoretzky, Erdos, and Kakutani, Szeged Egyetem 
Acta Uri orsitatis Szegediensis Acta Scientarium Mathematicarum 12, 75 


(1950);. Levy, Processus Stochastiques et Mouvement Brownien (Gauthier- 
Villars, Paris, 1948). 





Pure Quadrupole Spectra of Some 
Nitrochlorobenzenes* 


T. L. WEATHERLY AND QUITMAN WILLIAMS 
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 
(Received August 19, 1953) 


HLORINE quadrupole resonances have been observed in 1,2- 

dichloro-4-nitrobenzene and 1,4-dichloro-2-nitrobenzene at 
liquid nitrogen temperature using a frequency modulated re- 
generative detector. Frequencies were measured with a Signal 
Corps BC-221 frequency meter which has been recalibrated. 

The Cl** resonance frequencies are listed in Table I. The two 
resonance frequencies observed for each compound are presumably 
produced by chlorine atoms occupying different positions in the 
molecule. 

In 1,4-dichloro-2-nitrobenzene the NO: group occupies the 
ortho-position with respect to chlorine 1 and the meta-position 
with respect to chlorine 4. By comparing the resonance frequencies 
of CICsH;, 0o-NO2C.H,Cl, and m-NO.C.H,Cl, reported by Dean 
and Pound! one finds that the presence of an NOz group in the ortho- 
position increases the resonance frequency by a larger amount than 
an NO: group in the meta-position. This would indicate that the 
resonance at 37.874 Mc is produced by chlorine 1 and that the 
resonance at 35.921 Mc is produced by chlorine 4. Quantitative 
estimates of the resonance frequencies obtained by adding the 
frequency shifts produced by NOs: and Cl are in reasonable agree- 
ment with the observed frequencies. Such estimates are compli- 


TABLE I. Cl85 quadrupole resonance frequencies at —196°C. 








Produced by 


Chlorine 4 
Chlorine 1 


Frequency (Mc) 


35.921 
37.874 
36.488 
37.055 


Compound 





1,4-Dichloro-2-nitrobenzene 


1,2-Dichloro-4-nitrobenzene 
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cated by differences in crystal structure and the temperature 
dependence of quadrupole resonance. 

In 1,2-dichloro-4-nitrobenzene the NOs group occupies the 
meta-position with respect to chlorine 2 and the para-position with 
respect to chlorine 1. Since quadrupole resonance has not been 
observed in p-nitrochlorobenzene, the frequency shift produced by 
a para-NOz group is unknown. This frequency shift is difficult to 
estimate with accuracy due to presence of the resonance effect 
described by Pauling.” For this reason we are unable to identify the 
two resonance frequencies in this molecule. 

* Supported in part by Engineering Experiment Station, Georgia Insti- 
tute of Technology. 

1C, Dean and R. V. Pound, J. Chem. Phys. 20, 195 (1952). 


2L. Pauling, The Nature of the Chemical Bond (Cornell University Press, 
Ithaca, New York, 1948), second edition, p. 151. 





Dipole Moments of Gaseous Thallous Halides 
AUBREY P, ALTSHULLER 


1911 Clover Street, Cleveland, Ohio 
(Received September 8, 1953) 


HE dipole moments of gaseous alkali halides have recently 
been calculated by Rittner! who has taken into full con- 
sideration the distortion polarization of the ions. The thallous 
halides (excluding TIF) offer another opportunity for the applica- 
tion of this method to a class of highly polar molecules with 
negligible covalent bonding. The recent determination of the 
product Iy?, and I the moment of inertia, » the dipole moment, 
and a the internuclear distance for TIC] by the molecular beam 
electrical resonance method? increases the interest in a theoretical 
calculation. In former measurements by the electric resonance 
method on the alkali halides? only m; transitions in the presence of 
an electric field have been detectable. As a result only Ip? has been 
determinable with both I and yw values being of much lower ac- 
curacy.! In the investigation of TICI, a rotational transition 
(J=0—-J=1) at zero field strength could also be measured 
making it possible to determine I, a, and w with much improved 
accuracy. 
The theoretical equation employed is the one given by Rittner,} 


[ a3(ai1+a2) hewn) 
pi=ea}l ; 


a§—4ajae2 





(1) 


When 4a:a2 is an unimportant quantity, this expression reduces to 
pa=ea[1— (ait+az)/a*], (2) 


that is, only the first terms in the expansions of the induced 
moments in a/a* are employed. 

The values of a determined by electron diffraction for the 
thallous halides? are as follows: TIC] 2.55+0.03A, TIBr 2.68 
+0.03A and TII 2.87+0.03A. The electron diffraction value found 
for TIC] and the value arrived at from band spectra? of 2.53A are 
in excellent agreement with the value of 2.541+-0.002A obtained 
from microwave spectroscopy.2 This fact increases further the 
reliability of the dipole moment of 4.444+0.014D for TICI ob- 
tained from the microwave method. 

The values used for the polarizabilities of Cl-, Br~, and I- are 
those given by Pauling and Fajans and Joos.' A polarizibility 
value of 3.50 10-*' cm’ for TI* in the solid state has been given.® 
For highly polarizable cations such as Tl*, [2a Jerys—[Za Jens is 
positive.' It may be estimated that the value of T1* in the gaseous 
state will be approximately 0.2 to 0.4X10-*4 cm! less than in the 


TABLE I. Comparison of dipole moments. 











Compound pe Bl exp 73) ea 
TICI 7.21 3.77 4.448 4.44 12.19 
TIBr 7.49 3.81 eee 4.49 12.86 
TII 4.00 3.94 <10b 4.60 13.77 








® Reference 2. 
» Reference 6. 





THE EDITOR 


solid by comparison with the known differences for the alkali 
halides.® A value for a; of 3.2 10~* cm should be a fair approxi- 
mation and will be employed in the calculations. 

Values of the dipole moments calculated from the approximate 
Eq. (2) are listed in column 2 and those calculated from Eq. (1) are 
listed in column 3. The value of the dipole moment of TIC]! from 
the electric resonance method is given in column 4 along with the 
approximate value for TII found in early work using the molecular 
beam method.’ 

The values of the dipole moments calculated from Eq. (2) are 
almost twice as large as those calculated from Eq. (1). The value 
of ue for TIC] is much higher than the experimental value due to 
the neglect of higher order terms in the expansion of the induced 
moments in a/a*. The quantity 4a:a2 is even more significant for 
compounds with positive ions having highly polarizable 18- 
electron shells than for the alkali halides. The fact that ui< pe, 
could not be due to TIC] having a partially covalent nature since 
then 41> pexp. Since the experimental values of a, wu, and az for 
TICI are all fairly accurate, the polarizability of the Tl* must be 
too large. If the calculation employing Eq. (1) is inverted, a value 
of 2.9X10-*4 cm? is found for the polarizability of the thallous 
ion. In column 5 the values of the dipole moments of TIBr and 
TIL are recalculated using this value for a:. It may well be that 
this difference of 0.3X10~*4 cm’ is due both to a somewhat high 
estimate for arj* in the solid state and a too small correction for 
the change in state upon the polarizability. 

An investigation of the microwave spectra of TII which would 
include the determination of the dipole moment of TII to the same 
accuracy as that of TIC] would give added support to the method 
employed if a difference in dipole moment of 0.16D were found be- 
tween the dipole moments of TICI and TII, as is predicted in 
column 5 of Table I. 

1E. S. Rittner, J. Chem. Phys. 19, 1030 (1951). 

2 Carlson, Lee, and Fabricand, Phys. Rev. 85, 784 (1952). 

3W. Grether, Ann. Physik 26, 1 (1936). 

4L. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927). 

5K. Fajans and G. Joos, Z. Physik 23, 1 (1924). 


6 J. E. Mayer, J. Chem. Phys. 1, 327 (1933). 
7 E. Wrede, Z. Physik 44, 261 (1927). 





Polarizability of the Hydride Ion and the Dipole 
Moments and Binding Energies of the 
Alkali Metal Hydrides 


AUBREY P, ALTSHULLER 
1911 Clover Sireet, Cleveland, Ohio 
(Received September 8, 1953) 


ECENTLY Klemperer and Margrave! have made calcula- 
tions of the binding energies and dipole moments of gaseous 
alkali metal hydrides applying the method suggested by Rittner’ 
It should be pointed out that the polarizability of the hydride ion 
used by them’ of 1.80 10-* cm’ is very different from other values 
given in the literature.45 The molar refractivity and hence the 
polarizability has been calculated quantum mechanically {0 
hydrogen-like ions by several independent methods** and the 
resulting formula has been modified by Pauling‘ by the inclusion 
screening constants so as to be applicable to nonhydrogen-likt 
ions. Employing a mole refraction screening constant of 0.4, om 
may calculate a(H-) as 10.2 10-* cm’. Henrich® more recently 
has applied the variation method to the calculation of a(H 
employing a third-order and a sixth-order Hylleraas type wavt 
function. The calculations resulted in a(H~) values of 11.6X10" 
cm! (third-order function) and 14.6 10-* cm® (sixth-order fut 


tion). Also if the value for the ionic radius of H~ given by Pauling f 
is employed in the relationship a=r*, a polarizability of 9.0X10" F 


cm? is calculated. All of these values of a(H-) are much larger tha! 
that employed by Klemperer and Margrave! and obtained from 
Bode.’ This value was calculated from the refractive indices 
solid crystalline alkali metal hydrides. It may be possible that su 
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gaseous states (quantum mechanical calculations should apply to 
gaseous ions) despite the fact that it is such an extremely large 
difference. 

If either the value of a(H-) of 14.6X10~** cm’ calculated by 
Henrich® or the value of 10.2 10~*4 cm’ given by Pauling‘ is used 
in the calculation of the dipole moments of the gaseous alkali metal 
hydrides, negative dipole moments result. This situation arises 
from a3(ai+-a2) +4a1a2>a°—4aia2 and also in most of the calcula- 
tions from a1+-a2><a*. Such negative values for the dipole moments 
are physically impossible and must result from an incorrect as- 
sumption being made at some point in the calculations. 

Since Pauling’s values‘ have been applied satisfactorily in 
numerous computations involving the need for the polarizabilities 
of gaseous ions, the value given for H~ should also be applicable. It 
is true that the possibility exists that the quantum mechanical 
calculations are grossly incorrect. In view of the fact that a variety 
of approximation methods give results which are in fair agreement 
with each other, this seems highly unlikely. Furthermore, the same 
functions when employed in calculatlng the polarizability of He 
give results which are in quite good agreement with each other and 
with the experimental value.” This leaves the possibility that the 
classical electrostatic model used fails when it is applied to the 
alkali metal hydrides. This alternative is quite possibly the one 
responsible for the results obtained. 

Rittner? has given an argument based on a model of a diatomic 
molecule consisting of a point charge +e at a distance a from a 
metal sphere of charge —e of radius R when ai<az, and has applied 
the method of images. This model is satisfactory for the alkali 
halides. The model is not satisfactory for the alkali metal hydrides 
because the condition that a>R is not satisfied. If a R(H-) of 
2.08A is accepted? then the condition is not satisfied for LiH and 
NaH. If an a(H~)=14.6X10-* cm! is employed in the expression 
R=a', then R(H-)=2.44A and the condition is not satisfied by 
LiH, NaH, KH, or RbH, and is just barely satisfied by CsH. It 
seems likely then that the electrostatic model used! fails for the 
alkali metal hydrides because of actual interpenetration of the 
large hydride ion by the alkali metal ion. 

The reasonable agreement between the calculated and experi- 
mental binding energies is quite likely fortuitous. If an a(H-) 
=14.6X10-** cm* is now employed in the calculation of the 
contribution to the binding energy made by the electrostatic 
terms, in the case of KH an increase of about 109 Kcal/mole is 
found over that obtained employing 1.80 10~* cm? for the a(H7). 
Furthermore, since the value of the compressibility p is dependent 
on the assumed model and the correspondlng expression for the 
binding energy, use of a poor model resulting in an incorrect ex- 
pression for the binding energy would also result in an incorrect 
compressibility and repulsive energy. Owing to this interdepend- 
ence, a nearly correct binding energy might result from a cancella- 
tion of errors. 

'W. A. Klemperer and J. L. Margrave, J. Chem. Phys. 20, 527 (1952). 

*E. R. Rittner, J. Chem. Phys. 19, 1030 (1951). 

*H. Bode, Z. physik. Chem. 6B, 251 (1930). 

‘L. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927). 

5L. R. Henrich, Phys. Rev. 62, 545 (1942). 

°P. S. Epstein, Phys. Rev. 28, 695 (1926). 

7G, Wentzel, Z. Physik 38, 518 (1926). 

51. Waller, Z. Physik 38, 635 (1926). 

*L. Pauling, The Nature of the Chemical Bond (Cornell University Press, 
Ithaca, New York, 1940), p. 346. 


“L. Pauling and E. B. Wilson, Introduction to Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1935), pp. 228-229. 





Mechanism of the Hg (*P,) Photosensitized 
Decomposition of Ethylene* 


A. G. MitTcHELLTt AND D. J. LE Roy 
Department of Chemistry, University of Toronto, Toronto, Canada 
(Received May 4, 1953) 


OME years ago Le Roy and Steacie! proposed the following 
mechanism for the mercury photosensitized decomposition of 


| ethylene at room temperature: 
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Hg (!So) +Av = Hg (?P1) (1a) 

Hg (*P1) = Hg('So) +Av (1b) 

He (*P;) +C:H,=C;H,* +He('Ss) (2) 
C2Hy*+C2Hy=2C2H, (3) 
C2H,* = C2H2+He. (4) 


The corresponding rate equation may be written in the form 
1/(g) = 1+ (k2/ks) (C2Hy), (Sa) 


in which ¢=(1/J.)d(H2)/dt=quantum yield of hydrogen pro- 
duction, and g={k»/ki+(C2H,)}/(C2H,). From the quenching 
data of Steacie? the value of kp/k; at 25°C is 0.367 mm. 

This mechanism has recently been criticized by Darwent*® on 
the basis that the data may be fitted more accurately to the 
equation 


/(y—) = (ks/k2) / (CoH4) + (a/R) / (CoHa)?, (Sb) 


in which y is defined as the product of the “efficiencies” of re- 
actions (1) and (4), and in which k,/(C2H,) is defined as the 
rate of heterogeneous decomposition of C2H,*. It should be noted, 
however, that at constant temperature each of the three parameters 
in Eq. (5b), y, (Rs/k2), and (k4/k2), was found to vary with the 
concentration of mercury in the cell, although only k, would be 
expected to change. A further difficulty was the fact that the 
maximum value of ¢ occurred at an ethylene pressure consider- 
ably higher than one would expect from quenching data. 

We have re-investigated the reaction with emphasis on the 
accurate determination of rates and using a true resonance lamp 
as the light source, rather than a low pressure arc with noble gas 
carrier as used previously.'* The light originated as fluorescent 
radiation from a small quartz cell containing mercury vapor at a 
pressure of 1.8X10~* mm and irradiated by a low pressure arc. 
The emission line should therefore be much narrower than that 
from a low pressure arc. 

The radiation from the true resonance lamp was essentially all 
absorbed in a 60 mm cell containing mercury vapor at a pressure 
of 1.81073 mm, whereas only 85 percent of the 2537A radiation 
from the low pressure arc was absorbed under the same conditions, 
although the arc was operated at less than half the current 
used previously.! The absorption of light from the low-pressure arc 
increased to 95 percent, however, in the presence of 23.5 mm of 
ethylene, which suggests that pressure broadening of the absorp- 
tion line is appreciable at these pressures. 

If a low pressure arc were used one might expect, therefore, 
that the maximum would be shifted to higher ethylene pressures 
and that the rate vs (C2Hs) curve would become distorted because 
of the effect of ethylene pressure on the rate of light absorpticn. 
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These effects would not be expected if the emission line were 
narrow relative to the absorption line. A comparison of our 
present results (curve A, Fig. 1) with those obtained previously! 
(curve B) appears to confirm this theory. With the true resonance 
lamp the maximum in the curve is quite sharp and occurs at the 
approximate position predicted from quenching data; in the 
previous work!* the maxima were very broad. 

Darwent® has suggested that some of the (°P:) atoms are 
quenched to the metastable (*Po) state by ethylene, and on this 
basis has predicted that the maximum rate should occur at 
ethylene pressures greater than two mm but at successively 
lower pressures as the mercury concentration is decreased. This 
interpretation is not borne out by the present measurements. We 
have found the maximum to occur at 2 mm with a mercury pres- 
sure of 1.810-* mm, while he found it to occur at a considerably 
higher ethylene pressure with a mercury pressure of 1.8 10~ mm. 

We hesitate at this time to suggest a suitable modification of 
the original mechanism of Le Roy and Steacie, but it is interesting 
to note that whereas a plot of 1/(¢q) vs (C2H4) using the data of 
Le Roy and Steacie or of Darwent is convex toward the (C2H,) 
axis even at the lowest pressures, the analogous plot using the 
present data is concave toward the (C2H,) axis. This might mean 
that deactivation, rather than decomposition of C2H,* can occur 
at the wall but further work will be necessary to settle the point. 

* This work was supported by a grant from the National Research 
Council of Canada. 

e T — address: -McColl-Frontenac Oil Company Limited, Toronto, 

1D. J. Le Roy and E. W. R. Steacie, J. Chem. Phys. 9, 829 (1941). 


2E. W. R. Steacie, Can. J. Research B18, 44 (1940). 
3B. de B. Darwent, J. Chem. Phys. 20, 1673 (1952). 





Remarks on Mechanism of the Hg(*P,) Photo- 
sensitized Decomposition of Ethylene 


B. DEB. DARWENT 
Olin Industries, Inc., New Haven, Connecticut 
(Received June 15, 1953) 


HE communication from Mitchell and Le Roy indicates the 
necessity for correcting and explaining some points in my 
paper. 

A. Pressure of ethylene for maximum rate (Pmax).—The state- 
ment, “The results given in Tables I and II seem to indicate that 
the maximum rate occurs at progressively decreasing pressures as 
the mercury concentration decreases” is misleading since there 
are no data which allow estimates to be made of Pmax, in the experi- 
ments at the two highest mercury concentrations. The pertinent 
results at the lowest concentration of mercury were 


pHg (mm Hg): 6.98 4.78 2.54 
¢H2: 0.223 0.227 0.219 


The accuracy of these results is probably not greater than +5 
percent so that conclusions about fmax would be very uncertain. 

The statement quoted above was prompted by the fact that 
Le Roy and Steacie (PpHg=18X10~! mm) found fmax=9 mm, 
whereas in my experiments with pHg=1.8X107! mm, max 
appeared to lie between 2.5 and 7.0 mm. I may add here that I was 
not primarily concerned, in that investigation, with the relation- 
ship between pmax and such factors as concentration of mercury. 

B. Effect of (Hg) on pmax.—The statement was, ‘‘Since the rate 
of reaction (e) depends on the average distance through which 
the (?Po) atoms diffuse before they strike a wall, it is not difficult 
to see, qualitatively, that the maximum rate of the reaction will 
occur at smaller pressures as the distance of diffusion is increased 
(i.e., as the concentration of mercury is decreased).’”’ Reaction (e) 
represented the deactivation of ('Po) atoms at the wall. The 
foregoing statement was offered as an explanation of (i) the 
effect of (Hg) on Pmax, and (ii) the fact that pmax (in Le Roy and 
Steacie’s experiments) was 9 to 10 mm. Now if (*Po) atoms are 
formed and if they are capable, after many collisions, of causing 
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ethylene to decompose, they will have a greater chance of decom. 
posing ethylene when they are formed far from the walls than when 
they are formed near to the wall. This means that, other conditions 
being equal, the quantum yield should increase with decreasing 
mercury concentration. But it is difficult to see what effect, if any, 
the change in (Hg) should have on pmax, unless a detailed study js 
made of the kinetics. Furthermore, it is by no means certain that 
the (*Po) atoms are capable of inducing the decomposition of 
ethylene and, if they are not, the change in mercury concentration 
should have no effect on either @ or Pmax. Hence, I consider the 
statement in question to be inaccurate and it should be with. 
drawn. 

Mitchell and Le Roy have found (1) that only 85 percent of the 
light from the low-pressure lamp is absorbed by a 60-mm path of 
mercury at 1.8X10-% mm, and that this figure increases to 95 
percent in the presence of 23.5 mm of ethylene; (2) that the 
maximum rate occurs at 2 mm with the resonance lamp, whereas 
Le Roy and Steacie had found it to occur at 9 mm with the 
broader line; (3) that with the resonance lamp the graph of 
1/@Hz vs (C2Hy) is concave towards the (C2H4) axis, whereas 
previous data with a broader line gave a convex curve. They con- 
clude or suggest (1) that pressure broadening was important in the 
experiments with the broadened source; (2) that quenching to 
the metastable state (*Po) is unimportant or at least not in accord- 
ance with the results; and (3) that excited ethylene molecules are 
deactivated and do not decompose on the wall. 

Their first conclusion appears to be reasonable and may account 
for the change in pmax from the broad to the narrow line, though 
it is not obvious why this should be the case. 

The second conclusion is not necessarily valid (it has been dis- 
cussed above). The evidence for quenching to the metastable state 
was based on quite separate experiments! and, as mentioned pre- 
viously, the photosensitized experiments may not be capable of 
providing evidence either for or against this type of quenching. 

The third conclusion is perhaps the most interesting and im- 
portant. If we accept Mitchell’s and Le Roy’s statement that 95 
percent of the radiation is absorbed in a 60-mm path, when the 
pressure of ethylene is 23.5 mm, then in a 100-mm path such as 
was used in my experiments, we should expect that pressure 
broadening would be without effect provided that the ethylene 
pressure was above about 25 mm. Hence, if Le Roy and Steacie’s 
mechanism were correct, there should be no difference above 25 
mm between the results obtained with a broad or narrow line and 
the 1/@ vs (C2H4) graph should be a straight line. There is no 
doubt that Le Roy and Steacie’s results and my own, when plotted 
in this manner, deviated considerably from a straight line. It is 
true that my results, over a limited range (40 to 96 mm), appear 
to give a linear relationship between 1/@ and (C2H,); however, 
the best line through those points extrapolate to 1/¢<0.5 at 
(C2H,) =0. This is incompatible with the “original mechanism” 
which demands the extrapolated value of 1/¢ to be $1.0 and sug- 
gests strongly that the linear relationship over the limited range 
of pressure is only illusory and that we are really dealing with 
a continuous curve. 

Mitchell and Le Roy now find that the 1/¢@ vs (C2H,) curve, 
with the narrow line, deviates from linearity in the opposite senst 
to that obtained previously. Judging by their Fig. 1, the highest 
pressure was about 14 mm, and one wonders if they would 
continue to get this type of deviation at much higher pressure 
since the linear relationship is strictly valid only in the region 0 
high pressures where the life time of Hg(*P:) is quite negligible. 

By using the narrow line, Mitchell and Le Roy have obtained 
the important result that pmax=2 mm, which is much more under 
standable than the previous value; but this can shed no light o 
the fate of the excited ethylene molecule unless the detailed 
kinetics are solved. Information about the fate of C2H.* can be 
obtained by working at high pressures where the kinetics becom 
manageable and where pressure broadening should not complica? 
the picture. 


1B. deB. Darwent and F. G. Hurtubise, J. Chem. Phys. 20, 1684 (1952). 















wher 
the v 
from 
Tp= 
4.085 
Wp 4 

Wi 
is fou 
Henc 
coeffi 

Th 
exper 
and 4 
cient 
ter at 

Suy 
grate! 

1E, 
Rundl 

2 . 
222°(1 
A. R, 
(1942) 

aC, 

*R. 

5 At 
of Mir 


Sch 


N 
Cl 
dimer 





Jecom- 
n when 
ditions 
reasing 
if any, 
tudy is 
in that 
tion of 
tration 
ler the 
> with- 


. of the 
yath of 
. to 95 
at the 
rhereas 
th the 
aph of 
hereas 
Vy COn- 
t in the 
ing to 
uccord- 
les are 


ccount 
though 


en dis- 
e state 
2d pre- 
able of 
ling. 

nd im- 
hat 95 
en the 
such as 
ressure 
hylene 
eacie’s 
ove 25 
ne and 
e is no 
lotied 
e. It is 
appear 
weve}, 
0.5 at 
ynism” 
id sug- 
| range 
g with 


curve, 
e sense 
nighest 
would 
ressure 
gion of 
ible. 

tained 
under- 
ght on 
etailed 
can be 
yecome 


plicate & 


(1952). 








Isotope Effect and Thermal Expansion 
Coefficients of Crystals 
CHRISTER E. NORDMAN AND WILLIAM N. LIPSCOMB 


School of Chemistry, University of Minnesota, Minneapolis, Minnesota 
(Received August 24, 1953) 


HEN H is replaced by D a contraction occurs in the LiH 
crystal,! whereas an expansion occurs in those crystals 
containing short hydrogen bonds. A simple explanation in terms 
of the amplitudes of vibration of H or D in idealized one-dimen- 
sional potential fields has been given,’ and the temperature 
dependence of the effect has been discussed qualitatively* for H2O 
and D.O. We wish to outline’ a quantitative discussion of the 
thermal expansion coefficients of LiH, LiD, and LiT. 

Assume that the interatomic forces in LiH and LiD are the 
same when the lattice constants d are the same. At 293°K, how- 
ever, these parameters are different ;! for LiH, d=4.0852X, and for 
LiD, d=4.065kX. Since the one-dimensional potential function 
U(d, x) =V(d+x)+V(d—«x) is probably nearly parabolic,’ we 
assume that 


_ b C 
Vdts)=Z,d+a)+ dts) +edt+s) +8 (1) 
so that the integral,’ which is also equal to f(d), becomes 


» OV (d+x) bh ( hy ) 
P(x, d, m, T)—————dx = —— coth{ —— ]+cd+e. (2 
J. eieeiueentin Ox An?my — \2RT. ere. a 
We now choose a temperature for LiD such that its lattice 
constant is equal to the lattice constant of LiH at 293°K. The f(d) 
terms for LiH and LiD then are equal, and since, by assumption, 
the constants in the potential function are equal, 


hv )- 1 ( hyp ) 

mMHVH ne MpvD _ 2kT p/” (3) 
where y= (1/27) (4bd+2c)!m—}, and thus vy2’my=vp?mp. From 
the value of 7 7=293°K and of vyy=1.575X10" sec, obtained 
from the Debye characteristic temperature of LiH, the value of 
T'y=379°K is found for which the lattice parameter of LiD is 
4.085kX. Hence, the thermal expansion coefficient of LiD is 
5.7X10- deg. 

With the use of this result the lattice parameter of LiD at 350°K 
is found to be 4.078kX, and we then find 7 7 =250°K from Eq. (3). 
Hence, d=4.078kX for LiH at 250°K, and the thermal expansion 
coefficient of LiH is 3.9X 1075 deg™. 

The lattice parameter of LiT, which has not been determined 
experimentally, is calculated from Eq. (3) as 4.085&X at 400°K 
and 4.065kX at 322°K. The predicted thermal expansion coeffi- 
cient of LiT is 6.3 10~* deg™, and the value of its lattice parame- 
ter at room temperature should be close to 4.0582X. 

Support of this work by the U. S. Office of Naval Research is 
gratefully acknowledged. 











1E. Zintl and A. Harder, Z. physik. Chem. 28B, 478 (1935). See R. E° 
Rundle, J. Am. Chem. Soc. 69, 1719 (1947). 

2J. M. Robertson and A. R. Ubbelohde, Proc. Roy. Soc. (London) A170, 
222 (1939); A. R. Ubbelohde, Proc. Roy. Soc. (London) A173, 417 (1939); 
A. R. Ubbelohde and I. Woodward, Proc. Roy. Soc. (London) A179, 399 
(1942); D. H. W. Dickson and A. R. Ubbelohde, Acta Cryst. 3, 6 (1950). 

3C, E. Nordman and W. N. Lipscomb, J. Chem. Phys. 19, 1422 (1951). 

*R. E. Rundle, J. Chem. Phys. 21, 937 (1953). 

’ Abstracted from the Ph.D. Thesis of Christer E. Nordman, University 
of Minnesota, March, 1953. 





A One-Dimensional Wave Equation for 
Hydrogen Bonds 
CHRISTER E, NORDMAN AND WILLIAM N. LipscoMB 


School of Chemistry, University of Minnesota, Minneapolis, Minnesota 
(Received August 24, 1953) 


N the absence of more complete quantum mechanical dis- 
» cussions of symmetrical hydrogen bonds, an idealized one- 
dimensional representation, with or without a central maximum, 
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is ordinarily assumed.! Solution of the wave equation should be of 
interest in connection with the isotope effect,? expansion coeffi- 
cients,’ the frequencies and intensities of the infrared spectrum, 
as well as more general applications of single or double minima 
problems. 

Assume that the O—H potential has the form of a Morse 
function 

V (x) = D{1—expl—8(x—r-) ]}’, 
and that the potential energy of a hydrogen atom between two 
oxygen atoms at -td may be represented by 
U(d, x) =V (d+«)+V(d—x). 
It follows that 
U (d, x) =2D{1—2 exp[—8(d—r,.) ] coshBx 
+exp[—28(d—r-) ] cosh2Bx}. 
The Schrédinger equation for a particle of mass m in the potential 
well U(d, x) can be written as 
v' (é)+La+b cosh (BE/a) —b? cosh?(8t/a) ]-¥(E) =0, 

where 
b=expl—B(d—r.)], a= (4/h)(2Dm)}, 


a= E/4D—(1—2&)/2, 
Choosing the new variables 
2z=tanh?(6£/2a), 


E=ax. 


¥(é) =9(2), 
we find 
(8/a)*2(1—z)*6" (2) + (1/2) (B/a)*(1 —2) (1-32) 4" (2) 
+[a+b(1+2)/(1—z) —B(1+2)?/(1—2)?]o(z) =0. 
Substitution of ¢(z) = (1—z) f(z) then yields, 
(B/a)?z(1—z)*f” (z) + (B/a)?L (1/2) (1 —z) (1 —32) 
—2p2(1—z) ]f’ (2) +[a+b(1+2)/(1—z) —P(1+2)*/(1—z)* 
+ (8/a)*p(p—1)2z— (1/2) (B/a)*p(1—3z) ]f(z) =0. 
Further substitution of 
f(z) =expl— (a/8)b(1+2)/(1—2) Je(2), 
then gives 
2(1—z)*g”(z) +L (1/2) (1 —z) (1—32) —2p2(1 —z) —4(@/B) bz Je’ (2) 
+L (a/8)?(a—&) — (a/B)b(1+2)/(1—z) + (@/8)*b(1+2)/(1—2) 
+p(p—1)z— (1/2) p(1—32) +4 (@/B)bz/(1—z) Je(z) =0. 
If we choose 
p=—(1/2) (a/B)+1/2, 
this equation simplifies to 
2(1—z)?g" (z) +[1/2+ (—4ba/B+a/B—3)z 
+ (5/2—a/8)2*]g’ (2) +[A + (1/4) (c?/8?—3a/8+2)z ]g(z) =0, 
where 
A = (a/8)*?(a—8?+b—bB/a+ (1/4)B/a— (1/4)8?/o#). 
Now, if g(z) is expanded in a power series in z, 
g(2)= > os, 
it is found that the coefficients c, are related by a three-term 
recursion formula, 
(v+A+1) (v+A+1/2)6r41 
+[A — (v +A) (2¥+2A+1+4ba/8 —a/8) ey 
+[C(v+A—1) (vp +A+1/2—a/8) 
+ (1/4) (a?/B*—3a/8+2) }eor1=0, 


where \=0 or 1/2 for even and odd solutions, respectively. 
Consequently, the solutions can be obtained in the form 


v(8) = (1—2)” exp[—(a/8)b(1-+2)/(1—2)] = cart. 


When v=0 the recursion formula gives ¢i/co= —2A in the case 
of \=0. On the other hand, ¢:/co can be expressed as an infinite 
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continued fraction by dividing this formula by c, and expressing 
¢y/¢y—1 in terms of ¢,41/cy. This gives an equation which is satisfied 
by an infinite number of discrete values of A. The orders of magni- 
tude of the constants involved indicate that the convergence of the 
continued fraction is fairly rapid. Thus, the eigenvalues of the 
energy E may be obtained by determining the appropriate values 
of A by a process of successive approximations. 

1See M. L. Huggins, J. Phys. Chem. 40, 723 (1936); A. R. Ubbelohde 
and I, Woodward, Proc. Roy. Soc. (London) 185, 462 (1946). 


2C. E. Nordman and W. N. Lipscomb, J. Chem. Phys. 19, 1422 (1951). 
3 See the preceding letter. 





Ozone Catalysis of Isotope Exchange between 
Molecular Oxygen Species 
RICHARD A, OGG, JR., AND WILLIAM T. SUTPHEN 


Department of Chemistry, Stanford University, California 
(Received September 8, 1953) 


AMPLES of gaseous oxygen containing approximately 30 
atomic percent O!8 were made available through the courtesy 
of Professor A. O. Nier of the University of Minnesota. The 
samples had been stored at moderate pressure in sealed glass bulbs 
at room temperature for several years. Over this period no signifi- 
cant change had occurred in the mass ratios 34/32 (approximately 
1.0) and 36/34 (approximately 0.01). Thus there is indicated under 
the stated conditions a negligible rate of attainment of the isotope 
exchange equilibrium 
016916+4+ OBOB2010!8 
with the expected limiting value of 4.0 for the product of the mass 
ratios 34/32 and 34/36. 

The simplest method of establishing the above equilibrium in 
the oxygen samples proved to be the passage of an electric dis- 
charge, as from a Tesla coil. It would appear likely that the 
mechanism of this process involves the atomic oxygen exchange 
reaction to be discussed below. Of considerably greater interest is 
the observation that gaseous ozone proves an extremely effective 
homogeneous catalyst for establishment of this equilibrium. The 
ozone was prepared from isotopically normal oxygen and separated 
by low-temperature fractional distillation. Suitable samples were 
mixed with portions of the enriched oxygen in Pyrex glass vessels. 
At the conclusion of each experiment the ozone was separated by 
low-temperature fractionation and then completely pyrolyzed. 
Mass spectrometer analyses were performed on this product 
oxygen, as well as on the highly O'* enriched gas sample after 
separation from the ozone. 

Under our representative experimental conditions (partial pres- 
sures of ozone from 30 to 150 mm Hg, partial pressure of oxygen 
some 20 mm Hg, temperature 0°C) the rate of homogeneous 
decomposition of pure ozone is negligible.! The slight irreversible 
decomposition of the ozone noticed in the present experiments was 
probably due to surface catalysis. The most rapid homogeneous 
reaction observed was the approach to the above equilibrium. 
Contact periods of the order of ten minutes yielded a mass ratio 
product 34/32X34/36 of the order of 6.0 to 10.0 (compare 
original 100). The O'* isotope exchange between molecular oxygen 
and ozone proved under the stated conditions to be extremely 
slow—of the order of one-thousandth of the rate of the equilibra- 
tion. The addition of chemically indifferent gases appears to be 
without effect on the rate of the equilibration processes, but to 
cause a marked enhancement of the O'8 exchange between ozone 
and oxygen. 

The extraordinary slowness of O'* exchange with ozone pre- 
cludes the reaction 


000+00"*—00+000", etc. (1) 
as being significantly responsible for the catalysis of the oxygen 


equilibration, and it must be concluded that (1) has a large 
activation energy. The catalysis would appear to result from the 
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presence of atomic oxygen, the species responsible for homogeneoys 
ozone decomposition.! The proposed mechanisms follow: 


0;-0+0:, ke; (2) 
0+0:-0;, ks; (3) 
0+00'—00-+0!8, etc. ky. (4) 


The observed rate constant for the ozone catalyzed reaction js 
interpreted as (k2/k3)ky. The known thermodynamic properties of 
O;, Oz, and O permit evaluation of the equilibrium constant k,/f, 
at the temperatures employed, and hence of the rate constant ,, 
The latter proves to be of the magnitude 10 (Mole/cc)~ secx, 
indicative of a practically zero activation energy for step (4). 
Aside from a moderate statistical factor, ky is the rate constant for 
the formation of an energy-rich ozone molecule by collision of 
oxygen and ozone—a molecule which in the absence of stablizing 
collisions may dissociate randomly. The quasi-bimolecular as- 
sociation reaction (3) derives from this same energy-rich inter- 
mediate. The ratio k3/k, constitutes that fraction of collisions 
between O and O: which are effectively stablizing collisions witha 
“third body.” The experimental observation of the extremely slow 
isotope exchange with ozone indicates this ratio to be of the order 
of 10-* at the above gas pressures. The systematic study of the 
enhancement by foreign gases of the rate of O'8 exchange between 
ozone and oxygen promises a uniquely powerful experimental 
approach to the study of the quasi-bimolecular association (3). 

The isotope enrichment under Professor Nier’s direction was 
made possible by a grant from the American Cancer Society. 
Grateful acknowledgement of mass spectrometer analyses is made 
to Drs. Amos Newton and Constant Delwich, respectively, of the 
Radiation Laboratory and Department of Plant Biochemistry of 
the University of California, and to Professor Francis E. Blacet 
and Mr. Robert Vanselow, of The Department of Chemistry, 
University of California at Los Angeles. 


10. R. Wulf, J. Am. Chem. Soc. 54, 156 (1932). 





Chlorine Photosensitized Isotope Exchange 
between Molecular Oxygen Species 


RICHARD A. OGG, JR. 
Department of Chemistry, Stanford University, California 
(Received September 17, 1953) 


HE highly O'8 enriched oxygen described in another con- 
munication! has been found to undergo a chlorine photo- 
sensitized isotopic exchange between the molecular oxygen species. 
Samples of the enriched oxygen (partial pressures of the order of 
5-mm Hg) and of chlorine (partial pressures of the order of 200 
mm Hg) were mixed in a 100-cm? Pyrex glass bulb and exposed to 
the unfiltered radiation from a General Electric H-4 mercury lamp. 
After a measured irradiation period of the order of a few hours, the 
bulb was chilled in liquid nitrogen, and an oxygen sample was 
withdrawn for mass spectrometer analysis. In a typical experimen! 
the product of mass ratios 34/32 and 34/36 had been reduced to 
about 30 (compare the initial value of approximately 100). The 
rate appeared to depend (at least approximately) on the firs! 
power of the light intensity, the latter being varied by use 0 
screens and by altering the distance from the source. The temper? 
ture coefficient has not yet been determined with great precision, 
but in the range 0°-100°C it appears to be appreciably negative. 
The absolute magnitude of the quantum yield is very much les 
than unity. , : 
These experiments appear explicable only by the formation 0 












ClO radical, first observed in the striking flash photolysis expet 4 
ments of Norrish and Porter.? In its essential details the following J 
mechanism resembles that: proposed by these investigators. BY 


“ClO2” is meant the peroxy isomer ClOO. 
Clz.+h-2Cl, Eaves; (1) 
2C1+M—Ch+M, ke; () 
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Cl+0:Cl02, ks=f((M)); (3) 
ClO.>Cl+02, ka=f((M)); (4) 
C1+ClO:—2Cl0, fs; (S) 
2ClO—Cl1+ClOz, =e. (6) 


Reaction (3) followed by (5), (6), and (4) necessarily leads to 
“scrambling” of molecular oxygen species. From the above 
mechanism the corresponding rate (aside from a small statistical 
factor) is 

ksks Esps(O2) 

koky (M) 


This is in agreement with data so far obtained, although the 
inhibitory effect of inert gas “‘M”’ has not yet been unambiguously 
demonstrated. 

From the thermal data? for ClO, the reaction 


2ClO—2C1+0:2 


is endoenergetic by about 8 kcal per mole. The extremely short 
life of ClO in flash photolysis? suggests that (6) has a negligible 
activation energy, and hence is exoenergetic, or at least thermo- 
neutral. This would suggest that reaction (3) is at least 8 kcal per 
mole exoenergetic, and that (5) cannot be exoenergetic. Since 
k;/k, is the equilibrium constant for the formation of ClO2, and 
reaction (2) is expected to have a negligible activation energy, the 
overall activation energy corresponding to the above derived rate 
expression should be negative by 8 kcal per mole. That a negative 
temperature coefficient is in fact observed is indicative of the 
essential correctness of the mechanistic details. It appears unlikely 
that any other steps, as, 


2C1O—Cl2+Os2, 


can contribute appreciably to the overall process. Continuing 
studies of the reaction in question are aimed at greater precision, 
and are expected to cast further light on the properties of the 
peroxy ClO2 species. Possibly the quasiunimolecular character of 
step (4) may be demonstrated. 

The above experiments were suggested to the author in a 
personal discussion with Professor R. G. W. Norrish of Cambridge 
University. Acknowledgement is made to Professor A. O. Nier and 
to the American Cancer Foundation for the O'* enriched oxygen, 
and to Dr. Constant Delwich of the University of California for 
mass spectrometer analyses. 

'R. A. Ogg, Jr., and W. T. Sutphen, J. Chem. Phys. 21, 2078 (1953). 


2See, for example, G. Porter, Discussions Faraday Soc. 1950, No. 9, 
pp. 60-69, 





Kinetic Evidence for the Gas Phase Existence of 
the Peroxy Radicals NO, and NO; 


RIcHARD: A. OGG, JR. 
Department of Chemistry, Stanford University, Stanford, California 
(Received September 17, 1953) 


HE highly O'8 enriched oxygen described in another com- 
munication! has been found to undergo changes in isotopic 
constitution on mixing with the vapor of isotopically normal 
dinitrogen pentoxide, N2O;. Gas samples were contained in 50-cm® 
Pyrex glass bulbs maintained at 0° or 25°C. Analysis was per- 
formed by periodically chilling the bulbs in liquid nitrogen and 
removing an oxygen sample for mass spectrometer analysis. With 
comparable reactant pressures, of the order of 20 mm Hg, the 
principal reaction proved to be an O!8 exchange with the N2Os, a 
process considerably more rapid than the pyrolysis of N2Os. If Oz 
18 in considerable molar excess over N2O;, further progress of the 
exchange is evidenced by changes in the 32, 34, and 36 abundances 
In the O2, approaching the final equilibrium relations discussed 
elsewhere.! The rate of the exchange was not affected by the initial 
additicn of NO2. Separate experiments indicated that under the 
above temperature conditions NO: is without effect on Os, either as 
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regards O"* exchange or the disturbance of the 32, 34, 36 constitu- 
tion. The exchange data so far obtained conform best to a rate 
expression first order in both N2O; and Oz. The activation energy 
is approximately 20 kcal/mole. 

The following mechanism for the exchange reaction appears to 
be the only one compatible with experimentally known facts. The 
formula NOs refers to the structural isomer °9NO previously 
shown? to be important in N2O; pyrolysis. The apparently novel 
species NO, is suggested to have a peroxide structure 99 NOO. For 
clarity, reaction (5) is repeated with structural formulas, and seen 
to be an O atom transfer. 


N20;-NO;+NO:, ki; (1) 
NO;+NO2-N.0s, ko; (2) 
NO2+0:—NO,, : ks; (3) 
NO.,?NO2+0:2, ka; (4) 
NO'®,+NO;—NO";+NOx,, ks; (S) 


°95NO#O ONo®-% NO OONO®. 


The rate of the O'® exchange reaction between N2O; and Op» 
derived from this mechanism is (aside from a small statistical 
factor) 
kiksks 
hokg 


in agreement with the observed order. Since the energy change? 
associated with the equilibrium constant ki/k2 is approximately 
20 kcal/mole, from the presently observed activation energy 
reaction (3) is exoenergetic by an amount equal to the activation 
energy of (5). Some structurally related reactions have associated 
activation energies of the magnitude of 6 kcal/mole. As a crude 
guess it may thus be suggested that reaction (3) is exoenergetic by 
about 6 kcal/mole. The standard entropy change for reaction (3) 
should be similar to that for the formation of N»O; from NO and 
NOz. These estimates suggest rough magnitudes of the equilibrium 
constant k3/k, which enable appraisal of possible direct physical 
detection of the proposed species NO, in an O2— NO: mixture. The 
conclusion is that no appreciable gas law deviations due to NO, 
formation are probable, but that there appears to be considerable 
promise in the direct search for the infrared spectrum of NO, in a 
high-pressure O2— NOz mixture, employing a long optical path. 

The peroxy NO, is seen to be formed from the “free radicals” 
NO: and Os. Similarly, it might be expected that NO and O2 would 
form an energetically stable peroxide ONOO, isomeric with the 
NO; discussed above. Provisional evidence for the existence of the 
peroxy NO; is found from isotopic exchanges accompanying the 
oxidation of NO with an excess of the O'*8 enriched oxygen de- 
scribed above. The results appear compatible only with the 
following mechanism. 





(N205) (Oz), 


(a) NO+0.—ONOO, ka; 
(b) ONOO-NO+0», ho; 


(c) ONO"O0+ONO—-ONO"*+O0NO, ke. 


In the order written the reactions are seen to be comparable, 
respectively, to (3), (4), and (5) of the previous mechanism. 
Positive evidence for the existence of ONOO strongly suggests it 
as the intermediate in the homogeneous oxidation of NO, the 
“rate determining step” being 


(d) ONOO+NO-O0ONO+ONO. 


If ks>>ka(NO) the familiar termolecular rate expression results, 
with rate constant (ka/k»)ka. The negative overall activation 
energy indicates reaction (a) to be exoenergetic by an amount 
greater than the activation energy of reaction (d). 

Acknowledgment is made to Professor A. O. Nier and to the 
American Cancer Foundation for the O"8 enriched oxygen, and to 
Dr. Constant Delwich of the University of California for mass 
spectrometer analyses. 


1R. A. Ogg, Jr., and W. T. Sutphen, J. Chem. Phys. 21, 2078 (1953). 
2 Richard A. Ogg, Jr., J. Chem. Phys. 15, 337, 613 (1947). 
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The Homomolecular Exchange of Oxygen*t 
W. H. JOHNSTON AND C. J. O’SHEAt 


Department of Chemistry, Purdue University, Lafayette, Indiana 
(Received September 18, 1953) 


TABLE isotopes and a mass spectrometer make possible the 

study of exchange reactions between identical molecules. It is 

proposed that these be called homomolecular exchange reactions. 

In the case of a diatomic molecule such as oxygen, an initial non- 

equilibrium distribution of the three molecular species will ap- 

proach equilibrium in a simple exchange reaction according to 
—20Qt 


In(i—a) = ——~, 


= (1) 


where Q is the rate of exchange in pairs of molecules exchanged per 
unit time, NV is the number of molecules, and ¢ is the time for a 
fraction of exchange, a. The expression for a is 


fie-fi 


ani? 


Sf-je 


in terms of the change in the molecular fraction f; of any one of 
the molecular species 7 and its complete change to the equilibrium 
fraction corresponding to a random isotopic distribution. Here /;° 
and f;” are the initial and equilibrium fractions, respectively. 
Similar expressions apply to a two-element molecule such as nitric 
oxide, however, they necessarily involve the use of an enriched 
isotope of each element. 

The study of the homomolecular exchange of oxygen was made 
with a sample of 25 percent oxygen-18 which was kindly provided 
by Professor A. O. C. Nier. Measurements of the molecular frac- 
tions were made with a Consolidated-Nier Mass Spectrometer, 
Model 21-201. No thermal exchange was observed in five months 
at room temperature. Using a quartz cell and a General Electric 
AH-4 mercury arc without the envelope a photochemical exchange 
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Fic. 1. Homomolecular exchange of O2 during irradiation by a mercury arc. 
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was observed as shown in Fig. 1. The irradiation between 20 and 49 
minutes consisted of alternating one-minute periods of irradiation 
and darkness. The absence of a deviation from a straight line 
suggests negligible exchange through a long-lived specie. 

A first-order exchange was also observed with 2537A radiation in 
the presence of mercury vapor. The half-time of exchange was 10) 
hours corresponding to a rate of exchange of 5.6X10" sec™, 4 
Gaertner quartz vacuum thermopile was used to calibrate the 
radiation which was isolated with a Bausch and Lomb Grating 
Monochromator. The determination of the absorption of radiation 
was difficult because of the large inversion of the 2537A radiation 
of the AH-4. An initial measurement of this fraction suggested a 
low quantum yield. However, a more precise measurement gave an 
absorption of 4.510" quanta-sec™ corresponding to a quantum 
yield of 125. This suggests that the mechanism of exchange is the 
chain reaction initiated by the mercury sensitized production of 
oxygen atoms, 


0+0.-0+0>. (3) 


This confirms the suggestion of Ogg! who proposed this reaction to 
account for his observation of an equilibration of oxygen by ozone, 


* Presented in part before the 123rd Meeting of the American Chemical 
Society, Los Angeles, California, March 17, 1953. 

+ Supported in part by the U. S. Atomic Energy Commission under 
Contract AT (11-1)-166. 

t¢ Taken in part from the master’s thesis of C. J. O’Shea, Purdue Uni- 
versity, May, 1953. 

1 Richard A. Ogg, Jr., Comments during discussion of the paper at 
presentation (123rd American Chemical Society Meeting, Los Angeles, 
California, March 1953). 





Gravitational Effects in PVT Measurements in the 
Critical Region 
W. G. SCHNEIDER AND H. W. HAscoop 


Division of Pure Chemistry, National Research Laboratories, Ottawa, Canada 
(Received September 18, 1953) 


VT measurements in the liquid-vapor critical region of a 

substance contained in a bomb of any considerable height 
may be seriously affected by gravitational effects. Until fairly 
recently corrections for such effects have been largely ignored 
with the result that the true nature of the critical isotherm was 
obscured.! The effect of the gravitational field on the nature o 
the liquid-vapor co-existence curve was previously demonstrated 
by observing the co-existence curve of xenon contained alternately 
in a long vertical bomb and in a very short bomb;?** the long 
vertical bomb gave rise to a co-existence curve having a flat 
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top over a wide density range, whereas with the short bomb 4 
narrower curve with a rounded apex was obtained. It was shown 
that these results could be satisfactorily explained by assuming 
the existence of a unique critical point, as in classical theory, and 
taking into account the density’ distribution within the bom) 
imposed by the presence of the gravitational field. These conclu- 
sions have recently been confirmed by other workers.** To 
demonstrate the corresponding effect on PVT measurements, we 
have determined the critical isotherm of xenon contained first it 
a glass bomb, 25 cm by 10 mm, mounted horizontally, and thet 
in a similar bomb mounted vertically. Here also, the results 
found with the vertical bomb can be explained in terms of the 
density distribution based on the isotherm measured in the 
horizontal bomb. 

The detailed measurements with the horizontal bomb will be 
published shortly. For the measurements with the vertical bom) 
provision was made for measuring the pressure at any desirel 
height within the bomb. This was accomplished by means of # 
mercury U-tube which could be moved up and down along tht 
length of the bomb within the thermostat; the electrical contac! 
point of the mercury surface in the U-tube served as the referent 
level for the pressure measurements.* The measurements at tht 


critical temperature of xenon, 16.590°C, are given in Table! g 
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TABLE I, Measurements in vertical bomb at 16.590°C.4 
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Density, 
gm/ml 


Meniscus 
level, 
cm 


Hg contact 
level, 
cm 


Pressure, 
atmos 





1.3170 


1.2463 


1.2219 


1.1837 


1.1296 
1.0868 
1.0421 


1.0171 


0.9934 
0.9774 


23.7 


20.0 


Or 
ome 
an 


1.0 


25.4 
12.7 
2.5 


25.4 
2.5 


23.7 


m DON 


Nee 
mn 


to 


POAROUEUOR ODOR 
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57.7068 
57.7086 
57.7245 
57.7240 
57.7369 
57.7367 
57.6398 
57.6661 
57.6651 
57.6355 
57.6355 
57.6361 
57.6350 
57.6596 
57.6307 
57.6360 
57.6460 
57.6563 
57.6353 
57.6356 
57.6144 
57.6284 
57.6353 
57.6153 
57.6348 
57.6350 
57.6071 
57.6270 
57.6260 








* Note: Total height of bomb 25.4 cm. 


At each density the contents of the bomb were thoroughly stirred 
and then allowed to settle for 4 to 24 hours. In Fig. 1 the circles 
indicate the pressures measured at the meniscus level, the height 
of which is of course dependent on the filling density. Within the 
limits of experimental error (++0.0005 atmos) these points yield a 
horizontal portion, BE, on the critical isotherm, and in this 
range of densities the meniscus can be observed to disappear 
within the length of the bomb. This is exactly the behavior to 
be anticipated on the basis of the classical idea of a unique set of 
critical parameters, T., Pc, pc, if the added effects of a gravitational 
field are taken into account. 

From the critical isotherm determined in the horizontal bomb, 
also shown in Fig. 1, the variations of density and pressure with 
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height above and below the meniscus were calculated. These are 
shown as smooth curves in Fig. 2. The directly measured pressures 
are indicated by circles and are seen to agree reasonably well. The 
density distribution curve shows good agreement with a similar 
curve obtained previously by means of a radioactive tracer. tech- 
nique,’ while the pressure curve is in fair agreement with that 
deduced by Palmer® using optical interferometer measurements. 
Finally, the calculated range of average filling densities for which 
a meniscus may be expected to disappear within the length of the 
bomb was from 0.99 to 1.24 gm/cc, in good agreement with the 
observed values. 

To illustrate the possible forms of isotherms which might be 
obtained from measurements in a vertical bomb as compared with 
the “true” isotherm obtained from the measurements in the 
horizontal bomb, the curves of Fig. 1 have been constructed using 
the relationships mentioned above. ABC is the isotherm which 
would be obtained if pressure measurements were made at the 
top of a 25 cm bomb; DEF that resulting from pressure measure- 
ments at the bottom; while ABEF would be obtained if the 
pressure were measured at the top for high densities, at the 
meniscus level for densities yielding a meniscus, and at the bottom 
for low densities. In each case the density plotted is the measured 
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average density of the filling. Experimental points taken from 
Table I are shown for the three curves, three measurements at a 
height of 2.5 cm having been corrected to 0 cm. 

The precise shape and the degree of flatness of the isotherms at, 
and just above the critical temperature are questions of some 
current interest. It can be seen that any uncorrected measure- 
ments made in a bomb as tall as 25 cm would be virtually useless 
on such a point. Furthermore, for such measurements it is doubtful 
whether corrections of the required magnitude could be deter- 
mined accurately enough to reach any useful conclusion. In apply- 
ing the necessary corrections, the question arises to what point 
(height) in the experimental bomb the pressures are to be cor- 
rected. At first sight it would appear that a proper choice would 
be the meniscus level, and this has been used.*. However, on the 
basis of the present interpretation, this will necessarily result in 
a flat portion in the isotherm since the pressure at the level where 
the meniscus disappears (for different filling densities) is the 
unique pressure, P,. What is wanted is the true isotherm which is 
characteristic of the substance in the absence of a gravitational 
field. To approximate such an isotherm we believe it is preferable 
to correct the measured pressures to that height in the bomb at 
which the local density is equal to the mean filling density of the 
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bomb. If the bomb is of small height, the uncorrected isotherm can 
be used to plot a density distribution curve, as illustrated in 
Fig. 2, and the inflection point of this curve is made to coincide 
with the meniscus level. From this curve the height where the 
local density is equal to the filling density is obtained and the 
necessary pressure correction can then be deduced. This was the 
procedure followed in obtaining the “true” isotherm of xenon 
shown in Fig. 1 from pressure measurements in the horizontal 
bomb. Since the effective height in this case was 10 mm, the 
pressure corrections were small. 


1 Schneider, ‘‘Changement de Phases” (Soc. chim. phys., Paris 1952), p. 
9 


2 Weinberger and Schneider, Can. J. Chem. 30, 422 (1952). 

3 Weinberger, Habgood, and Schneider, Can. J. Chem. 30, 815 (1952). 

4 Whiteway and Mason, Can. J. Chem. 31, 569 (1953). 

5 Murray and Mason, Can. J. Chem. 30, 550 (1952). 

6 MacCormack and Schneider, Can. J. Chem. 29, 699 (1951). 

7 Weinberger and Schneider, Can. J. Chem. 30, 847 (1952). 

8 Palmer, Ph.D. thesis, University of Wisconsin, 1952. 

® Wentorf, University of Wisconsin Naval Research Laboratory, NO- 
ORD 9938, Report No. CM-724, May (1952), p. 56. 





Microwave Spectrum of Pyridine* 
K. E. McCuLLow AND GILBERT F. POLLNOW 
Department of Chemistry, State University of Iowa, Iowa City, Iowa 
(Received August 13, 1953) 


HE recent letter by.Bak and Rastrup-Andersen! has prompted 
us to raise a question concerning the correctness of the 
interpretation of the microwave spectrum of pyridine as given by 
these authors and to indicate briefly the results of our independent 
investigation of the same problem. In the above-cited letter, an 
attempt to assign the spectrum on the basis of the asymmetry 
parameter x=0.6875 failed to yield close agreement of calculated 
frequencies with the observed value. 

In our investigation, 124 lines in the region 22.1-27.3 kmc have 
been observed, including the two highest frequencies reported by 
Bak and Rastrup-Andersen. Thirty-one Q-transitions with J<18 
and three R-branch lines have been assigned, corresponding to the 
case in which the dipole moment lies in the axis of least moment of 
inertia. Using the derived constants x=0.84777, (a—c)/2=1539.94 
mc, (a+c)/2=4499.19 mc, and taking centrifugal distortion into 
account by means of the symmetric rotor approximation, fre- 
quencies have been calculated for the assigned transitions, the 
average deviation from observed values amounting to less than 
0.1 mc. The rotational constants listed above indicate a planar 
structure. Observed intensities, clearly dependent upon the parity 
of K_1, required the presence of a twofold axis of symmetry; 
therefore, the point group must be C2,. The excellent agreement 
between observed and calculated frequencies reported herein is 
taken as a strong argument for accepting the present interpretation 
of the microwave spectrum of pyridine, in preference to that 
proposed by Bak and Rastrup-Andersen. The complete results of 
our investigation will be submitted for publication in the near 
future. 





























* Work supported by the U. S. Office of Naval Research, Contract 


N8-onr-79400. 
1B. Bak and J. Rastrup-Andersen, J. Chem. Phys. 21, 1305 (1953). 





Some Aspects of the Dissociation of Benzene 
Under Electronic Impact 


J. L. FRANKLIN AND F. H. Frecp 


Refining Technical and Research Divisions, Humble Oil and 
Refining Company, Baytown, Texas 


(Received August 14, 1953) 


USTRULID, Kusch and Tate! have published values for 

the appearance potentials of a large number of ions from 
benzene. When the work was done not enough was known about 
the energies of the gaseous ions for them to interpret their data; 
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however, it is now possible to draw some conclusions about the 
ionization processes in benzene and the energies of certain of the 
fragments that are formed. The ions and their appearance poten. 
tials (corrected for the change in the cm™!— ev conversion factor) 
which we propose to discuss are listed in Table I. 


TABLE I. Benzene ion appearance potentials.* 











Ion AP (ev) 
CeHet 9.9 
CeHs* 14.6 
CeHat 15.1 
C4H4t 15.6 
C3H3t 16.2 
CoH3* 21.2 
CeHet 18.0 








® Taken from Hustrulid, Kusch, and Tate, Phys. Rev. 54, 1037 (1938), 


CeéH;*.—The only ionization mechanism possible is C,H; 
C.H;*+H from which it follows that AHys(CeH;*+) =305 kcal 
mole. Some recent experimental work in this laboratory on benzene 
gives a value of 14.3 ev for the appearance potential of C,H;*, 
which corresponds to a phenyl ion heat of formation of 298 
kcal/mole. Furthermore, Honig? and Morrison and Nicholson’ 
using electron impact methods have recently determined the 
ionization potential of benzene to be 9.43 and 9.52 ev, respectively. 
These are to be compared with Hustrulid, Kusch, and Tate’s 
value of 9.9 ev. We mention these comparisons to illustrate the 
fact that the Hustrulid, Kusch and Tate data, while old, are 
probably reasonably accurate. 

CsH,*.—Two ionization mechanisms are possible: CsHi> 
CsHy*+ He, AHs (CsHy*) = 368 kcal/mole; and CeHe—>CeH,*+2H, 
AH; (CeH,4*) = 264 kcal/mole. Comparing these heats of formation 
with that for phenyl ion, one must almost certainly come to the 
conclusion that the first ionization mechanism is the correct one. 
The carbon-hydrogen bond dissociation energy of the benzene 
molecule-ion is easily calculated by taking the difference of 
A(C.H;*) and I(CsH¢) to be 108 kcal/mole. If one assumes that 
the second carbon-hydrogen bond dissociation energy in benzene 
molecule-ion has about the same value, one calculates that the 
heat of formation of CsH,* ion is about 361 kcal/mole. Even 
taking into account the uncertainties in the assumption, the 
agreement indicates that the value of 368 kcal/mole which results 
from the first ionization mechanism is of a reasonable magnitude. 

C,H,*.—We postulate the reaction mechanism to be CeHi> 
C,H,t++C.He, AH; (C4H4*) =326 kcal/mole. One can estimate the 
energy of the ion with structure 


H H 
So oe 
HC=C—C=CH 

to be 329 kcal/mole by means of Franklin’s‘! method of group 
equivalents. While this estimate is admittedly rather rough, the 
agreement of the estimated energy with that found experimentally 
leads us to believe that the postulated mechanism is correct and 
indicates that the CsH,* ion may have the butadiene radical ion 
structure. 

C;H;*.—We postulate the ionization mechanism CsH¢—>CsHs" 
+C;H;-, AH;(C;H;-) =109 kcal/mole. The heat of formation 0! 
the C;H;* ion is well established,’ and consequently we calculate 
the heat of formation of the neutral fragment formed in the 
ionization process. The choice of C;H;- as the neutral fragment 
formed can be made reasonable on the following grounds. The 
C—H bond dissociation energy in ethylene is known to be 122 
kcal/mole,® and the choice of a value of about this order of magnl- 
tude for the C—H bond dissociation energy in allene is probably 
justifiable. Taking the value of 120 kcal/mole we calculate that 
the heat of formation of the C;H3- radical is 114 kcal/mole. The 
agreement with the experimental value is satisfactory. Reversing 
the argument, if it be assumed that the proposed ionization 
mechanism is the correct one, the C—H bond dissociation energy 
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in allene is 115 kcal/mole, which in turn tends to provide some 
support for the relatively high value of 122 kcal/mole which has 
been advanced for the C—H bond dissociation energy in ethylene. 
It is noteworthy that little activation energy seems to be involved 
in the ionization process even though two hydrogens must be 
shuffled around to form the C;H;* ion and C3H3- radical. 

C:H,*.—For this ion the energies are compatible with the 
jonization mechanism CsHe—>C2H2++2C2He, AHy(C2H2) =59 
kcal/mole. The satisfactory agreement with the known heat of 
formation of acetylene, 54 kcal/mole, constitutes quite good 
evidence for the correctness of the postulated ionization mecha- 
nism. Here again no very large amount of activation energy seems 
to be involved. 

C.H;*.—The ionization mechanism which requires the least 
energy is CeHe>C2H3++C2H2+C.H:-; AHs(C2H-)=173 kcal/ 
mole. The value of 173 kcal/mole for AH;(C2H-) corresponds to a 
C-—H bond strength in acetylene of 171 kcal/mole, which is 
much higher than any previous estimates’ of this value. It may 
be that the high value is the result of activation energy in the 
ionization process, but as has been pointed out in connection 
with some of the ions previously discussed, benzene decomposi- 
tions involving only small activation energies do occur. In addi- 
tion, Kusch, Hustrulid, and Tate® report data from which the 
C—H bond strength in C2H2* can be calculated [D(CH=C—H*) 
=A(C:H*) —I(C2H2)], and the value that results is 152 kcal/ 
mole. Similar results have been obtained in some very recent 
measurements on acetylene.® For ethylene it can be shown in the 
same way that the C—H bond strength in C2H,* is 76 kcal/mole, 
which is to be compared with 122 kcal/mole in neutral ethylene. 
If a similar relationship exists in the case of acetylene the value 
of 173 kcal/mole for the heat of formation of C.H- is not un- 
reasonable. 

'Hustrulid, Kusch, and Tate, Phys. Rev. 54, 1037 (1938). 

2R. E. Honig, J. Chem. Phys. 16, 105 (1948). 

8J. D. Morrison and A. J. C. Nicholson, J. Chem. Phys. 20, 1021 (1952). 

4J. L. Franklin, Ind. Eng. Chem. 41, 1070 (1949); J. Chem. Phys. (to 
be published). 

5 J. Delfosse and W. Bleakney, Phys. Rev. 56, 256 (1939); F. H. Field, 
J. Chem. Phys. 20, 1734 (1952). 

6 F, H. Field, J. Chem. Phys. 21, 1506 (1953). 

7 J. S. Roberts and H. A. Skinner, Trans. Faraday Soc. 45, 339 (1949). 

§ Kusch, Hustrulid, and Tate, Phys. Rev. 52, 843 (1937). 


Te Private communication from Professor R. C. Anderson, University of 
exas. 





Valence Stabilization in Crystals 
DIETER M. GRUEN 


Chemistry Division, Argonne National Laboratory, Lemont, Illinois 
(Received September 17, 1953) 


] T is often possible to stabilize certain valency states of multiple 

valency cations in solid solutions with fixed valency cations. 
The phenomenon has been called “valence inductivity” by 
Selwood.! However, it appears that no attempt has been made as 
yet to correlate the observations with modern theories of non- 
stoichiometric compounds. The purpose of this note is to propose 
a model for the effect. 

Consider for simplicity a binary compound MX (e.g., NiO) in 
which the cation M carries a formal charge of +1, the anion X 
a formal charge of —1. Assume that in the compound MXj,, 
containing an excess of anions, but preserving the crystal structure 
of the stoichiometric MX phase, a fraction x of cations has been 
oxidized from M+ to M++ and that the excess of anions is accom- 
modated by the creation of holes on M* sites, the X~ lattice being 
taken as perfectly ordered. In the most favorable state energeti- 
cally there will be (Z—1)M+ and 1M** nearest neighbors sur- 
rounding each positive ion vacancy, with electronic interchange 
taking place easily only between these Z ions (Z being of order 
of magnitude 10) which are adjacent to a lattice hole. A mecha- 
nism called double exchange has recently been proposed by Zener? 
Which is of the sort required here. The exchange energy involved 
In the process M+—X-—M++=M++—X-—M* may be of the 
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order of several tenths of electron volts,’ and is presumably in- 
creased by the possibility of resonance among Z sites. The ease of 
formation of positive ion vacancies must be closely associated with 
the energy of the ionization process M+—+M+*t-+-e. Indeed, the 
most marked deviations from stoichiometry occur in compounds 
of the transition metals in which the metal ions have valency 
states separated by energies of a few volts. Thus, we see in the 
double exchange energy a mechanism for making a higher valency 
state more accessible. 

Consider now the random replacement of M* ions in the MX 
phase by fixed valency cations A* having an ionic radius very 
close to that of M* (e.g., the isomorphous substitution of Ni*+t 
in NiO by Mg**). Each M* in the mixed crystal M(A)X will be 
surrounded by (Z—n)M* and nA* nearest neighbors where n is 
a statistical function of the concentration of A. The creation of 
positive ion vacancies by the addition of excess X will become in- 
creasingly difficult with increasing concentration of A since the 
obvious result will be a progressive loss of exchange energy: 
A* cannot enter. into double exchange with M+*. Suppose that 
the concentration of A is so large that most of the M* ions have 
only A* nearest neighbors. To preserve electroneutrality in the 
crystal, the creation of a positive ion vacancy by the addition of 
excess X now requires the oxidation of a next nearest neighbor M+ 
to M**. Roughly the energy for this process will increase as —r~ 
where r is the distance from the vacancy to the nearest M* ion. 

The increased difficulty in oxidizing M* in lattices in which M+ 
is being replaced by A* will, on the basis of this picture, be due 
to (1) loss of double exchange energy (2) increase in coulombic 
energy. Part (2) of the effect will become important at very low 
concentrations of M, where all of the M+ nearest neighbors have 
been replaced by At nearest neighbors. The M* valency state 
will thus have been “stabilized.” A typical example of the effect 
has been observed by Prandtl and Huttner‘ in the Pr-oxide 
system. When pure Pr.O; is heated in air, one obtains PrO; 3. 
In this oxide 66 percent of the Pr is in the +4 valency state. Solid 
solutions of LasO;—Pr2O; containing 10 mole percent Pr when 
heated in air, yield an oxide in which only 10 percent of the Pr is 
in the +4 state. In this case we would say that the +3 state of Pr 
has been stabilized. 

Studies have been made in this laboratory on solid solutions of 
UO:z and ThO, in which similar effects have been observed. 
A detailed account of this work is to be published elsewhere. 

1P, W. Selwood, J. Am. Chem. Soc. 70, 883 (1948). 

2C, Zener, Phys. Rev. 82, 403 (1951). 

3R. R. Heikes, ‘‘Ferromagnetism in non-metallic alloys,’ Ph.D. thesis, 


University of Chicago, 1953. 
4W. Prandtl and K. Huttner, Z. anorg. u. allgem. Chem. 149, 235 (1925). 





The Sites of the Amino-Acid Residues on 
a Cyclol Model of Insulin* 


GLapys A. ANSLOW 
Department of Physics, Smith College, Northampton, Massachusetts 
(Received August 8, 1953) 


F consideration is given to the interaction of the ions of the 
medium, in which a protein develops, with the amino-acid 
cations and anions, it appears! that three types of protein skeletons 
may result: at high pH the polypeptide chain; at intermediate pH 
the modified Wrinch cyclol cage ;? and at low pH the earlier Wrinch 
fabric. Consequently the structure of many proteins, particularly 
the globulins, may be of the second type; i.e.,’a cage comprised of 
48 members, 24 residues on 12 diazine rings linked through 24 
single or higher linear peptides, thus forming eight interlocked 
hexapeptides, the linear peptides also being members of tetra- 
peptide rings. The infrared spectra resulting from such structures 
should consist of contributions from amide and carbonyl groups in 
the linear peptides, from hydroxyls in the diazine ring hydrogen- 
bonded to neighboring carbonyls, and from the chromophores in 
the side-chains. These frequencies appear in protein spectra, but 
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have been attributed to polypeptide chains by investigators, 
who assume the chain structure as characteristic of all proteins. 

Consequent to the identification by Sanger ef al.‘ of the amino- 
acid sequences, which appear in peptide fractions produced by the 
hydrolysis of oxidized insulin, and the interpretation of their 
origin as two pairs of polypeptide chains with 21 and 30 residues 
constituting the 12 000 MW monomer, attempts are being made to 
identify the cystine linkages between these chains and sequences of 
structural significance.5 

Wrinch® has proposed that insulin monomers consist of two 48- 
unit cyclol cages of MW about 6000, which are bonded to form the 
12 000 MW monomer. With this suggestion the subsequent report 
by Frederic and Neurath’ that the 12 000 MW unit dissociates 
into subunits of 6000 MW fitted very neatly. To test the Wrinch 
hypothesis cyclol models of the subunit have been built by the 
author utilizing Fisher-Taylor-Hirschfelder atom units, assigning 
diazine sites to the more basic residues and linear peptide sites to 




























Fic. 1. Upper view: Model resting on Ail and A20 face, showing B7 
and B19 units with tetrapeptide A5-A8 at left, 4-Cys units toward rear. 
Lower: Model resting on B7 and B19 units, showing All and A20 units, 
tetrapeptide at right. 


the more acidic, while placing the Sanger fractions on connected 
rings so that these fractions would naturally result from the 
specific oxidation and hydrolysis processes. 

In the arrangement depicted in Fig. 1 the six }-cystine residues 
appear as three sets of neighboring pairs, suggesting that S—S 
bonds between two subunits produce the monomer and between 
adjacent monomers form dimers and other polymers. These pairs 
are A11 and A20, diametrically opposite on a relatively flat face, 
A6 and A7 in the flexible tetrapeptide, A5S—A8 occupying a linear 
peptide site, and B7 and B19. When not involved in cross-bonding 
A5-A8 may become Gly-Cys-Ala. On the outer surface appear 
clusters of tyrosine and phenylalanine and the majority of the 
more basic residues. Hydrolysis fractions, which Sanger ef al. 
designated as mixtures, appear as continuous sequences; addi- 
tional recurring sequences, of possible significance for synthesis, 
are recognized. 
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Using the scale of the F-T-H atom units, 1 cm=1A, approximate 
dimensions of the subunit are: diameter of the hexapeptide rings, 
10A; distance between skeletal units on opposite faces, 15A; be. 
tween the end groups on these faces, 22-24A, (30A to face con- 
taining A5-A8); distance between opposite tetrapeptide rings, 
19.5A. The volume of the subunit is approximately 7.5 x 105A): 
the dimer is bounded by a rhombohedral cell approximately 
44A X50A X30A. These are dimensions which appear in x-ray 
crystallography.®® 


* Supported by the U. S. Office of Naval Research. 

1G. A. Anslow (to be published). 

2D. Wrinch, Science 107, 445 (1948); 116, 562 (1952). 

3D. Wrinch, Nature 139, 972 (1937) and following. 

4 F. Sanger et al., Biochem. J. 44, 126; 45, 563 (1949) ; 49, 463, 481 (1951); 
53, 353, 366 (1953). 
5 C. Robinson, Nature 172, 27 (1953). 
6D. Wrinch, J. Chem. Phys. 16, 1007 (1948). 
7 E. Frederic and H. Neurath, J. Am. Chem. Soc. 72, 2684 (1950). 
8D. Crowfoot Hodgkin, Proc. Roy. Soc. A164, 580 (1938); Nature 144, 
1011 (1939) ; Cold Spring Harbor Symposia on Quant. Biol. 14, 65 (1950). 
9B. W. Low, Nature 169, 955 (1952). ; 





Neutron Diffraction Study of Tetragonal 
Potassium Dihydrogen Phosphate* 
S. W. PETERSON AND HENRI A. LEvy 
Chemistry Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
AND 


S. H. SmmonseEn,t University of Texas, Austin, Texas 
(Received August 17, 1953) 


HE position of hydrogen atoms in the crystal structure of 
tetragonal KH2PO, has been studied by neutron diffraction. 
Three sets of single-crystal data were collected: 


(hkO) zone, room temperature, \=1.16A and 0.93A. 
(hkO) zone, ~140°K, \=1.062A. 
(hOl) zone, room temperature, \=1.16A. 


Indexes are based on a body-centered unit cell. Fourier projections 
were prepared from each set, phases being assigned from West’s! 
parameter values for K, P, and O with the assumption that the 
hydrogen atoms are situated near the midpoints of the hydrogen 
bonds. A convergence factor having approximately the form of an 
artificial temperature factor was applied to ameliorate termina- 
tion-of-series errors. 

Each projection showed peaks assignable to hydrogen atoms 
centered at the midpoints of the hydrogen bonds and pronouncedly 
elongated along the hydrogen bonds. Detailed analysis of the 
peak shapes showed them to be equally consistent with two 
alternative descriptions of the hydrogen atom distribution: 


(a) Mean location at the midpoint of the hydrogen bond with 
enhanced thermal motion along the bond direction (centered 
model). 

(b) Mean locations at random about 0.15A from the midpoint 
with little or no asymmetric temperature motion (uncentered 
model). 


Comparison of calculated and observed structure factors con- 
firmed that both descriptions are consistent with the data. 
Refinement of parameters included the following steps: 


(1) Correction of parameters for residual termination-of-series 
errors by the back-shift method.? 

(2) Computation of a difference synthesis with coefficients pro- 
portional to (Fors—F.’), in which F,’ includes calculated contribu- 



































tions from K, P, and O but not from H, without use of a cor- 
vergence factor. Although this synthesis utilized the full resolving 
power of the data to detail the peak due to hydrogen, it did not 
permit a choice between the centered and uncentered models.’ 
(3) In the case of the 140°K data, a least squares refinement of 
the following parameters for hydrogen: displacement from the 
midpoint along the hydrogen bond, isotropic temperature factot 
coefficient, and anisotropic temperature factor coefficient pel 
pendicular to the hydrogen bond. Initial values of these param 
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eters were obtained from analysis of the peak in the (Fors—F-’) 
synthesis assuming an uncentered model. 


The agreement factors 2|Fovs—Featc|/2|Fovs| achieved for 
(hkO) data are 8 percent at room temperature and 3.8 percent at 
low temperature. Refinement based on (Ol) data is not yet 
complete. 

The results of the study include several points of interest. 
Parameters for oxygen are essentially identical at both tempera- 
tures and are closer to those given by the x-ray study of Frazer 
and Pepinsky* at 126°K than to those from the study of West! 
at room temperature. The length of the hydrogen bond was found 
to be 2.48A at both temperatures. While the diffraction study 
alone does not distinguish between centered and uncentered 
hydrogen positions, the latter description is strongly favored by 
infrared spectral data’ and by the existence of excess entropy.® 
The O—H distance, based on the uncentered model and the 
140°K data, is 1.085A with an uncertainty (standard deviation) 
of 0.013A, and is thus considerably longer than that observed in 
other substances; e.g., 1.01A in ice? and 0.958A in H.O gas.* The 
unusual length seems likely to be correlated with the unusually 
short hydrogen bond. (This uncertainty for the O—H distance is 
derived from the least squares calculation; the distance quoted 
might best be provisionally regarded as a lower limit, inasmuch 
as the variation in the least squares agreement as the centered 
model is approached has not been studied in detail.) The room 
temperature (/kO) data, but not those at low temperature, require 
an asymmetric temperature factor for oxygen corresponding to 
enhanced motion along each projected P—O bond direction. 
A bending mode of the PO, group with large amplitude is thereby 
indicated ; the existence of such a mode of easy deformation may be 
of interest in connection with the dielectric properties of KH2PO,. 

The coherent neutron scattering amplitude of phosphorus 
evaluated from the data is 0.54 10~" cm, positive phase. 

* This work was performed under the auspices of the U. S. Atomic Energy 
Commission. 

t Research participant, Oak Ridge Institute of Nuclear Studies, 1953. 

'J. West, Z. Krist. 74, 306 (1930). 

2A. D. Booth, Proc. Roy. Soc. (London) A188, 77 (1946). 

3R. Pepinsky, Science 117, 1 (1953), also reference (5), has reported 
that a Fourier projection prepared from neutron diffraction data from 
KH2PO, at room temperature shows the protons to be in double minima 
between oxygen atoms. Examination of the data and maps shows however 
that the apparently divided hydrogen peak is an artifact resulting from 
use of incomplete data and large errors due to non convergence. We thank 
Dr. Pepinsky for the opportunity to examine his maps and data. 

4B. C. Frazer and R. Pepinsky, Acta Cryst. 6, 273 (1953). 

5 R. E. Rundle and M. Parasol, J. Chem. Phys. 20, 1487 (1952). 

SC, C. Stephenson and J. G. Hooley, J. Am. Chem. Soc. 66, 1397 (1944). 

7S. W.: Peterson and H. A. Levy, Bull. Am. Phys. Soc. (Albuquerque 


meeting, 1953). 
8D. M. Dennison, Revs. Modern Phys. 12, 175 (1940). 





On the Influence of the Packing on the 
Atomformfactor Based on the 
Thomas-Fermi Theory* 


Kwat UMEDA AND YASUO TOMISHIMA 


Department of Physics, Faculty of Science, Okayama University, 
ayama, Japan 


(Received August 7, 1953) 


S many investigators! have remarked, the atomformfactor 

for the atom at rest, fo, will be in the crystal somewhat 
different from that in free space. In determining the form of the 
fo curve, the inner electrons which are not influenced by the 
exterior are of prime importance, while the outer electrons will 
play a role only for small values of sin@/X, since their effects cancel 
so rapidly by interference as sin@/\ increases. The juxtaposition of 
the atoms in the crystal must disturb principally the outer 
electrons, so that its influence on the shape of the fo curve should 
be noticeable only for small values of sin8/d. Since for atoms with 
Z>25 the fo curves calculated from the Thomas-Fermi (abbrevi- 
ated as TF) field are accurate enough, we have investigated the 
influence of the packing on the shape of the fo curve on the basis of 
the TF theory. 
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For a TF atom Z, fo is given by 


fz sin(ku)x-o4/x)-dx 
with k=4r sino/A, ¢=the TF function, and x»=the atom radius, 
or the lattice spacing, in the TF unit uw. The values of the TF 
functions for a number of lattice spacings have been tabulated 
previously by Slater and Krutter,? then by Feynman, Metropolis, 
and Teller, and recently with higher accuracy by March.‘ By 
means of these values we have calculated numerically the values of 
fo for ten different values of ku (see Table I) as well as for thirteen 
different lattice spacings (x»=1.19 to 8.015) using the Filon® 
formula for evaluating the Fourier integrals. Since the fo curve for 
any TF atom Z can be obtained from that for a standard atom Zo 
simply by a change of scale, we have illustrated in Fig. 1 three fo 
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Fic. 1. fo curves for Cs atom in free space as well as in crystals 
with different lattice spacings. 


curves as examples for caesium (Zp=55) taken as the standard 
atom as usual. The packed fo curves (x= finite) converge to the 
free one (x)=) fluctuating about this more rapidly with in- 
creasing lattice spacing. From the figure we see that the expected 
properties mentioned above have been verified theoretically. The 
systematic fluctuating course of the value of 5 fo= fo exp— fo Hartree 
with increasing sin@/A, in particular the positive values of 5/o for 
smallest values of sin@/A, observed by Wasastjerna® (see his 
Fig. 1), seems to be in favor of our results. 

The free fo curve calculated by Bragg and West! from the charge 
distribution given by Thomas primitively has been hitherto always 
referred as the standard of the TF free fo curve, while that has in 
the region of larger values of sin@/A somewhat too small values for 
the convergence limit of the sequence of the packed fo curves. 


TABLE I. Atomformfactor for the free caesium atom at rest, fo, calculated 
anew from Miranda's values of the TF function. 








ku 0° 12.5° 25° 37.5° 50° 75° 
sin@/d -10-8 0 0.141 0.282 0.423 0.564 0.845 
fo 55 47.53 38.69 32.09 26.97 19.97 
ku 100° 125° 150° 175° 200° 
sin@/d -10-8 1.127 1.409 1.601 1.973 2.254 
Jo 15.50 12.46 10.28 8.67 7.43 
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Thus we have recalculated that anew from Miranda’s’ most 
accurate values of the TF function. The results are given in 
Table I. There is our free fo curve just in the position expected 
from the sequence of the packed fo curves. 

The tables of the numerical values of fo for finite lattice spacings 
obtained by us will be published shortly in the Research Notes of 
the Department of Physics, Faculty of Science, Okayama Uni- 
versity, Okayama, Japan. 


* Supported by the Scientific Research Expenditure of the Japanese 
Ministry of Education. 

1W. L. Bragg and J. West, Z. pion 69, 118 (1928); R. W. James and 
G. W. Brindley, Z. 977 78, 470 (1931). 

2J. C. Slater and H. M. Krutter, Phys. Rev. 47, 559 (1935); P. Gombas, 

Die stalistische Theorie a Atoms und thre Anwendungen (Springer-Verlag, 
bie ge 1949), p. 357. We have taken only three cases xo =1.19, 1.69, 
and 2.20. 

3 Feynman, Metropolis, and Teller, Phys. Rev. 75, 156 (1949). 

4N. H. March, Proc. Camb. Phil. Soc. 48, 665 (1952). We have taken all 
ten cases given in his Table 1. 

51. N. G. Filon, Proc. Roy. Soc. Edinburgh A49, 38 (1929). 

(is "y Wasastjerna, Soc. Sci. Fennica, Commentationes Phys.-Math. 13, 
1 (1946). 

7C. Miranda, Mem. reale accad. naz. Lincei, Classe sci. fis. mat. e nat. 5, 
285 (1934). 





The Rate of Recombination of Iodine Atoms 
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(Received August 8, 1953) 


HE technique already used'*> for the rapid photoelectric 
observation of the rate of the homogeneous three-body 
recombination of iodine atoms produced by the flash photolysis 
of molecular iodine in the gas phase has now been applied to the 
measurement of the rate of recombination of iodine atoms in the 
nonpolar solvents n—C7Hi and CCl,. 

The solution experiment is more difficult than the gas phase 
one because, at the same concentration of iodine atoms, the recom- 
bination rates in CCl, and C;Hi¢ are about 40 and 130 times 
faster than in argon at 1 atmos pressure. By increasing the cell 
length by a factor of 3 over that previously used (10 cm), the 
reaction rate for a given total number of iodine atoms per cm? in 
the spectrophotometer light path was decreased threefold. The 
flash lamp energies (200-400 joules; 4 wf, 10-15 kv) were also 
greater than those (50-70 joules) previously used. The flash lamp 
had a 1/e time of ~25 ysec; nevertheless, amplifier blocking due 
to electrical and optical pickup from the flash prevents the 
required sensitive observation of iodine molecule concentration 
until about 200 usec after the flash. Typical half-times for the 
recombination were in the range of 100-400 usec, so that the early 
stages of the reaction were not observed. Typical initial changes in 
iodine molecule concentration for a 200 joule flash were ~1—3 
X10-'M (M=mole/liter) (1-3 percent photodissociation) and 
the values of the fractional changes in photocurrent to be measured 
were ~3—23X10~-, whereas noise fluctuation was ~5X10-. 
The solvents used were Phillips Petroleum Company pure grade 
n-heptane and Eastman Kodak spectrophotometer grade carbon 
tetrachloride. The former was further purified. Poorer grades of 
solvents gave anomalous results. The data for any one trace are 
not highly accurate and can be fitted to either a second- or a 
first-order integrated rate equation, but the smallness of the 
effects due to changing iodine molecule concentration and flash 
lamp energy show that the expected second order rate equation is 
indeed correct. 

By extrapolation to zero time, the initial degree of dissociation 
of iodine was estimated. By comparison with the initial degree of 
dissociation for a gas cell where the quantum yield for photo- 
dissociation is known to be 1, rough estimates of the quantum 
yield @ for photodissociation in solution are obtained. The flash 
light passed through a filter which removed wavelengths less than 
500 my and the quantum yields quoted are averages for the wave- 
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lengths greater than this emitted by the lamp and absorbed by 
iodine. 
The values of k at room temperature for the equation 


ItIok, d(Is)/dt=k()? 


are 2.2 (40.4, mean deviation) X10°M™ sec for C7Hig; and 
0.72 (+0.11)X10"°M— sec for CCly. The rough estimation of 
the quantum yields are ¢=0.41 (+0.32) for C;His and ¢=0.19 
(+0.07) for CCl,. 

Measurement of the steady state concentration of atoms in 
illuminated solutions of iodine gives values of k/p=2.4 (+1.8) 
X10" and 6 (+2) X10"M™— sec for hexane and CCl,.? This has 
been combined with the measurement of kf by a chopped light 
measurement of the lifetime of photochemically produced iodine 
atoms in hexane to give k=1.1X10"M™ sec, 573=0.37, 
$436=0.59. A new direct determination of ¢ for iodine, using 
allyl iodide as a scavenger in air saturated solutions, gives at 25°, 
436= 0.66 (+0.04) and 0.14 (+0.01) for CeHi4 and CCly.4 In view 
of the difficulties in all of the various experiments, the measure of 
agreement between them should be regarded as satisfactory. 

The ratio of three between the rate constants for recombination 
in heptane and CCl, may be compared to the ratio of 2.0 for the 
diffusion coefficients of molecular iodine in the two solvents at 20° 
(DX10°=2.386 and 1.177 cm? sec™).5 Since the recombination 
reaction itself presumably has no activation energy, the over-all 
recombination process is diffusion controlled and k= 22Do,® where 
D and o are the diffusion coefficient and diameter of the iodine 
atoms. This formula applied to our results gives Do=58X10™ 
cm* sec"! (C;His) and 19X10~ (CCl,), indicating rather large 
values of the effective collision diameter oc. 
ae supported by the U. S. Office of Naval Research, Project 

la R, “Morshall and N. Davidson, J. Chem. Phys. 21, 659 (1953); 1» for 
independent measurements by this technique see Christie, Norrish, and 
Porter, Proc. Roy. Soc. (London) A216, 152 (1952); . Russell and 
pF Simons, Proc. Roy. Soc. (London) A217, 271 (1953). 

2 E. Rabinowitch and W. C. Wood, Trans. Faraday Soc. 32, 547 (1936), 
(some of the numerical data given here are incorrect and have been re- 
calculated). 

3 J. Zimmerman and R. M. Noyes, J. Chem. Phys. 18, 658 (1950). 

4R. M. Noyes, private communication. 

5C. C. Miller, Proc. Roy. Soc. (London) A106, 724 (1924). 


6 E, A. Moelwyn-Hughes, Kinetics of Reactions in Solution (Oxford Uni- 
versity Press, Oxford, 1947), 2nd edition, p. 245. 





Reaction of Optically Excited Mercury Vapor 
with Oxygen 
Davip H. VoLMAN 


Department of Chemistry, University of California, Davis, California 
(Received August 31, 1953) 


ECENT discussions in this journal pertaining to the mercury 

photosensitized oxidation of hydrocarbons! have brought 

into consideration the reaction of optically excited mercury vapor 
with oxygen. Darwent! assumes that the reaction 


Hg (#P1) +0O.-Hg0+0 (1) 


is an important process. Gray? has given evidence that this is 
probably not an important reaction. Results pertinent to this 
discussion obtained several years ago but hitherto unpublished are 
presented here. 

The experimental technique has been described previously.’ 
Oxygen at atmospheric pressure and 40° with mercury vapor at 
0.0013 mm, corresponding to its saturation vapor pressure at 20°. 
was irradiated in a flowing system with a helical quartz mercury 
resonance lamp. The cylindrical reaction vessel, 20 mm in diame- 
ter, was coated on the outside with mineral oil to eliminate light of 
wavelength shorter than 2500A. The flow rate was 600 ml per 
minute corresponding to a linear velocity of 3.2 cm per second in 
the reaction vessel. Under these conditions approximately 10“ 
mole of ozone was formed per liter of oxygen passed, and the 
quantum yield based on uranyl oxalate actinometry was ap- 
proximately 0.03. 
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Calculations from these results show that, for every mercury 
atom entering the reaction zone, about 40 molecules of ozone are 
finally obtained. The number of ozone molecules formed is some- 
what higher than this value since photodecomposition of ozone and 
reaction of ozone with mercury vapor have not been considered in 
the calculations. Mercuric oxide was deposited for a distance of 
about 5-8 cm from the start of the irradiation zone which had a 
total length of 25 cm. The deposit was most heavy at the start and 
then tapered off. These results are consistent with those of 
Dickinson and Sherrill‘ who were the first to report ozone synthesis 
by mercury photosensitization. They reported 7 molecules of ozone 
per mercury atom. This lower value may easily be accounted for by 
incomplete saturation with mercury, lower light intensity, and 
lower linear velocity of flow. 

It is difficult to see how reaction (1) could account for the major 
results. Even on the basis of the results of Dickinson and Sherrill 
this reaction is highly improbable. However, on the basis of only 7 
ozone molecules per mercury atom and the exothermicity of Eq. 
(1), some hope for an explanation based on an energy chain 
perhaps existed. 

From the evidence presented here, it seems that mercury must 
undergo a large number of fruitful cycles to produce as much ozone 
as is actually found. The actual number of all cycles involving 
mercury may be even greater on account of the low quantum 
efficiency found. However, since mercury is actually eliminated 
from the gas phase in the first portion of the irradiation zone and 
ozone is being decomposed all along the reaction zone, the actual 
efficiency of ozone formation from Hg(*P:) could be somewhat 
greater than the quantum yield indicates. 

Mechanisms alternative to (1) will not be discussed here since 
Noyes and Leighton® have presented an excellent review of this 
topic. However, we hope to shed additional light on the mechanism 
by experiments now under way in these laboratories. 

B. deB. Darwent, J. Chem. Phys. 20, 1979 (1952). 

2J. A. Gray, J. Chem. Phys, 21, 1360 (1953). 

3D. H. Volman, J. Chem. Phys. 14, 707 (1946). 
nan G. Dickinson and M. S. Sherrill, Proc. Natl. Acad. Sci. 12, 175 


5 W. A. Noyes and P. A. Leighton, The Photochemistry of Gases (Reinhold 
Publishing Corporation, New York, 1941). 





On the Reaction Field of Polar Liquids 


Tu. G. SCHOLTE 
Centraal Laboratorium der Staatsmijnen, Geleen, The Netherlands 
(Received August 17, 1953) 


ECENTLY, Frood and Dekker! published a computation of 

the reaction field of spherical molecules with an eccentric 

dipole moment. They found that the average reaction field of an 

extended dipole yu of arbitrary position and direction in a spherical 

particle with radius R and with dielectric constant e;, embedded in 

a homogeneous dielectric with dielectric constant €, can be given 
by the equation: 

_ 2(¢—1) 

R3(Qete:)” 

So E, has the same value as if there were a mathematical dipole pu 
in the center of the particle. 

It seemed useful to mention that this can be considered as a 
special case of the general problem of a spherical particle with an 
arbitrary distribution of charge in a homogeneous dielectric. This 
problem has been examined in my thesis? and has also been dealt 
with in Béttcher’s new book.’ It has appeared that if one considers 
the charge as the sum of an electrical point charge, a mathematical 
dipole with three components, a mathiematical quadrupole with 
five components, and so on, all in the center of the particle, the 
reaction field can be computed as the sum of the reaction fields of 
these parts. Since the point charge has no reaction field and the 
quadrupole and the poles of higher order give a reaction field with 
an average value equal to zero, only the dipole contributes to the 
average reaction field. 
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With a polarizable particle this conclusion also holds if the 
polarizability is evenly distributed over the entire particle. For, in 
that case, only the average reaction field gives rise to an induced 
dipole moment. 

So only the dipole part of the whole charge distribution has to be 
taken into account for the average reaction field and for the 
dielectric constant of a polar liquid if the Onsager-Béttcher model 
is used. 

1D. G. Frood and A. J. Dekker, J. Chem. Phys. - Ley (1952). 

2 Th. G. Scholte, Thesis, University of Leiden (1950 11 


3C. J. F. Béttcher, Theory of Electric Polarisation tibeestor peaeins 
Company, Amsterdam, Houston, London, New York, 1952), p. 





The Molecular Structure of B;Hi, 


Louis R. LAVINE AND WILLIAM N. LIpscoMB 
School of Chemistry, University of Minnesota, Minneapolis, Minnesota 
(Received August 24, 1953) 


NALYSIS by three-dimensional Fourier and least squares 
methods of 298 x-ray diffraction maxima from single crystals 

of BsHi: has yielded its molecular structure. There are four mole- 
cules in a monoclinic unit cell having parameters a=6.76, b=8.51, 
c=10.14A and B=94.3°. The space group, P2./n, is unique. 
Boron positions were located unambiguously from analysis of the 
three-dimensional Patterson function. The hydrogen atoms ap- 
peared as the eleven highest peaks in the asymmetric unit, con- 
taining one molecule, in a three-dimensional ‘Fourier series from 
which the contributions of boron atoms were subtracted. Although 
no molecular symmetry is required the molecular dimensions indi- 
cate C, symmetry. Within our limits of error all B—H (nearly 
single bond) distances are equal, and all B—H, (bridge) bonds 
are equal. The unusual hydrogen atom, Hu, at the center of Fig. 1 





Fic. 1. The molecular structure of BsHiu. 


is singly bonded to By, but also can be said to form very weak 
bonds, bond order about 3, to the neighboring Bi11 atoms. Molecu- 
lar parameters, and their average deviation from the mean when 
more than one is averaged, are two Bj Br1=1.86;+0.00;A, two 
By Bur=1.75+0.02A, two By Buy = 1.72+0.02A, one BryBr 
=1.77A, seven B—H=1.07+0.04A, six B—H,=1.24+0.07A, 
one B;—Hu=1.00A, and two Brr—Hu=1.67+0.09A. While 
these average deviations may be comparable with probable 
errors, it is possible that the incompleteness of our Fourier series 
may give rise to some systematic shortening of the B—H dis- 
tances. This shortening is slightly greater than that! for ByHio 
where the Fourier series was more complete. However, the molecu- 
lar geometry seems to be established. 

That the boron atoms are a fragment from the icosahedron 
seems to have been generally expected from the principles pre- 
viously realized from studies of BioHi¢ and BsHy.* Although one 
cannot predict the hydrogen positions with confidence an arrange- 
ment close to that in Fig. 1 can be obtained by taking apart the 
BiH, structure, and by adding onto the B,Hio structure,'* as 
has been pointed out to us.' Both of the highly reactive BsHi 
and B,Hio molecules have relatively open structures as compared 
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with the compact arrangements in BioHi, and B;H». The geo- 
metrical properties of these fragments of the icosahedron or octa- 
hedron, the occurrence of bridge hydrogens at open edges, and 
the ligancy of five or six for boron are principles now common to 
all of the boron hydrides whose structures are established. The 
unusual hydrogen atom in BsHi: may, however, be an inter- 
mediate type, between a normal ‘‘singly bonded” hydrogen and a 
bridge hydrogen, perhaps not too dissimilar to the unsymmetrical 
hydrogen bridges previously established in BioHi,? and in BgHio°. 

Support of this work by the Office of Naval Research is grate- 
fully acknowledged. The three-dimensional Fourier work was 
carried out on the X-RAC at Pennsylvania State College, and the 
least squares treatment at the Computing Center of the Uni- 
versity of Minnesota. We wish to thank Dr. L. V. McCarty of the 
General Electric Company, Schenectady, New York, for supplying 
us with a sample of pure Bs;Hu. 
. 1C. E. Nordman and W. N. Lipscomb, J. Am. Chem. Soc. (to be pub- 
Price. Lucht, and Harker, Acta Cryst. 3, 436 (1950). 

3W. J. Dulmage and W. N. Lipscomb, Acta Cryst. 5, 260 (1952). 
“an Jones, and Schomaker, Proc. Nat. Acad. Sci. U. S. 38, 679 


4 Jones, Hedberg, and Schomaker, J. Am. Chem. Soc. (to be published). 
5M. E. Jones, private communication. 





Triplet States in Solution 
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Department of Physical Chemistry, University of Cambridge, 
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(Received August 19, 1953) 


HOTOCHEMICAL and fluorescence studies of aromatic 
molecules in solutien indicate that metastable biradicals in 
the lowest triplet level, formed by a radiationless transition from 
the excited singlet state, may be intermediates in the chemical 
change. At present the observed kinetic laws of the over-all re- 
action do not allow a choice to be made between the several 
possible mechanisms and direct observations on the triplet mole- 
cule itself are lacking. While absorption from triplet levels can 
be observed by using steady cross illumination in glasses at very 
low temperatures,!:? under which conditions the lifetime ap- 
proaches the true radiative lifetime, the rapid deactivation or 
reaction makes this method inapplicable in solution. The high 
efficiency of photochemical oxidation in solution’ coupled with 
the observations of McClure? suggest, however, that if time in- 
tervals of the order of 10~® second could be resolved and a high 
intensity source used, the direct study of triplet-state molecule 
reactions in solution might become possible. 

We have applied the method of flash photolysis andj flash 
spectroscopy‘ to the study of the photolysis of aromatic molecules 
in solution and in all polynuclear compounds so far investigated 
we have detected transient absorption spectra which are attributed 
to absorption from the lowest triplet level. The example in the 
accompanying figure was obtained with a 10~> molar solution of 
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Fic. 1. Flash photolysis of a 10-5 molar solution of anthracene in hexane. 
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anthracene in hexane from which dissolved gases had been care- 
fully removed. Each spectrum was recorded by a flash lasting 
25 usec. The fluorescence resulting from the photolysis flash alone 
is shown in the first spectrum. The second spectrum, taken before 
the photolysis flash, shows the absorption of normal anthracene 
in the ground singlet state and subsequent spectra were taken in 
arbitrary order at increasing time intervals after photolysis, 
Immediately after photolysis there is a decrease in the absorption 
of the singlet state accompanied by the appearance of new absorp- 
tion bands at 4203 and 3980A and a continuous absorption be- 
ginning at 2800A which increases to lower wavelengths until it 
overlaps the second singlet system. The bands are attributed to 
absorption from the lowest triplet level to two vibrational levels 
of an excited triplet state, the continuum arising from the transi- 
tion to a second electronically excited triplet state. The triplet 
spectra disappear, and the singlet absorption returns to its 
original intensity, with a half time of about 100 usec. The con- 
version time is unchanged in ethanol solution but is increased by 
a factor of ten in the more viscous solvent, glycerol. Similar 
spectra have been obtained with solutions of naphthalene, phe- 
nanthrene, naphthacene, triphenylene, chrysene, pyrene, 3,4- 
benzphenanthrene, 1,2-benzanthracene, 1,2,5,6-dibenzanthracene, 
perylene, rubrene, coronene, 8-bromonaphthalene, a-chloroanthra- 
cene and also diacetyl. All have lifetimes in hexane of 100 usec or 
less and there is no obvious correlation of lifetime with molecular 
structure. 

It is clear that the formation of triplet states by photolysis in 
solution is a general phenomenon. It is also one of major impor- 
tance, as is shown by the fact that in some cases about 50 per- 
cent conversion to the triplet state is produced by a single flash. 
These high conversions make possible the direct measurement of 
absolute concentrations and hence of extinction coefficients and 
transition probabilities of the triplet transitions. Of most promise 
to the chemist is the fact that the reactions of triplet molecules 
in solution become amenable to direct kinetic investigation. 

We are grateful to the British Rayon Research Association for 
financial support and to Dr. E. J. Bowen and Professor J. W. Cook 
for samples of hydrocarbons. 

1 Lewis, Lipkin, and Magel, J. Am. Chem. Soc. 63, 3005 (1941). 
2D. S. McClure, J. Chem. Phys. 19, 670 (1951). 


3 E. J. Bowen, Faraday Soc. Discussions 14, 143 (1953). 
4G. Porter, Proc. Roy. Soc. (London) A200, 284 (1950). 





Quenching of Organic Phosphorescence 
M. Koizumi AND S. Kato 


Institute of Polytechnics, Osaka City University, Osaka, Japan 
(Received August 20, 1953) 


ROM the standpoint of photochemistry, it is important, as 
we believe, to measure the quenching action of many 
substances upon the organic phosphors and especially to determine 
whether the action affects the singlet (S’) or triplet state (7). 
Concerning this problem, we have derived the kinetic formulas for 
the initial intensity Ip) and natural life + (or decay constant 
a=1/r) on the ground of Lewis’ model. 
The results obtained are as follows: (The approximation was 
made in consideration of the fact that the life of S’ state is very 
short compared with that of T state.) 








Ip=I poe **, 
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In the foregoing equations, Q is the number of photons absorbed 
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per sec during illumination. The various transitions probabilities 
from S’ (Fig. 1) are: m-, transition with radiation to the ground 
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Fic. 1. Lewis’ scheme o Ne] Ni g 
phosphorescence. 
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state; m:, transition caused by the inner quenching effect; gq, 
transition caused by the action of a quenching substance; and n,, 
transition to the triplet state. The analogous quantities from T are 
n,n’, q’, and n,’. 

When there is no quenching action of any kind, Eqs. (1) and (2) 
are expressed as follows: 
Q _ mule (ne+nit+n.y)+nn,’} 


ao (netnitnu)? , (1a) 


Nu (Nte+ni) 
sii a aa Om 
Asa special case, when the quencher only affects T state, (1) and 
(2) will be simplified as follows: 
aM) =q+q/, 
Q mule (netnitny) tnenu'} 
ale’) (netnitn,)? 


a 
=I Xa 


Ip) = 





(2b) 





T po” => 


Thus when the quencher acts only on T state, the initial- 
intensity of phosphorescence ought to be proportional to its life. 

As ar other special case, when the quencher only operates on .S’ 
state, Eqs. (1) and (2) are written as follows: 
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aD” (netnitnutg)? ~~ me’ (netnitn.) +n!’ 
In this case, any simple relation does not hold. But, it is ex- 
pected that the intensity is reduced remarkably in contrast to a 
rather small change of a. 
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On the ground of the above deduction, we examined as a first 
step, the concentration quenching in the trypaflavine-filter paper 
phosphor. Decay curves of phosphorescence were measured by 
means of an oscillograph, and from them, the initial intensity and 
a were calculated. (Log! po~# curve gave a straight line and from 
its inclination a was obtained.) 

Some typical results are shown in Fig. 2. As is seen in the figure, 
I po at high concentration of dye is about 1/3~1/4 of the maximum 
of Ippo value, while a decreases only about 30 percent or so. 

Tentatively assuming that g and q’ can represent the concen- 
tration quenching and further assuming that all the transition 
probabilities remain constant, we can deny the possibility that T 
state is chiefly affected in the phenomenon of self-quenching. 

Details will be reported in the Journal of the Institute of Polytech- 
nics, Osaka City University. 


1G. N. Lewis and M. Kasha, J. Am. Chem. Soc. 66, 2100 (1944); Lewis, 
Calvin, and Kasha, J. Chem. Phys. 17, 804 (1949), 





The Slow Neutron Cross Section of Water 


MILTON DANZKER 
Westinghouse Electric Corporation, Pittsburgh, Pennsylvania 
(Received September 18, 1953) 


CALCULATION of the total cross section of neutrons for 
hydrogen in water vapor has been made as a function of 
incident neutron energy in the thermal range. Curve I in Fig. 1 
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Fic. 1: Curve I—experimental for liquid water; Curve II—calculated 


for po Mor vapor; and point V is where the first vibrational level of water 
vapor is excited. 


represents this calculation where the total neutron cross section, 
on, is plotted against the time of neutron flight squared, Ty”. The 
energy of the neutron Ey is related to Ty? by the relationship, 
T y?En=5227, where Ev is in electron volts and Ty is in psec/ 
meter. The point V on the curve corresponds to the neutron energy 
that is just able to excite the first vibrational level of the water 
vapor molecule. 

The calculation was made with the semi-classical MTV theory 
of Messiah! which is based on the classical reduced mass tensor 
method of Sachs and Teller. A linear molecular model was used 
whose fundamental frequencies were fitted to the experimental 
values for water vapor. The calculated curve differs significantly 
from the experimental curve found for liquid water at room 
temperature by Melkonian,? which is Curve II of Fig. 1. 

In the experimental study by Melkonian on the thermal] neutron 
cross section of liquid and gaseous n-butane no difference was 
observed between the curves for the two phases of butane.? This 
can be correlated with the relative constancy of the infrared 
spectra of hydrocarbons of this type in the solid, liquid, and 











gaseous forms.’ Apparently the molecular interaction energies are 
small compared to the carbon and hydrogen binding energies 
within the molecule; hence the molecular vibrational levels are 
only slightly perturbed in going from the gaseous to a condensed 
state. The case of water is different, however. There is a consider- 
able shift of frequency and change of intensity as well as intro- 
duction of new bands in the infrared spectrum of water in pro- 
ceeding from the gaseous to the condensed state. Thus the total 
neutron cross section might well be expected to be different for 
these two states, and the difference between Curves I and II is not 
unreasonable. In fact, the association of water molecules in the 
liquid state makes its neutron cross section for hydrogen similar to 
that for cetane, where curve for water vapor, as calculated, ap- 
pears similar to that for methane.’ 





1A. M. L. Messiah, Phys. Rev. 84, 204 (1951). 
2 E. Melkonian, Phys. Rev. 76, 1750 (1949). 
3G. B. Carpenter and R. S. Halford, J. Chem. Phys. 15, 99 (1947). 













































Measurement of Electrode Polarization by the 
Current-Interrupter Method 
SIDNEY BARNARTT 


Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
(Received August 19, 1953) 


ECENT potential-mapping studies! concerning the meas- 
urement of electrolytic polarization by the so-called direct 
method, wherein the tip of the capillary from the reference 
electrode is brought close to the polarized electrode, have clarified 
the two sources of error inherent in this method: (1) distortion of 
the electric field at the electrode, (2) inclusion in the measurement 
of an I.R. drop between the capillary tip and the electrode, since 
the measurement is made while current flows. It may be concluded 
from these studies that a considerable volume of published 
polarization data obtained by the direct method is inaccurate. 

In order to avoid these two errors, many authors have utilized 
interrupted currents, whereby measurements are made during the 
open-circuit interval and are extrapolated to the instant of current 
interruption. It is clear that, if the electrode has been polarized 
with uniform current density over its surface, no I.R. drop is 
included in the measurement; and the connecting tube from the 
reference electrode may be terminated at some distance from the 
polarized electrode to eliminate the field-distortion error. 

In the actual experimental cells, however, the current density 
over the electrode was not uniform. We wish to point out, and 
illustrate herein, that such nonuniformity itself leads to I.R. drops 
through the electrolyte, and therefore the polarization readings 
obtained will be dependent upon the positioning of the reference 
electrode. 

An electrode over which the current density varies will generally 
become polarized to different potentials at different points on its 
surface. Just after the current is interrupted, the electrode surface 
may be conceived as being composed of many small areas of 
different potentials, the values of which will determine the electric 
field in the electrolyte. A potential map of such a field has been 
made in a model which approximately represents a disk electrode 
over which the polarization voltage increases linearly with radius 
from the center of the disk to the edge. The disk (radius R) was 
centrally situated against the closed end of an insulating tube 
(radius 3.44R) which was filled with electrolyte. Figure 1 shows a 
map of the equipotential lines in a plane containing the axis of 
symmetry. The potential mapping was carried out in a wedge- 
shaped tank, with apparatus previously described.? 

The electrode in the model was composed of eleven separate 
conducting elements, representing rings 1.0 cm wide and 0.5 cm 
apart. The total potential difference applied from the inner to the 
outer element was distributed in 10 percent steps among the 
intermediate elements. The equipotential lines in the electrolyte 
are also labeled as percentages of the potential difference from the 
center to the edge of the electrode. They show how the potential 
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Fic, 1. Equipotential lines in the electrolyte around a disk electrode over 
which the potential varies linearly with radius from center to edge. 


measured by a probe would vary with the positioning of the probe. 
Most of this variation takes place inside a hemisphere whos 
center is at the center of the electrode and whose radius is onl) 
slightly greater than that of the electrode. 

In practice, the potential at the surface of a polarized disk woul 
not generally vary linearly with radius. It is clear, however, that 
the potential measured by the reference probe will depend in 
general upon the positioning of the latter. When the reference 
electrode is in a fixed position relative to the polarized electrode, 
the polarization measurement may be readily duplicated, but the 
current density to which the measurement corresponds will not 
usually be known. 

For accurate polarization measurements by the current: 
interrupter method, therefore, one should use an electrode over 
which the current density is uniform. 

1R. Piontelli and G. Bianchi, Gazz. chim. ital. 80, 581 (1950); Proc. 
Intern. Comm. Electrochem. Thermodynam. and Kinet., 2nd meeting 
(Milan, 1951), p. 379; Piontelli, Bianchi, and Aletti, Z. Elektrochem. 56, 
86 (1952); Aletti, Bertocci, Bianchi, Guerci, Piontelli, Poli, and Serravalle, 
Proc. Intern. Comm. Electrochem. Thermodynam. and Kinet., 3rd meeting 


(Milan, 1952). 
2S. Barnartt, J. Electrochem. Soc. 99, 549 (1952). 





The Direct Production of Molecular Electron 
Spectra Using the Mass Spectrometer 


J. D. Morrison 


Chemical Physics Section, Division of Industrial Chemistry, Commonwealth 
Scientific and Industrial Research Organization, Melbourne, Australia 


(Received August 24, 1953) 


OR any process of ionization by electron collision, the second 
derivative of the ionization efficiency with respect to the 
electron energy scale is closely related to the term scheme of 
electronic energy levels for the resulting ion. If the electron beam 
used to produce the ionization were very closely mono-energetit, 
the second derivative of the ionization efficiency would consist of 
series of sharp peaks at the energy levels of the ion, provided that 
the ionization probability for each process is a linear function 
the excess energy above its ionization potential. This appears to be 
the case in all the processes studied so far. When a beam with 4 
Maxwellian energy spread is used, each peak is spread out into4 
distribution which is the same as that of the electron energy but is 
reversed on the energy scale.! 
In the previous work, the direct ionization efficiency I for the 
process studied was measured at electron energy intervals of A 
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volts, and the differential ionization efficiency curves AJ/AV and 
4?]/AV? obtained by subtraction. This called for a high order of 
accuracy, not only in the measurement of J, but also in the equality 
of the intervals AV. Even with large analysed ion beam currents, 
the maximum accuracy which can be attained in the direct meas- 
urement of J is about 1 in 300. Accordingly, as the value of J 
increases, the scatter in the values of AJ/AV increases also, rapidly 
becoming as large as the values themselves. As AV requires to be as 
small as possible, it is difficult to obtain accurate differential ie 
curves over a range of more than a few volts above the initial onset 
of ionization. 

If the mass spectrometer system is adjusted to detect a given 
ionic fragment, and the energy of the ionizing beam is set to some 
value Vi, a constant ion current J; is recorded which is propor- 
tional to the ionization efficiency for the process at that energy. If 
now a sinusoidal waveform of small amplitude and frequency / is 
superposed on V1, a wave of the same frequency will be detected 
superposed on J;. The peak-to-peak amplitude of the wave will be 
proportional to the first differential of the ionization efficiency at 
the energy V1, and its phase with respect to the incident wave will 
be either 0° or 180°, depending on whether the sign of the differ- 
ential is + or —. A detecting system which responds only to ac 
and is phase-sensitive will record this differential signal with an 
accuracy which is not dependent on the dc level of J;. If V is now 
varied at a rate slow compared to f, the first differential ze curve 
will be traced out.? Further, if the ac detecting system is tuned to 
the second harmonic of the wave, i.e. 2/, a voltage is obtained 
which is proportional to the second differential of the ionization 
efficiency at energy V;, and by varying V the second differential 
curve can be traced out.’ 

This method of producing the second differential makes much 
less rigorous demands on the accuracy of the recording system, and 
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IONIZING ELECTRON ENERGY 


Fic. 1. First and second differential ionization efficiency curves for the 
Process Hg +Hg+-+e recorded directly with the mass spectrometer galva- 
nometers over the range 7.5-12.5 ev. (a) First differential, sweep 5.0 volt, 
Scanning sine wave, voltage 0.18 v, ptp 50 cps. (b) Second differential, 
Sweep 5.0 volt, scanning sine wave, voltage 0.55 v, ptp 25 cps. Detecting 
system is tuned to 50 cps. Duration of sweep 20 seconds. The energy scale 
18 not corrected for contact potential difference, etc. 
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the second differential ionization efficiencies can be recorded to as 
high an electron energy as desired. By its use the molecular 
electron spectra for a large number of molecules have been studied, 
and in all cases some details of structure are evident. The measure- 
ment of the lowest ionization. potential of molecules is particularly 
simple, in that a sharp peak is obtained, the maximum of which 
gives a definite energy value. 

In the figure are shown galvanometer traces of the first and 
second differential curves for the process Hg—-Hg*+e. The signal 
applied to the ionizing electron energy consists of a dc component, 
a periodic staircase waveform containing 60 steps which is repeated 
every 20 seconds, and a pure filtered sine wave. The gross details 
of the curve are recorded photographically using sine wave 
amplitudes of up to 1.0 volt peak-to-peak (ptp). This amplitude is 
then reduced to 0.1-0.2 volt ptp, the signal converted to digital 
form and correlated over a number of sweeps using the method 
described elsewhere,‘ in order to detect’ fine structure.® A fuller 
description of this technique and of the spectra obtained is being 
prepared for publication. 

The author is indebted to Professor van der Pol for a discussion 
which contributed to the development of this method. 

1J. D. Morrison, J. Chem. Phys. (to be published). 

2 This method was proposed by Rutherford, and applied by E. G. 
Dymond, Proc. Roy. Soc. (London) A107, 291 (1925). 

3 B. van der Pol and T. J. Weijers, Physica 1, 78, and 481 (1933-34). 

4J. D. Morrison, Rev. Sci. Instr. (to be published). 


5 The mass spectrometer used in this work was a modified Consolidated 
Engineering Corporation type 21.102. 





The Photochemical Decomposition of Nitric Oxide 
by Absorption in the (0,0) and (1,0) y Bands* 


Gorpon E. Moore,t OLIVER R. WuLF,t AND RICHARD M. BADGER 


Gates and Crellin Laboratories of Chemistry, California Institute of 
Technology, Pasadena, California 


(Received August 28, 1953) 


HE abnormally large pressure broadening observed in the 

y bands of NO! was interpreted by Wulf* as indicating a 
pressure-induced predissociation of the upper electronic state 
(A?Z). In an attempt to check this hypothesis Gaydon‘ irradiated 
NO at atmospheric pressure with the light from an iron arc and 
observed no evidence of decomposition after “long exposures.” 


Cd lines, exposure b (A) 


i 
(a) 
(b) 
(c) 
(d) 


0) 


f) 





Fic. 1. All exposures were 100 seconds on a small Hilger spectrograph 
with the same slit width and source location. No lens was used between 


source and slit. (a) Iron arc, (b) Cadmium spark, (c) Cadmium spark 
filtered through 5.7 mm of NaCl, (d) Source as in (c) through a 25-cm 
absorption cell filled with NO to a pressure of 80 cm of Hg, (e) Through 
absorption cell after 15 minutes of irradiation, (f) Through absorption cell 
after 1 hour of irradiation. 
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Since the iron arc is a relatively weak source in the region of the 
+ bands (Fig. 1, exposure (a)), it was decided to repeat this ex- 
periment using a source with considerably more emission in this 
region. 

A condensed spark between cadmium electrodes was chosen 
(exposure (b)) because of two strong lines at 2144 and 2265A, 
which overlap the (1,0) and (0,0) y bands, respectively, (exposure 
(d)). In order to eliminate weak lines of higher frequency, the light 
was filtered through an NaCl plate, which was shown to eliminate 
effectively light of wavelength shorter than 2050A without ap- 
preciably weakening the desired lines (exposure (c)). 

Decomposition was followed by observing the continuous ab- 
sorption of N2O;,5 which is formed as an end reaction product. 
Exposures (e) and (f) show the increase of this absorption after 15 
minutes and 1 hour, respectively. That this decomposition was a 
photo effect by light in the region of the y bands was demonstrated 
by experiments designed to rule out such possibilities as air leaks, 
induced electrical discharges, and light of higher frequency pro- 
ducing the decomposition products. 

The observation of this decomposition is of interest because of 
its possible connection with the heat of dissociation of nitrogen. 
The absorbed lines have energies 5.77 and 5.46 electron-volts, 
considerably velow the higher value for the heat of dissociation of 
nitric oxide (6.49 ev) as calculated from thermochemical data® and 
the two possibilities for the dissociation energy of nitrogen,’ but 
more than the lower value (5.29 ev). 

If the mechanism of this photo-decomposition of NO were 
shown to be predissociation, the lower value of the dissociation 
energy for NO and hence for Ne would be established. Further 
experiments attempting to elucidate the mechanism will be 
undertaken. 

* Contribution No. 1844 from the Gates and Crellin Laboratories, Cali- 
fornia Institute of Technology, Pasadena, California. 

E. I. DuPont Postgraduate Fellow, — $3. 
Member of the U. S. Weather Burea 

1M. Lambrey, Compt. rend. 189, 574 *(1929); 190, 261, 670 (1930); Ann. 
de Phys. 14, 95 (1930). 

2S. M. Naude, Phys. Rev. 36, 333 (1930). 

30. R. Wulf, Phys. Rev. 46, 316 (1934). 

4A. G. Gaydon, Dissociation Energies (Dover Publications, Inc., New 
York, 1950). 

5 E. H. Melvin and O. R. Wulf, J. Chem. Phys. 3, 755 (1935). 

6 National Bureau of Standards, araag —" of Chemical Thermo- 


dynamic Properties (Washington 25, D. C., 1952). 
7A. E. Douglas and G. Herzberg, Can. I. "a. 29, 294 (1951). 





PH.D and PHD, Rotational Lines in the Region 
between 50 and 100 K 


RICHARD E. Stroup* AND ROBERT A. OETJEN 
Depariment of Physics, The Ohio State University, Columbus, Ohio 
(Received September 18, 1953) 


HE rotational spectrum of phosphine and deuterophosphine 
have recently been investigated! by means of the far infrared 
spectrograph at The Ohio State University.? A study of the records 
made in attempting to obtain a spectrum of pure PD; shows that 
certain lines, not assignable to either PH; or PD;, change their 
intensities from one record to another. The variation of intensity is 
so regular that certain of these lines may be associated with each of 
the partially deuterated phosphines, PH2D and PHD». 
Considerable difficulty was incurred in obtainlng a spectrogram 
of PD; and as a result a rather large number of records was made. 
If these records are arranged in order of the strength of the PD; 
lines one notices that some of the extra lines increase in intensity as 
the PD; concentration increases whereas others decrease in 
intensity. The data justify tentative identification of certain lines 
with PH:2D and certain others with PHD:. Figure 1 shows a plot of 
the calculated PDs spectrum and an observed PH; spectrum along 
with two of the extreme records, a “poor sample” of PD; and 
therefore one strong in PH3;, and a “best sample” of PD; or one 
poor in PH;. In these latter two spectra certain lines have been 
indicated by dots. The lines marked in the spectrogram labeled 
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“best sample” have been assigned to PHD: and those lines dotted 
in the spectrograms labeled “poor sample” have been assigned to 
PH2D. The values for the two sets of lines are listed in Table I. 


TABLE I. Partially deuterated phosphine. 











PH:D PHD: 
99.0 K 98.8 K 
93.6 86.1 
90.6 79.0 
85.0 76.5 
81.9 74.6 
76.4 70.6 
75.0 67.7 
72.3 63.4 
68.0 (57.7 
63.5 (53.5 
58.9 

56.1 








As the geometry of the phosphine molecule is known from the 
microwave investigations of Loomis and Strandberg,’ it should be 
possible to predict the spectra of the partially deuterated phosphine 
and check the validity of the above assignments. 


* Present address: Eastern New Mexico University, Portales, New 
Mexico. 

1Stroup, Oetjen, and Bell, J. Opt. Soc. Am. (to be published). 

2 Oetjen, Witty Ward, Hansler, Schauwecker, and Bell, J. Opt. Soc. 
Am. 42, 559 (195 

3C. C. Loomis anil M. W. P. Strandberg, Phys. Rev. 81, 798 (1951). 





Nuclear Magnetic Resonance Signals from a 
Tautomeric Mixture 
H. S. JARRETT AND M. S. SADLER, E. I. du Pont de Nemours & 
Company, Inc., Wilmington, Delaware 
AND 


J. N. SHOOLERY, Varian Associates, Palo Alto, California 
(Received August 24, 1953) 


HE existence of keto-enol equilibria in 8 diketones and 8 keto 
esters was established by Kurt Meyer’s bromine titration 
experiments.! The bromine titration technique has remained the 
most reliable method for determining the equilibrium ratio of the 
two forms. Studies of keto-enol equilibria have also been made by 
analysis of infrared? and ultraviolet? absorption spectra, and by 
refractive index measurements;* none of these methods has been 
generally applicable for providing accurate quantitative informa- 
tion on keto-enol equilibria. 
We have succeeded in determining keto-enol equilibria in two 
6 diketones by measurement of proton resonance with a high- 
resolution nuclear magnetic resonance spectrometer in the labo- 
ratory of Varian Associates at Palo Alto, California. Since this 
measurement cannot affect the equilibrium, it appears to be well 
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suited to determination of keto-enol equilibrium constants over a 
range of temperatures. 

Nuclear magnetic resonance signals from the protons in 2,4- 
pentanedione (I) and 3-methyl-2,4-pentanedione (II) were ob- 
served with a resolution of a few tenths of a milligauss. 


CH,C—CH:—C—CH;=CH;-C=CH—C-CH;, (1) 


! ! | | 
O O OH O 


CH; CH; 
| | 
CH;C -CH—C—CH;—CH;—C=C—C—CH:. (II) 
| | | | 
O O OH 
In Compound I there are four structurally nonequivalent kinds 


of protons in the equilibrium mixture, which can be identified 
with the CH;, CH2, CH, and OH groups. The peaks in Fig. 1 have 





2,4-pentanedione 
«|! 


Fic. 1. Proton magnetic resonance from 2,4-pentanedione at 30 mc per 
sec ina field of 7000 gauss. Total sweep width is about 125 milligauss, the 
field decreasing linearly from left to right. 


been assigned on the basis of relative areas under the curve. For 
example, peaks 3 and 4 with approximately equal areas must 
represent the OH and CH protons of the enol form. The signal 
occurring at the lowest applied field corresponds to the condition 
of least diamagnetic shielding and consequently should be the 
enolic OH proton. Peak 1 represents the CH; groups in both forms 
and peak 2 is the resonance of the CH: protons in the keto form. 

Figure 2 is the complete spectrum obtained with 3-methy]-2,4- 
pentanedione (II), while Fig. 3 represents the left-hand portion of 








3-methyl-2,4-pentanedione 
-—H— 


Fic. 2. Proton magnetic resonance from 3-methyl-2,4-pentanedione at 
30 me per sec in a field of 7000 gauss. Total sweep width is about 125 milli- 
gauss, the field decreasing linearly from left to right. 


that spectrum with higher resolution. Peaks 1 and 2 of these 
figures have been assigned to the protons of the 3-methy] group in 
the keto form; the resonance absorption is split by spin-spin 





3-methyl-2,4-pentanedione 


-H— 


Fic. 3. Proton magnetic resonance from 3-methyl-2,4-pentanedione showing 
left-hand portion of Fig. 2 with higher resolution. 
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TABLE I, 
% Keto % Enol 
Proton ; Proton 
reso- Bromine reso- Bromine 
nance titration* nance __ titration® 
2,4-pentanedione 15 24 85 76 
3-methyl-2,4-pentanedione 70 68.5 30 31.5 








a See reference 1. 


interaction with the adjacent proton. Peak 3 represents the 3- 
methyl group in the enol form, whereas peak 4 is identified with 
proton signals from the terminal CH; groups of both forms. Peak 5 
is assigned to the CH hydrogen of the keto form, and in Fig. 3 the 
resonance splitting by spin-spin coupling with the CH; hydrogens 
is apparent. Peak 6 represents the enolic proton. 

The relative proportions of keto and enol forms in both samples 
have been calculated by comparing areas under selected peaks of 
these spectra. In the case of 2,4-pentanedione, this calculation was 
made by comparing the area under peak 3 (enolic CH) with half 
the area under peak 2 (ketonic CH). In the case of 3-methyl-2,4- 
pentanedione, the area under peak 6 (enolic hydroxyl), Fig. 2, was 
compared with one-third the area under peaks 1 and 2 (ketonic 
3-methyl group). The results of these calculations are shown in 
Table I and compared with reported values obtained by the 
bromine titration technique. 

1K. H. Meyer, Ann. Physik 380, 212 (1911); Ber. 45, 2843 (1912); J. B. 
Conant and A. F. Thompson, Jr., J. Am. Chem. Soc. 54, 4039 (1932). 

2 R. LeFevre and M. Welsh, J. Chem. Soc. 1949, 2230; J. Powling and 
H. Bernstein, J. Am. Chem. Soc. 73, 4353 (1951). 

3 P,. Grossmann, Z. physik. Chem. 109, 305 (1924); G. Briegleb and 


W. Strohmeier, Z. Naturforsch. 6b, 6 (1951). 
4K. H. Meyer and F. G. Wilson, Ber. 47, 837 (1914). 





Pre-Ignition and Flame Spectra in the 
Self-Combustion of Acetylene* 


Wo. W. RosBeErtTsoN, N. B. HUMPHREY, AND ROBBIN C, ANDERSON 
Department of Chemistry, University of Texas, Austin, Texas 
(Received September 8, 1953) 


MISSION and absorption spectra of acetylene flames in the 
absence of oxygen have been obtained in an attempt to 
detect C2 radicals and thus perhaps to clarify the kinetics of the 
self-combustion reactions of acetylene. The spectra were also 
checked for CH bands, though this is less likely as an intermediate 
in reactions. The spectral regions covered were the visible and the 
near ultraviolet, the spectra being recorded photographically on a 
3-meter grating spectrograph. 

The emission spectrum of the self-combustion flame was ob- 
tained by flowing preheated acetylene downward in a vertical 
quartz tube 3.5 cm in diameter, discharging into a large flask. The 
tube was heated with an external heating coil. By adjustment of 
the flow rate, a turbulent flame could be maintained for about 10 
minutes before carbon deposited on the walls would begin to clog 
the tube. This was sufficiently long to obtain exposures under high 
resolution. 

The observed. emission spectrum was continuous, extending 
from about 3500 to 6000A with a maximum indicated at 5800A. 
No discrete bands or lines were observed. 

The absorption spectra were recorded as acetylene flowed 
through a heated absorption cell, consisting of a tube 38 mm in 
diameter and 1 meter long having quartz windows cemented 
on. Cool acetylene flowed in through side-arms at each end of the 
cell near the windows and the hot gases were discharged through a 
side-arm at the center of the cell. The light source was a high- 
intensity Hanovia xenon arc. 

Pure acetylene would ignite at a cell temperature of around 
500°C and burn with the production of large quantities of carbon, 
plus acetylenic polymers, etc., that completely scattered and 
absorbed light entering the cell. Absorption spectra were recorded 
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at pre-ignition temperatures and showed a continuum that started 
in the ultraviolet and spread throughout the ultraviolet and into 
the visible as the cell temperature was raised from about 375° to 
the ignition temperature. These results are similar to those re- 
ported by Parker and Wolfhard! for diffusion flames and by 
Norrish, Porter, and Thrush? for oxy-acetylene flames with excess 
acetylene. 

Samples of condensed products from the combustion cell also 
showed continuous absorption in the ultraviolet. 

Absorption spectra at temperatures up to 500° above the normal 
ignition point were then recorded by using acetylene diluted with 
helium. (Cell temperatures around 1000°C could be reached for 
mixtures with 3-5 percent C2H2). A definite ignition of flame was 
not observable in mixtures containing less than 40 percent C2H2 by 
volume. At lower concentrations, however, a fairly definite tem- 
perature would still be reached at which the entering light would 
be effectively completely scattered by particles formed in the hot 
gas. 

As with the pure acetylene, the absorption spectra were con- 
tinuous, but with the limit extending to longer wavelengths as the 
temperature was increased. Typical microphotometer tracings are 
shown in Fig. 1. 
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Fic. 1. Absorption spectra 50 percent C2He, 50 percent He. tenes A: 
400°; curve B: 450°; curve C: 500°; curve D: 555° 


The continuous absorption at lower temperatures can be 
attributed to conjugated unsaturated condensation products 
whose concentrations increase with temperature, causing ex- 
tension of the region of absorption to longer wavelengths. 

The fact that no C2 or CH bands have been observed does not 
preclude the presence of such radicals. It is always possible that 
their concentrations might remain so low as to escape detection, 
but the experimental data give no positive evidence that these free 
radicals play any major role in the reaction mechanisms. The 
spectra do give clear evidence of the occurrence of combination 
reactions in the early stages of reaction, up to the ignition point 
and in the flame. 

The authors wish to express their appreciation for the assistance 
of Mr. E. M. Magee and Mr. William Fain in part of the experi- 
mental work. 

* This research was supported by the United States Air Force under 
Contracts AF 33(038)-21745 and AF 18(600)-430 monitored by Head- 
quarters Air Research and Development Command, P. O. Box 1395, 
Baltimore 3, Maryland. 


IW. G. Parker and H. G. Wolfhard, J. Chem. Soc. 1950, 2 
2 Norrish, Porter, and Thrush, Proc. Roy. Soc. (London) bie. 18s (1953). 





On the Lattice Parameters and Curie Points of 
Unreduced Iron Catalysts 
R. WESTRIK 


Central Laboratory Staatsmijnen, Geleen, Netherlands 
(Received August 24, 1953) 


ICHEL and Pouillard! determined the lattice parameters 
and Curie points of magnetite with various amounts of 
Al** substituted for Fe*t. They prepared their specimens by 
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coprecipitation of the hydroxides followed by a heat treatment, 
The resultant mixed oxides were converted into the magnetite 
phases by reduction at 400°C. It was observed that, down to a 
given limit, both the lattice parameters and the Curie points de- 
creased linearly with increasing amounts of Al.O;. This indicates 
that AlsO; has gone into solid solution with magnetite. These 
results are in agreement with the older conception, based on the 
work of Wyckoff, Crittenden? and Brill’ on iron ammonia catalysts, 
according to which the AlsO; should have entirely dissolved in the 
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magnetite. Moreover the present knowledge of the spinel structure 
(Verwey and collaborators)‘ indicates that in the case of magnetite 
the Fe** ion can be fairly easily replaced by others, such as Al** 
ions, without altering the structure. 

Lately, however, Maxwell, Smart, and Brunauer® obtained 
deviating results. They made an extensive thermomagnetic in- 
vestigation of double and singly promoted iron catalysts for the 
ammonia synthesis prepared according to a melting process; these 
catalysts belonged to the same series as those examined by 
Wyckoff and Crittenden. They observed that the Curie points of 
unreduced singly promoted catalysts, among which there were 
several with different Al.O; contents, differed only very little from 
that of pure magnetite. Considering the results found by Michel 
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and Pouillard, they concluded that not more than about one mole 
percent of Al,O; has gone into solid solution with Fe;Ox. 

In view of this discrepancy, we determined both the lattice 
parameters and the Curie points of singly promoted catalysts 
prepared according to a melting process and containing increasing 
amounts of Al,O3. We tried to keep the ratio between divalent and 
trivalent ions as close as possible to 0.50; actually it varied from 
0.44 to 0.47. The x-ray photographs were made with a Guinier 
camera, using quartz as standard, while the Curie points were 
determined with a magnetic balance in an evacuated assembly. As 
in the latter determinations some irreproducible results were 
obtained owing to change occurring during the measurement, a few 
specimens were subjected to a temperature treatment, which did 
not have any significant effect on the lattice parameters. 
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The results are illustrated in Figs. 1 and 2. The lattice parameter 
decreases linearly with the ratio Al*+/(Fe?++Al*). Extrapolating 
this ratio to unity, which corresponds with the spinel FeAl.O,, 
leads to a value of 8.14A, which is very near to the value which 
Verwey and Heilmann‘ found for this compound. The Curie point, 
the determination of which was less accurate, also shows a distinct 
decrease with the amount of Al,O;. These results clearly show that 
in our samples the AlsO; has gone into solid solution with the 
magnetite. 

Above 14 mole percent AloO3, Michel and Pouillard found that 
both the lattice parameter and the Curie point do not change 
anymore, which should imply that in this region the AlsO; no 
longer goes into solution. However, this has not been observed in 
our experiments, also the x-ray diffraction patterns did not show 
any trace of a new phase. It is not impossible that in the procedure 
followed by the latter investigators, less Fe** can be replaced by 
Al* than in the method used by us. 

It is not clear to what cause the difference between the results of 
Maxwell, Smart, and Brunauer and ours is to be attributed. 

1A. Michel and E. Pouillard, Compt. rend. 227, 194 (1948). 

2R. W. G. Wyckoff and E. D. Crittenden, J. Am. Chem. Soc. 44, 2286 
ar Brill, Z. Elektrochem. 38, 669 (1932). 

4E, J. W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 174 (1947); 
Verwey, Haayman, and Romeyn, J. Chem. Phys. 15, 181 (1947); Verwey, 


Braun, Gorter, and Santen, Z. Phys. Chem. A198, 6 (1951). 
5 Maxwell, Smart, and Brunauer, J. Chem. Phys. 19, 303 (1951). 





Some Remarks on the Equation of State and the 
Energy of Quantum-Liquids at the Critical Point 


JOHAN VAN DRANEN 
Laboratory for Analytical Chemistry, University of Amsterdam, 
Amsterdam, The Netherlands 


(Received August 24, 1953) 


HE Van der Waals equation of state gives a satisfactory 

qualitative representation of the behavior of a real gas. It 
is a well-known fact that many modifications of this equation are 
proposed in order to obtain a more quantitative agreement with 
the experimental facts. The general form for a number of these 
equations can be written as follows: 


(P+aV"T™) (V—bV*)=RT. 


We shall consider in this note the equations of Berthelot 
(n= —2, m=1, s=0), of Eyring’ (n= —2, m=0, s=2/3), and of 
Benson and Golding? (n= —5/3, m=2/3, s=—1/2). 

In a series of “Letters to the Editor” we have been allowed to 
treat the consequences of a hypothesis concerning the critical 
state.** This hypothesis runs as follows: the critical state is the 
result of the fact that at the critical temperature the average 
kinetic energy (K-) is equal to the average (negative) potential 
energy (U.), or K-+U.=0, with U-=U,'+P.V-, where U.’ is the 
internal energy of gas imperfection. 

With the aid of the thermodynamic relation 


dU’ dP 
ren 1(5),-?- 


it is possible to deduce from each equation an expression for U,’. 
It is perhaps interesting to compare the result, given by the 
hypothesis Ke= —U, with the results of these equations. Van der 
Waals: K.= —2U-; Berthelot: K-= —4U-; Eyring: K-= —1.21U.; 
and Benson and Golding: K.=—%U-. We see that according to 
each equation the kinetic and potential energy are of the same 
order of magnitude but that none give the absolute equality re- 
quired by this hypothesis. 

We have tried to construct an equation of state, which satisfies 
the hypothesis. The following remarks can be made. 1.—A simple 
quantitative equation of state is impossible, for m, m, and s 
themselves are functions of P, V, and T. 2.—In view of the 
experimental results obtained by Michels and co-workers for U,’, 
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and the general theoretical conclusions, the best thing is to put 
n equal to —2, as Van der Waals had already done in 1873. For a 
reasonable range of temperatures and densities m= 4. This choice 
means that we take U.’ proportional to V-!7—!. 3.—According to 
the recent experimental results of Schneider’ we believe that there 
is good evidence that under ideal circumstances (no gravitation) 
there is a critical point, and not a critical region, thus that we can 
describe the behavior of the system in the neighborhood of the 
critical point by an analytical function. 

The results are that the simple equation with n=1.69, and 
m=s=0 satisfies the hypothesis and the points for P=0, and 
P=P,. At very high pressures the limiting volume approaches the 
right value of 0.26V.. The value for the critical coefficient 
C=P.V./RT.=0.274 is in good agreement with the experimental 
value (0.294). This equation is very similar to the equation of 
Dietirici, with n=1.67, obtained as an empirical improvement of 
the Van der Waals equation.® 

The more complicated expression with n=2, and m=s=} is in 
agreement with the hypothesis. The value for s agrees with the fact 
that according to the more rigorous calculations of Kirkwood and 
co-workers’ the free-volume value of Eyring for hard spheres 
(s= 3) is somewhat too high. On the other hand s=} is, according 
to Kirkwood’s results, somewhat too low. The value for C (0.405) 
is not so good; this test is, however, a rather severe one and, by 
cancelling of errors (e.g., the Van der Waals equation), not always 
useful. Preliminary calculations, based on these equations, give a 
satisfactory qualitative agreement for the experimental isotherms 
of argon and nitrogen. 

The empirical relationship Inp/P.=k(1—T./T), where k is a 
constant and p the vapor pressure, was suggested by Van der 
Waals. We can deduce from the law of corresponding states that k 


TABLE I. The critical constants and the various energies at the 
critical point of helium and hydrogen.* 











Te Pe Ve Ke PVe U-’ Ze Ze 
Helium (3) 3.34 1.15 72 11 2 —24 11 11 
Helium (4) 5.20 2.26 57.8 14 3 —27 10 11 
Hydrogen 33.2 13.0 67.0 98 21 —140 21 24 








a Units: °K, atmos, cm?/mole, and cal/mole, respectively. 
b According to the hypothesis. 
e According to the formula of London. 


should be a universal constant; this has been found approximately 
true, the value being close to 6.9 for a number of liquids.* With the 
aid of the hypothesis it is possible to calculate k theoretically. k is 
equal to the value for (7/PdP/dT) at the critical point. We 
eliminate therefore, in the Clapeyron-Clausius equation, H=L 
+P(V,—V1), using for L the formula given in a preceding note,‘ 
namely, L=—U,’V.(Vi'—V,"). We have, according to our 
hypothesis, —U.’=3/2RT.+P.V-. Applying this relation gives 
for k the formula: k=2+3/2C, where C is the critical coefficient. 
We obtain therefore that k is equal to about 7, in good agreement 
with the experimental value. The Van der Waals equation gives 
k=4. 

It is a well-known fact that helium and hydrogen are blown up 
by their quantum-mechanical zero-point energies. If we apply the 
hypothesis at these substances we have the relation: K-+Z- 
+P.V.+U,'=0, where Z, is the zero-point or better Heisenberg 
energy. The kinetic energy can be calculated using the expressions 
for the total translational energy for Bose-Einstein (e.g., He‘) or 
Fermi-Dirac (e.g., He*) particles. With the aid of the tables of 
Hirschfelder and co-workers* and Kirkwood and co-workers,” 
taking into account the results mentioned in references 3 and 4, we 
obtain a reasonably accurate value for U,’. Then Z,. can be calcu- 
lated; see Table I, seventh column. The zero-point energies of 
helium for different volumes have been independently calculated 
by London" and Pekeris!? and determined experimentally by 
Dugdale and Simon." It is a very remarkable fact that the results 
according to the hypothesis are in close agreement with the values 
of London. Table I, eighth column, shows the values for Z, using 
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the following interpolation formula of London: Z=WN?/*d/ 
24M (R—1.12d)?(R+0.713d), where M is the atomic or molecular 
weight, VR°=V, and d the diameter of the particle (for helium 
d=2.65A, and for hydrogen d=2.93A).“ 

Even more remarkable is that the very accurate measurements 
of Dugdale and Simon give also an extremely good agreement with 
the values calculated by London (reference 13, Fig. 12). 

With respect to the hypothesis we remark that, if true, this 
hypothesis can be deduced from statistical mechanical principles, if 
it should be possible to avoid crude approximations. 

We have very much appreciated a discussion with Dr. E. D. G. 
Cohen on the article of Pekeris. 


- a. Eyring and J. O. Hirschfelder, J. Chem. Phys. 5, 249 (1937). 
S. W. Benson and R. A. Golding, J. Chem. Phys. 19, 1413 (1951). 

a7 van Dranen, J. Chem. Phys. 20, 1175 (1952). 

4J. van Dranen, J. Chem. Phys. 21, 567 (1953); 21, 1404 (1953). 

5 W. G. Schneider, Proceedings of the International Conference on Phase 
Transitions (written in French), Paris (1952). 

6 C, Dietirici, Drudes Ann. 5, 51 (1901). 

7 Kirkwood, Maun, and Alder, J. Chem. Phys. 18, 1040 (1950). 

8S. Glasstone, Textbook of Physical Chemistry (D. Van Nostrand Com- 
pany, Inc., New York, 1946), p. 454. 
was" Buehler, Hirschfelder, and Curtiss, J. Chem. Phys. 18, 1484 

5 
10 Kirkwood, Lewinson, and Alder, J. Chem. Phys. 20, 930 (1952). 

uF, London, Proc. Roy. Soc. (London) A153, 576 (1936). 

122C, L. Pekeris, Phys. Rev. 79, 884 (1950). 
ass). S. Dugdale and F. E. Simon, Proc. Roy. Soc. (London) A218, 291 

53 

4 R, J. Lunbeck, Ph.D. thesis (Amsterdam, 1951), p. 35 and p. 41. 





Thermal Equilibrium between F Centers 
and M Centers in Alkali Halides* 


WiLtrAmM A. SMITHT AND ALLEN B. Scott 
Department of Chemistry, Oregon State College, Corvallis, Oregon 
(Received August 17, 1953) 


ECENT work! has shown that M centers may be produced 
thermally in alkali halides by additive coloration. Previ- 
ously, these color centers had been considered primarily as an 
optical product? resulting from photo-ionization of F centers. 
Seitz’ has proposed a model for the M center consisting of a pair of 
vacancies and an electron trapped in a negative ion vacancy. An 
investigation of the rate of photo-bleaching of M centers,‘ using 
polarized light, has given further support to Seitz’s model for this 
center. Evidence which indicates the existence of a thermal 
equilibrium between M centers and F centers in additively colored 
KCl and KBr, has been obtained in this laboratory. The data 
indicate that one F center is required to produce one M center, 
which would be the case if Seitz’s model is the correct one. 

Single crystals of KCl and KBr® were sealed into Pyrex tubes 
containing potassium metal. The tubes were heated in a furnace 
provided with two independently controlled heating elements. The 
upper element maintained the crystal at 600°C, while the lower 
element maintained the potassium at 445°C. In order to provide a 
range of color center concentrations in one crystal, the crystals 
were heated for times shorter than that required to reach a 
saturation concentration of color centers. This treatment gave 
crystals which were quite densely colored at the exterior faces and 
uncolored at the center. These crystals were stored in light-proof 
containers and handled in red light. 

A crystal holder, having a screw-activated specimen mount 
which moved behind a small fixed slit (about 0.4 mm wide), was 
constructed to fit into a Beckman Model DU spectrophotometer 
cell holder. Thin samples of crystals, with the longest dimension 
(about 3 mm) parallel to the concentration gradient, were ce- 
mented to the movable mount and absorption spectra were 
measured at several locations, starting with the densely colored 
portion and moving toward the uncolored portion. Growth of the 
R bands and the M band due to optical destruction of the F band 
was minimized by making the measurements at the red end of the 
spectrum first. 

From the form of the Smakula® equation it is seen that the 
concentration of any color center for which this equation is valid is 
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directly proportional to the extinction coefficient measured at the 
center of the absorption band. The validity of the Smakula equa- 
tion for the determination of M-center concentration has not been 
proven experimentally, but since the M band has the same bell-like 
shape as the F band and is affected by temperature in just the 
same way, its use is justified. Ratios of the maximum extinction 
coefficient for the two bands were calculated for the various slit 
positions. These calculations are shown in Table I. 


TABLE I, Extinction coefficient ratios for the M band and F band 
in additively colored KCI and KBr. 











Position Extinction coeffi- Average values 
Crystal; of slit cient ratio and average 
heating time mm (M band/F band) deviations 
K-KCl; 0.00 0.218 
4.5 hours 0.17 0.189 
0.35 0.196 
0.52 0.203 
0.71 0.189 0.199 +0.009 
K-KCl; 0.00 0.254 
4.0 hours 0.17 0.222 
0.35 0.229 
0.71 0.204 
1.06 0.232 
1,42 0.237 0.230 +0.011 
K-KBr; 0.00 0.069 
0.5 hour 0.17 0.071 
0.52 0.061 0.067 +0.004 








An examination of this table shows good agreement of the ex- 
tinction coefficient ratios for the individual crystals. There is also 
reasonable agreement between the average values of this ratio for 
the two KCl crystals which were prepared under comparable 
conditions; the small difference observed may be attributed to the 
lack of precise control of the coloring temperature. These results 
show that a thermal equilibrium exists between F centers and M 
centers during the coloration process; further, the attainment of 
the equilibrium is rapid compared with the rate of diffusion of the 
centers into the crystal. Since a constant ratio of the first power of 
the extinction coefficient is obtained throughout the concentration 
range from zero up to about 10"? centers/cc, it is evident that one 
M center is produced for each F center destroyed. 

* Taken from the Ph.D. thesis of William A. Smith, Jr. This work sup- 
ported in part by the U. S. Office of Naval Research. 

+ Present address: The Knolls Atomic Power Laboratory, 
Physics Unit, Schenectady, New York. 

1A. B. Scott and W. A. Smith, Phys. Rev. 83, 982 (1951). 

2S. Petroff, Z. Physik 127, 443 (1950). 

3 F. Seitz, Revs. Modern Phys. 18, 384 (1946). 

4M. Ueta, J. Phys. Soc. Japan 7, 107 (1952). 

5 Single crystals of these salts were obtained from the Harshaw Chemical 


Company. 
6A, Smakula, Z. Physik 59, 603 (1930). 
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Equal Pressure Diffusion in Porous Substances 


J. HooGscHAGEN 
Central Laboratory of Staatsmijnen, Limburg, Geleen, The Netherlands 
(Received September 1, 1953) 


URING our investigations into gas diffusion through porous 
catalysts! the following question arose: If on either side of a 
porous tablet two different gases A and B (or mixtures of the two 
gases) are present, and the fotal pressures and temperatures are 
equal, what will be the ratio of the diffusion rates? 
If the pore size is smaller than the free path of the gas molecules, 
the diffusion will have a Knudsen character. Then, the well-known 
Knudsen formula? leads to the relation: 


NavV (Ma) +NevV (Mz) =0. (1) 


Here, N4 and Nz are the diffusion rates in moles, M4 and Ms 
being the molecular weights of the gases. (In general for any 
number of gases: 2Nix/(M;) =0.) 

If the pore size exceeds the free path, bulk diffusion will occur. 
As far as the author knows, it is generally assumed in this case 
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that: Va t+Ns=0 (see for instance Wicke*). However, a theoretical 
estimate in which the disturbed Maxwellian velocity distribution 
is taken into account leads to the same relation (1) as for Knudsen 
diffusion. This deduction is based on the fact that the net impulse 
transferred to the pore walls in the direction of diffusion must be 
zero if no total pressure gradient exists. The impulse transferred to 
the wall by the diffusing molecules of A will balance the impulse 
transferred by the molecules of B diffusing in the opposite direc- 
tion. As the peculiar velocity distribution in the vicinity of the 
wall has been neglected in the estimate, the theoretical conclusion 
might be in error. Therefore we decided to make some experiments 
with the arrangement according to Fig."1. 
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Through a porous tablet P inert gas diffuses downwards where 
it is carried away by a stream of oxygen. The oxygen diffusing 
upwards into the inert gas is continuously removed by heated 
active copper. The inert gas circulates through the copper by 
natural convection. From a gas burette, inert gas is supplemented 
at such a rate as to keep the pressure difference across the tablet 
exactly zero. The diffusion rate of the oxygen follows from the 
weight gain of the copper. 

The diffusion through the tablet will not have a Knudsen 
character for two reasons: (1) the tablet consists of compressed 
globules of carbonyl iron ranging from 1 to 8u in diameter. (2) the 
flow of nitrogen under the influence of a pressure difference highly 
exceeded the diffusion rate under the influence of the same partial 
pressure difference. 

The results of a number of experiments are given in Table I. 

Although the experiments were somewhat preliminary we may 
deduce that Eq. (1) reasonably holds. 

Apparently, the ratio of diffusion rates does not enable a 
distinction between bulk and Knudsen diffusion in porous sub- 


TABLE I. Ratio of diffusion rates. 








Theor. ratio acc. 





Gases Ratio observed to Eq. (1) 

He —O2 3.03:2.66:2.54 2.83 

N2—O2 1.09: ie 07 1.07 
CO2—O2 0.89: :0.80 0.85 








stances. A deviation from (1) would point to an additional trans- 
port in an adsorbed surface layer. For two commercial adsorbents 
with a large internal surface area this effect could be easily 
detected (see Table ID). 

The active carbon Norit R III—A has a specific surface area of 
1400 m?/g and a mean pore diameter of 13.8A. For the silica gel 
ST 25 these figures are 1020 m?/g and 8.6A respectively. 

The heavier and larger CO2 molecules diffuse more rapidly 
because they are appreciably adsorbed and an additional transport 
in the adsorption layer is possible. 
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TABLE II. 
—Noo2/Noze —Nno/Nog 
Acc. to Acc. to 
Adsorbent Observ. Eq. (1) Observ. Eq. (1) 
Active carbon 1.40 0.85 1.09 1.07 
Silica gel 1.81 0.85 1.065 1.07 








More elaborate and extensive experiments are contemplated. A 
detailed account of the work will be published elsewhere. 
1C. Bokhoven and J. Hoogschagen, J. Chem. Phys. 21, 159 (1953). 


2M. Knudsen, Ann. Physik. 28, 75 (1909) 
3 E. Wicke and R. Kallenbach, Kolloid Z. 97, 135 (1941). 





Erratum : Self-Diffusion in the Alkali Metals 
[J. Chem. Phys. 21, 177-178 (1953) ] 


D. K. C. MACDONALD 
Division of Physics, National Research Council, Ottawa, Canada 


T has been pointed out to me by Dr. Dienes and Dr. Carpenter, 

to whom I am grateful, that after Eq. (1) in this note I should 

have said . . . “where U is the energy for formation of a lattice 
vacancy.” 





Crystal Class of Na.SO, III 


D. R. DASGUPTA 


X-Ray Department, Indian Association for the Cultivation of Science, 
Calcutta, India 


(Received September 15, 1953) 


T was reported by Fravel! that “altered thenardile” or Na2SO, 
III belongs to the orthorhombic crystal class with a=5.59A, 

b=8.93A, and c=6.98A, having the space-group Pbnn. We tried 
to index all the lines of the powder pattern of Na2SO, III with the 
help of the data supplied by Fravel but this was found not possible. 

Moreover, Lipson’s? method was applied to show further that 
Na2SO, IIT does not certainly belong to the orthorhombic crystal 
class. Ultimately, with the application of the method suggested by 
Hesse* and Stosick,* we found that NasSO, III belongs to the 
tetragonal class with 16 molecules in the unit cell, having param- 
eters a=b=13.45A and C=7.879A, respectively. It was possible 
to index all the lines with this data to a good degree of certainty. 
Further, it was observed that with the foregoing symmetry only 
the odd orders of (iho) were absent. Since the number of the 
reflecting planes in the case of a powder pattern is limited, it is 
very difficult to assign any definite space-group to Na2SQ, ITI, 
but from the reflections observed in the powder pattern it seems 
that the most possible space-group for Na2SO, III is Dog or 
I 42d. 

1L. K. Fravel, J. Chem. Phys. 8, = (1940). 

2H. Lipson, Acta Cryst. 2, 43 (1949). 


3R. Hesse, Acta Cryst. 1, 200 ioass. 
4A. J. Stosick, Acta Cryst. 2, 271 (1949). 





Madelung Constants and Coordination* 


Davip H. TEMPLETON 


Department of Chemistry and Radiation Laboratory, University of 
California, Berkeley, California 


(Received August 17, 1953) 


HE major chore in the calculation of the electrostatic energy 
of an ionic crystal is the summation of a conditionally con- 
vergent series 
A(R)=—0.5 2 R2iz;/rij, ij 
1,7 
where A(R) is called the Madelung constant for the distance R 
taken as unity. The index 7 runs up to m, the number of atoms in 
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the “molecule,” while 7 includes also an infinite number of 
neighboring atoms. Because of the great labor involved in this 
computation, it is interesting that for binary crystals there exists 
an empirical relation between A and the coordination numbers of 
the ions. 

The Madelung constants as usually tabulated cover a wide 
range of values.! Kapustinsky? pointed out that a, the Madelung 
constant per valence bond, is approximately the same for many 
substances when defined as 


a=2A (Ro) /Zazen, 


where Ro is the shortest anion-cation distance, and Z, and z, are the 
anion and cation charge numbers. The range of a is from 1.48 to 
1.76 for various structures. Large values of a correspond to large 
coordination numbers, as is to be expected since the leading term in 
the series is proportional to the coordination number. To get a 
correlation for various formula types, it is necessary to use some 
kind of average of the coordination numbers # and g of the anions 
and cations. The weighted harmonic mean m, defined by the 


relation 
1 (* “) 
1/m= —+— 
fe NatNc oe 


seems to be the best average for this purpose. Here m,_ and n, are 
the numbers of anions and cations in the molecular formula. A plot 
of a as a function of 1/m, Fig. 1, shows a linear relationship with an 
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Fic. 1. Plot of Madelung constant per valence bond against reciprocal of 
the harmonic mean coordination number. 


average accuracy of 0.9 percent for the twelve cases for which we 
have data. The equation of the line shown in the figure is 


a= 1.890—1.000/m. 


The values of A are taken from Sherman’s review paper! except for 
Cu,08 and LaC];.* 

The success of this correlation reflects the fact that the electro- 
static energy is very great compared with the energy differences 
between various solid structures and that these differences follow a 
trend with coordination number. No theoretical significance is 
known for the linearity with 1/m. It can be shown that the use of 
the harmonic mean is algebraically equivalent to using the curve 
to get a value of a for each atom, and then taking an arithmetical 
average of a for all the atoms in the substance. 

This curve has already found application in predicting the 
Madelung constant of LaCl; while it was being computed by 
Koch, and in again calling attention to the error in the earlier 
value for Cu,0.! The correct value for CuxO, computed by 
Sherman,’ had escaped our attention. The curve is recommended 
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as a check for calculated values because of the well-known pitfalls 
with regard to convergence and omission of terms. 

I thank Professor L. Pauling for some helpful suggestions. This 
research was supported by the U. S. Atomic Energy Commission, 


* University a a Radiation Laboratory (UCRL-2282) Contract 
No. W-7405-eng-4 

1J. Sherman, ae: Revs. 11, 93-170 (1932). 

2A, Kapustinsky, Z. phys. Chem. B22, 257-60 (1933). 

3 J. Sherman, Z. Krist. 87, 342 (1934). 

4C. W. Koch (private communication). 





The x-Energy Levels of Ethylene 
CARL M. MOSER 


Mathematical Institute, Oxford University, Oxford, England 
(Received August 27, 1953) 


T is by now well-known that the best wave functions that can 
be obtained by an orbital approximation for the system of + 
electrons in unsaturated molecules predict the N—V and VT 
intervals to be too large when analytical functions are used to 
evaluate the energy integrals. Moffitt! has considered the problem 
in detail for oxygen and has evolved a method in which the 
agreement with experiment of the observed transitions is certainly 
as good as one would wish. He has applied the method to ethylene, 
though the details have as yet not been published. However, it 
seems probable that this method would be exceedingly tedious if it 
were to be applied to a molecule like naphthalene. We have been 
working on a change in the usual ASMO procedure in the hope of 
improving the agreement between the calculations and the ob- 
served spectra and also with the hope that the method might be 
applied with ease to large molecules. We have used as the simple 
prototype ethylene. 

The reasoning advanced by Pariser and Parr? that the (11} 11) 
integral should have the value of 10.53 ev rather than the analytical 
value seems very sound. It is necessary to point out that the W2p 
terms precisely cancel out in the excitation energy and one is left 
with only an electron repulsion term. Thus the primary assumption 
of our method is that whenever the (11|11) integral occurs in the 
electron repulsion integrals the analytical value is replaced by the 
value of 10.53 ev found from spectroscopic data. 

The results are collected in Table I. In column (a) are the 
experimental values, in (b) the predictions of the usual ASMO 
calculation, and in column (c) the results of ‘the usual ASMO 
calculation making the above assumption. It is seen that the V-T 
transition is now in excellent agreement with experiment, but the 
N-YV transition is now much too small. If the wave functions are 
multiplied out it will be seen* that the V--T transition is inde- 
pendent of the method used to calculate the orbital part of the 
energy but the N->V transition is dependent upon the value 
obtained for the orbital part of the energy. Ross‘ has made a 
careful study of the methods used to calculate the orbital energy 
and has indicated that the usual assumption, due to Goeppert- 
Mayer and Sklar,® is not necessarily the best. If exchange of the 
core electrons with the electrons of the system being explicitly 
considered is included in the calculation, the agreement with ex- 
periment is a bit better [column (d)]. Also Ross has shown that if 
one uses an “additive” method® rather than a “subtractive” 
method to determine the orbital energy the difference in orbital 
energies is still larger than when exchange is included in the GMS 
approximation. If SCF functions were used, they should give the 
same results (GMS with exchange), but as only analytical func- 











TABLE I. 

Transition (a) (b) (c) (d) (e) 
1A1g —'Biu 7.6 ev4 11.4 4.8 5.8 7.2 
3Biu —'Biu 1,26 8.6  & 1,2 1.2 
Change due to C.I. 1.4 0.04 0.04 0.04 








a P, G. Wilkinson and H. L. Johnston, J. Chem. Phys. 18, 190 (1950). 
b Potts, Ph.D. thesis, University of Chicago, 1953. 
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tions are used, presumably one is free to choose. It is seen [column 
(e)] that the agreement between experiment and calculations 
using the additive method, is reasonably satisfactory. 

There are some difficulties in the use of this last method to 
calculate the orbital energies. One must assume the kinetic 
energies of the electrons in the bonding and anti-bonding states to 
be the same even though calculation with Slater orbitals gives a 
difference of something like 15 ev! though many people have noted 
that Slater orbitals are particularly bad to calculate kinetic energy 
values. Also it has been observed? that the integral which Ross 
defines as (M:kl) is probably much too high from the calculation 
with analytical functions when M=k=1. In addition, one has here 
a number of integrals where there are two electrons on the same 
center, though in this case both electrons are not in 27 orbitals. 
Thus the satisfaction that may be obtained from a comparison of 
columns (a) and (e) must be curtailed due to the unsatisfactory 
state of the calculation of orbital energies. But this reserve must 
apply to all calculations. Also, the last method might be rather 
more complicated than the GMS when applied to a larger molecule 
than ethylene. : 

In all of the modified calculations configuration interaction 
(C.L.) is so small that it can be safely neglected. 

The interest and suggestions of Professor C. A. Coulson, 
F.R.S., are gratefully acknowledged. 

1 Moffitt, Proc. Roy. Soc. A210, 224, 246 (1951). 

2R. Pariser and R. G. Parr, J. Chem. Phys. 21, 466 (1953); 21, 767 
(OR. G. Parr and B. L. Crawford, J. Chem. Phys. 16, $26 (1948). 
4Ross, Trans. Faraday Soc. 48, 973 (1952). 


5 Goeppert-Mayer and Sklar, J. Chem. Phys. 6, 645 (1938). 
6 Reference 4, Eq. (13). 





Two New Lines in the Microwave Spectrum 
of Heavy Water 


Harry D. CRAWFORD* 


Department of Electrical Engineering, Institute of Technology, 
University of Minnesota, Minneapolis, Minnesota 


(Received August 28, 1953) 


WO new microwave spectral lines of heavy water have been 
found in the X-band region with the help of a Stark modu- 
lated spectrometer using square wave modulation at 10 kc/sec ina 
10-foot absorption cell.! A noise diode in parallel with the detector 
crystal provides a means of estimating the minimum detectable 
absorption of the instrument; this quantity was found to be 
10-*/cm or lower, depending somewhat on the selection of crystals 
and the power levels used. 

King, Hainer, and Cross? had predicted a line for D2O at 0.31 
cm with an absorption coefficient 5X10~-*/cm, due to the 
transition 532—44:. Using heavy water for a sample, a line indeed 
was found at 8884.83--0.07 mc/sec with an estimated absorption 
coefficient of 2 10~6/cm.* It was noted that the Stark spectrum 
could not be resolved indicating that the line is due to a transition 
between levels of relatively high J values. 

Along with this line a very strong line at 8577.80+0.08 mc/sec 
was found simultaneously in a supposedly “‘pure” sample of DO. 
Burke and Strandberg‘ have identified this line with the aid of 
Zeeman spectra as being due to HDO. The presence of HDO in our 
sample is understandable since heavy water is hygroscopic and 
undergoes exchange reactions with many hydrogen containing 
compounds. It was, therefore, difficult to obtain a pure DO 
sample in our absorption cell. 

The question was now to which molecule this line at 8884.83 
me/sec should be assigned. Since HO gives no spectra in this 
region, we only had to discriminate between HDO and D.O. By 
diluting the sample and measuring the ratio of the intensities of the 
8577 mc/sec and the 8884 mc/sec we found strong indication that 
later absorption line was indeed due to D.O. 

Let a mixture be formed by combining a fraction X of DO and 
a fraction (1—X) of H.O; then the ratio of the concentrations of 
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HDO and D.0O is 
HDO_ 2(i—X) 
D.0 X 
The intensity of the lines should be proportional to the relative 
concentration. 

If the 8884.83 mc/sec line were due to D.O, the relative in- 
tensities of the lines at 8884 mc/sec and 8577 mc/sec should 
follow a relative like that immediately above. If the 8884.83 
mc/sec were also due to HDO, the ratio above would be inde- 
pendent of X. In order to discriminate between the two cases, the 
ratio of the intensities of the two lines was measured for various 
values of X at constant pressure and microwave power level; X 





, (1) 


TABLE I. Calculated and observed values of the ratio given in Eq. (1). 








2(1—X) Observed intensity of 8577 mc/sec 








X x Observed intensity of 8884 mc/sec 
4 2 0.9 
3 4 a2 
Hy 8 4.5 








was varied by dilution of the sample. Table I gives the calculated 
and observed values of the ratio given in (1). 

Thus, the theoretical values follow a geometric progression (de- 
termined by proper dilution) while the experimental values tend to 
follow one also. The intensity measurements are subject to 
relatively large errors and the concentration ratio in the cell may 
differ slightly from that in the liquid phase. 

Nevertheless, the above results strongly indicate that the 
transitions at 8884.83 mc/sec is to be attributed to DoO. Whether 
it is indeed the 532—4,4; line predicted by King, Hainer, and Cross 
is undecided since the Stark spectrum was not resolved. 

From a large number of measurements made at high frequencies 
the microwave spectroscopy group at the Massachusetts Institute 
of Technology was able to predict that HDO had an absorption 
line at 8835 mc/sec.5 A search using an equilibrated sample con- 
taining equal parts of hydrogen and deuterium gave indeed a line 
at 8837.22+0.12 mc/sec with an estimated absorption coefficient 
of 10-7/cm. , 

According to the group at the Massachusetts Institute of 
Technology, the line corresponds to a transition between high J 
values. It is therefore not surprising that we did not resolve the 
Stark spectrum. No other lines were found in HO or in equili- 
brated samples of heavy water showing an absorption coefficient 
greater than 10~7/cm in the frequency range 8000 to 9500 mc/sec. 

The author wishes to express his appreciation to Dr. A. van der 
Ziel, his adviser; to Dr. H. E. Hartig for continued financial 
support; and finally, to Mr. William C. Smith, now of Bell 
Telephone Laboratories, who did much of the electronic work in 
the spectrometer. 

* This paper constitutes part of the work performed for a Ph.D. thesis in 
the Department of Electrical Engineering, University of Minnesota. 

1 The construction of this instrument was supported financially by a 
grant from the Graduate School of the University of Minnesota to Dr. A. 
van der Ziel. 

2 King, Hainer, and Cross, Phys. Rev. 71, 433 (1947). 

3 The heavy water was supplied by Norsk Hydro Elektrisk Kvoelsto- 
fakieselskab, Solligen 7, Oslo, Norway. 


4B. F. Burke and M. W. P. Strandberg, Phys. Rev. 90, 303 (1953). 
5 Private communication with M. W. P. Strandberg. 





Evidence for Globulite Molecules in Ribonuclease* 
DoroTHY WRINCH 


Department of Physics, Smith College, Northampton, Massachusetts 
(Received September 15, 1953) 


VIDENCE regarding the general structural types of the 
individual chemical units in the ribonuclease entity is con- 
tained in Carlisle and Scouloudi’s vector projections of crystalline 
ribonuclease! shown in Fig. 1. In each, certain high density regions 


















are seen at about 4-5A from the origin in a considerable variety of 
directions. An interpretation of the profusion of these 4-5A 
vectors in terms of actual protein molecules would require their 
projections in all five directions to be of impossibly small dimen- 
sions.? Under these circumstances, it is probable that this phe- 
nomenon is to be attributed not to the protein but to water 
clusters.?* Necessarily proceeding further out for evidence re- 
garding the structural type of the protein component, we remark 
in each projection regions of high vector density at 9—11A from 
the origin, also in many directions, suggesting the presence in the 
crystal of relatively small structures which are more or less equi- 
dimensional in shape. The notable dearth of vectors of intermedi- 
ate lengths, say 6-8A, in many directions from the origin suggests 
that these globulite structures are cage-like in character, with 
interiors of relatively low density.*> These specifications fit well 
with those obtained for individual structures in the normal wet 
horse monoclinic horse methemoglobin crystal. As in this case dis- 
cussed earlier,?® for which incomparably more information is 
available, i.e. 3-dimensional intensity and vector maps, we may 
picture individual structures which are polymerizations of 
N—C,a—C monomers in the form of relatively thin globulite shells 
of diameters slightly greater than 11A, say 12A. In each case the 
actual protein entity would contain a particular number of such 
shells, arranged at a set of points: each shell might then be 
identified with a polymer of the N—C,g—C monomers carrying 
R groups, correlated in particular ways with various subsets of the 
C, atoms. 
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Fic. 1. The vector projections for the 
monoclinic wet ribonuclease crystal given 
by Carlisle and Scouloudi (see reference 1), 
on which circles of radius 10A centered at 
the origin have now been drawn. The pro- 
jections are along [001], [201], [301], on 
the left, and along [010] and [100] on the 
right. [After Carlisle and Scouloudi, Proc, 
Roy. Soc. (London) A207, 496 (1951), Figs, 
4, 5, 11, and 16.] 


A structure for ribonuclease comprising a bundle of polypeptide 
chains (in the c direction) has, however, been put forward.1 It 
has to be emphasized therefore that, just as in the case of horse 
hemoglobin,?* the lack of evidence of some one particularly 
significant direction in the vector distribution, i.e., the lack of any 
uniaxial character in the vector distributions shown in Fig. |, 
particularly in the neighborhood of the origin, points very strongly 
against any structure of the classical type for this protein. And this 
conclusion also emerges when we study the actual distribution of 
the high-density regions at 9-11A from the origin. Basic signif- 
cance has been attributed to these high-density regions on and only 
on the ¢ projection, the lines seen in Fig. 1 being drawn to empha- 
size the argument.!:?7 However, in point of fact, high-density regions 
at such distances from the origin are present on every one of the5 
sections, as is clearly seen when the 10A circles are drawn. That 
these high-density regions as a whole are diagnostic of the type of 
individual structures in the protein entities, that they are intra- 
structural in nature and point towards a globulite type of skeleton 
in the ribonuclease entity, seems highly probable. 

* This work is being supported by the U. S. Office of Naval Research. 


¢ an H. Carlisle and H. Scouloudi, Proc. Roy. Soc. (London) A207, 49 
19 R 

2D. Wrinch, J. Chem. Phys. 20, 1051, 1332 (1952). 

3 D. Wrinch, Internatl. Cong. Crystallography, Abstract P7 (1951). 

4D. Wrinch, Phil. Mag. 27, 111 (1939). 

5D. Wrinch, Phys. Rev. 79, 203 (1950). 

6 D. Wrinch, Acta Cryst. 6, 562 and 638 (1953). 2 
ass” Scouloudi, and Spier, Proc. Roy. Soc. (London) B141, 85 
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